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Preface 


College Trigonometry, Sixth Edition builds on the strong pedagogical features of 
the previous edition. Always with an eye toward supporting student success, we 
have increased our emphasis on conceptual understanding, quantitative reason- 
ing, and applications. 


Applications 


We have retained our basic philosophy, which is to deliver a comprehensive and 
mathematically sound treatment of the topics considered essential for a college al- 
gebra course. To help students master these concepts, we have maintained a dy- 
namic balance among theory, application, modeling, and drill. Carefully 
developed mathematics is complemented by abundant, relevant, and contempo- 
rary applications, many of which feature real data and tables, graphs, and charts. 
Ever mindful of the motivating influence that contemporary and appropriate 
applications have on students, we have included many new application exercises 
from a wide range of disciplines, and in new formats. For example, a new Quan- 
titative Reasoning feature is found at the end of each chapter. Students are urged 
to investigate concepts and apply those concepts to a variety of contexts while 
testing the reasonableness of their answers. Applications require students to use 
problem-solving strategies and newly learned skills to solve practical problems, 
demonstrating the value of algebra. Many application exercises are accompanied 
by a diagram that helps students visualize the mathematics of the application. 


Technology 


Technology is introduced very naturally to illustrate or enhance conceptual un- 
derstanding of appropriate topics. We integrate technology into a discussion 
when it can be used to foster and promote better understanding of a concept. The 
optional graphing calculator exercises, optional Integrating Technology boxes, and 
optional Exploring Concepts with Technology features are designed to instill in stu- 
dents an appreciation for both the power and limitations of technology. Optional 
Modeling sections, which use real data, rely heavily on the use of a graphing 
calculator, and serve to motivate students, are incorporated throughout the text. 


Aufmann Interactive Method (AIM) 


By incorporating many interactive learning techniques, including the key features 
outlined below, College Trigonometry helps students to understand concepts, 
work independently, and obtain greater mathematical fluency. 


© Try Exercise references follow all worked examples. This feature encourages 
students to test their understanding by working an exercise similar to the 
worked example. An icon and a page reference are given below the example, 
making it easy for the student to navigate to the suggested exercise and back. 
The complete solution to the Try Exercise can be found in the Solutions to the 
Try Exercises appendix. This interaction among the examples, the Try Exercises, 
the Solutions to the Try Exercises, and the exercise sets serves as a checkpoint for 
students as they read the text, do their homework, and study a section. 
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Annotated Examples are provided throughout each section, and are titled so 
that students can see at a glance the type of problem being illustrated. The an- 
notated steps assist the student in moving from step to step, and help explain 
the solution. 


Question/Answer In each section, we pose at least one question that encour- 
ages the reader to pause and think about the current discussion. To ensure that 
the student does not miss important information, the answer to the question is 
provided as a footnote on the same page. 


CHANGES IN THE SIXTH EDITION 
Overall changes 


NEW! Quantitative Reasoning After each set of Chapter Review Exercises, a 
new Quantitative Reasoning scenario uses concepts from the chapter to explore 
an application in more depth or extend a mathematical concept from the 
chapter. 


NEW! Most definitions are now immediately followed by an example, to en- 
hance conceptual understanding. 


NEW! A Calculus Connection icon alerts students to a connection between the 
current topic and calculus. This feature identifies topics that will be revisited in 
a subsequent calculus course or other advanced course. 


Revised! Review Notes, which help students recognize the prerequisite skills 
needed to understand new concepts, are featured more prominently through- 
out the text, encouraging students to use them more frequently. These 
example-specific notes direct students to the appropriate page(s) for review, 
thus decreasing student frustration and creating more opportunities for 
comprehension. 


Revised! We have thoroughly reviewed each exercise set. In addition to updat- 
ing and adding contemporary applications, we have focused our revisions on 
providing a smooth progression from routine exercises to exercises that are 
more challenging. 


Revised! New chapter openers demonstrate how the mathematics developed in 
each chapter is applied. 


Moved! Prepare for This Section exercises, formerly called Prepare for the Next 
Section exercises, have been moved from the end of the section to the beginning. 
An up-front review gives students a chance to test their understanding of pre- 
requisite skills and concepts before proceeding to a new topic. 


Revised! Assessing Concepts exercises, found at the end of each chapter, have 
been enhanced with more question types, including fill-in-the blank, multiple 
choice, matching, and true/false. 


Revised! We have highlighted more of the important points within the body of 
the text, to enhance conceptual understanding. 


Enhanced! Technology program 
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Changes in each chapter 


In addition to updating and adding new examples, applications, and exercises 
throughout, we have made a number of chapter-specific changes. Here are some 
of them: 


Chapter 1: Functions and Graphs 
© Added concepts involving the solution of literal equations 


© Added an introductory discussion of asymptotes 


Chapter 2: Trigonometric Functions 
© Added exercises that involve finding a trigonometric function that can be used 
to model an application 


© Rewrote the material on the linear and angular speed of a point moving on a 
circular path 


Chapter 3: Trigonometric Identities and Equations 
© Expanded the coverage concerning the verification of trigonometric identities 


© Expanded the coverage concerning the use of power-reducing identities 


Chapter 4: Applications of Trigonometry 
© Added exercises that use the graph of a vector to find its components 


© Added exercises that involve the equilibrium of forces 


Chapter 5: Complex Numbers 
© Included introductory material that involves the use of complex numbers and 
iteration to produce fractal images 


© Increased the coverage concerning the Mandelbrot iteration procedure and the 
Mandelbrot set 


Chapter 6: Topics in Analytic Geometry 
© Included new figures to illustrate concepts involving the standard form of the 
equation of a parabola and its graph 


© Included new exercises that involve matching the graph of a conic section with 
its equation 


© Included a new example that illustrates a technique that can be used to write 
some polar equations in rectangular form 


© Increased the parametric equation coverage concerning the use of time as a 
parameter and the simulation of motion 


Chapter 7: Exponential and Logarithmic Functions 
© Added exercises that use translations and/or reflections to graph exponential 
functions 


© Added exercises that involve the evaluation of a logarithm, without using a 
calculator 


Xii 
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© Added exercises that involve finding the domain of a logarithmic function 


Included a proof of the Product Property of logarithms. The proof of the Quo- 
tient Property and the Power Property of logarithms are given as exercises. 


© Provided additional coverage and additional exercises involving the expanding 
and condensing of logarithmic expressions 


© Added application exercises that can be solved by using exponential or loga- 
rithmic equations 


Included guidelines for selecting the type of mathematical function that models 
a given application 
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College Trigonometry, Sixth Edition is designed to enhance conceptual understand- 
ing and quantitative reasoning through its motivating opening features, its /nterac- 
tive Method (AIM), its features for student success, its exercises, its contemporary 
applications, and its use of technology. 


Motivating Features 


Applications of 


Revised! Chapter Openers 4 Tr igonometry 


New Chapter Openers demonstrate how the 41 Tholaweee 


mathematics developed in each chapter is applied. gia ee 42 The Law of Cosines and Area 
“f / 4.3 Vectors 


Elizabeth City 
« 


Trigonometry and Indirect Measurement 


North 
' \ Carolina 
The icons SSG, , and = Online Study Center 3 


ty a ae 2 we used trigonometric functions to find the 
known length of a sid, cee 
at the bottom of the page let students know of aaa ees theorem that can Be eocd a thls chapter 
'e length of a 


additional resources. : Hurricane | right triangle. These theorems 
Wowhead navigation, surveying, and buildi; 


te these theorems to estimate the di: 


_ie 


Prepare for This Section 

Each section opens with review exercises, titled 
Prepare for This Section, which gives students 

a chance to test their understanding of prerequi- 
site skills and concepts before proceeding to a 


new topic. An outline of the section’s contents is ae 
also provided in the margin as a study aid. = Online Study Center 
“© For online student resources, such 


as section quizzes, visit this website: 


. college.hmco.com/info/aufmannCAT 
Section 4.2 The Law of Cosines and Area = 


= Online Study 
aoe ly Center 
5 PREPARE FOR THIS SECTION “For online student resour 
rces, such 
aaailanict Cosines wi = ; ; as section quizzes, visit this website, 
Area of a Triangle Prepare for this section by completing the following exercises. The answers can be College.hmco.com/info/aufmannCAT 


found on page A20. 
Heron’s Formula = 292 
PS1. Evaluate Va? + b? — 2ab cos C for a = 10.0, b = 15.0, and C = 110.0°. Round your 30. NavaL MANEUVERS The distance between an aircraft 

result to the nearest tenth. [2.3] carrier and a Navy destroyer is 7620 feet. The angle of 

elevation from the destroyer to a helicopter is 77.2°, and 


PS2. Find the area of a triangle with a base of 6 inches and a height of 8.5 inches. ee ___| the angle of elevation from the aircraft carrier to the heli- 
copter is 59.0°, The helicopter is in the same vertical plane 


PS3. Solve c* = a? + b* — 2ab cos C for C. [3.5] as the two ships, as shown in the following figure. Use 
this data to determine the distance x from the helicopter to. 
the aircraft carrier. 


PS4. The semiperimeter of a triangle is defined as one-half the perimeter of the triangle. 


Find the semiperimeter of a triangle with sides of 6 meters, 9 meters, and 10 meters. Each Chapter Opener 
ends with a reference to see 
a particular exercise \ 
within the chapter that 
asks the student to solve 
a problem related to the 
chapter opener topic. 
NEW! A Calculus Connection icon caloulis fc, a Nc eonran pay epics ie Seat ie eal 


PS5. Evaluate Vs(s — a)(s — b)(s — c) fora = 3, b = 4,c = 5, and 
at+bte 
ss 


2 


PS6. State a relationship between the lengths a, b, and c in the triangle 
shown at the right. [1.2] 


down the fairway on your first shot and then hit an 


identifies topics that will be revisited in a approach shot-o the green on your second shot. A second 
b | | way is to hit directly toward the pin. Due to the water haz- 

ard, this is a more risky strategy. The distance AB is 

subseq uent calculus course. 165 yards, BC is 155 yards, and angle A = 42.0°. Find the 


distance AC from the tee directly to the pin. Assume that 
angle B is an obtuse angle. 


cate = The Difference Quotient 


The expression 
f(x + h) = fix) 
h ‘ 


nh#0 


is called the difference quotient of f. It enables us to study the manner in which a 
function changes in value as the independent variable changes. 
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) Enhance Conceptual Understanding and Quantitative Reasoning: 


Using Contemporary Applications 


NEW! Quantitative Reasoning 


After each set of Chapter Review Exercises, a new 
Quantitative Reasoning scenario explores an 


application in more depth or to extend a mathematical 


concept from the chapter. 


92 Chapter 1 


35. f(x) = -2x +5 


36. f(x) =—x +3 


37. f(x) = 


1) 38. fo) 


=* 
39. fix)= 5 


ya. fixy=V4 


45, fix) =x + 4x, 82-2 


46. 


=Z 


a7. fix) = + 48-1, FS 


4g. f(x) =x? — 6x + 1, +23 


49. 


Vix) = 2°, where x is the 
of a side of the cube. Find V 
what it represents 


50. Unit CoNveRSIONS The function f(x) = 


explain what it determines. 


51. FAHRENHEIT TO CELSIUS The function 


5 
flay = G(x = 32) 


52. RETAIL SALES 


3 
Sx) =x +18 


Functions and Graphs 


cube is given by 
The volume of a cul 

wes measure of the length 

\(x) and explain 


12x con- 
es ea d 
verts feet, x, into inches, f(x). Find f(x) an 


i i Pp 
ig used to convert x degrees Fahrenheit to an equiv aie 
Cel erature. Fi 7 i y it is used. 
Celsius temperature. Find f 1 and explain how it 


A clothing merchant uses the function 


to determine the retail selling price 5, in dollars, s avin 
coat for which she has paid a wholesale price o! X s 


a. The merchant paid a wholesale price © $96 for the 
esale price of for 

chi id a wh 0 : 

winter coat. Use S to determine the retail selling price 


she will charge for this coat. 


erchant’s whole- 
b. Find S~' and use it to determine the mi 


sale price for a coat that retails at $399 


FasHION The 
function 

s(x) = 2x + 24 can be 
used to convert a U. S. 
women’s shoe size into 


53. 


i junction 
an Italian women's shoe size. Determine the fe 
=-(x) that can be used to convert an Italian wome! 


size to its equivalent USS. shoe size. 


)) 54. e 


cl = 13x — 4.7 converts a 
“ASHION The function K(x) : 
cas shoe size in the United States to the equiva 


i the func- 
jent shoe size in the United Kingdom. atari . per 
tion K-'(x) that can be used to convert a Unites ry 


i J, size. 
men’s shoe size to its equivalent US. shoe si: 


55. ® 


E(s) : 
the software sold by the executive 
Find E-‘(s) and explain how 
this function. 


=f 2 here s is the value, 
= 0,05s + 2500, whe ee ee 


56. £ 


tion? Explain your answer. 


$63 | 
~ $87__| 
sin | 


ComPENsATION The monthly earnings EG) ie 
s xecutive is given by 
dollars, of a software sales exes eee 


month. 


the executive could use 


PosTAGE Does the first-class poses 
, ] function given below have an inverse Tune 


57. THE BIRTHDAY PROBLEM ‘A famous problem called the 


birthday problem goes like 
domly selected group of 


on the same day of the year? It may surprise you 


ties for 1 = = 60 


this: Suppose there is a ran~ 
people in a room. What is the 
tobebility that at least two of the people have a birthday 


that for 


roup of 23 people, the probability that at lesst evo of 
the people share a birthday is about 50.7%. ie fol owing 
graph can be used to estimate shared birthday Pp) 


MeDIAN-MEDIAN LINE Another linear model of 
data is called the median-median line. This 
line employs summary points calculated using the medians 
of subsets of the independent and dependent variables. The 
median of a data set is the middle number or the average of 
the two middle numbers for a data set arranged in numerical 
order. For instance, to find the median of {8, 12, 6, 7, 9}, first 
arrange the data in numerical order. 


6,7,8, 9,12 


The median is 8, the number in the middle. To find the median 


of {15, 12, 20,9, 13, 10}, arrange the numbers in numerical 
order. 


9,10, 12, 13, 15, 20 

The median is 12.5, the average of the two middle numbers. 

12+13_ 
2 


The median—median line is determined by dividing a data 
set into three equal groups. (If the set cannot be divided 
into three equal groups, the first and third groups should be 
equal. For instance, if there are 11 data points, divide the set 
into groups of 4, 3, and 4.) The slope of the median— 
median line is the slope of the line through the x-medians 
and y-medians of the first and third sets of points. The 


median-median line passes through the average of the 
x-and y-medians of all three sets. 


Median = 


pS 
a 


2 3 
5 7 
6 8 
7 9 
8 12 
9 12 
10 14 
il 15 
12 14 


3. Consider the data set {(1,3), (2,5), (3, 7), (4,9), (5, 11), 
(6, 13), (7, 15), (8, 17)}. 


a. Find the equation of the linear regression line for these 
data 


b. Find the equation of the median—median line for these 
data. 
c. What conclusion might you draw from the 
answers to a. and b.? 


Quantitative Reasoning: Public Key Cryptography 


As mentioned i 
ah mentioned in the Chapter Opener, performing 
rece net requires secure transmissions between t 
iver. One method of creating seca, 
function. “ans 


financial transactions over 
WO Sites, the sender a 

en two sites, the s ind the 
Secure transmissions is to use a modular 
A modular function is one that gives 
number is divided by another. We wa 


im integer form, the remainder w1 
remainder when b is divided by m. Here 


ea hen one 


4 mod m to mean that a is the 


are some examples. 


+22 mod 6 because 22 + 6 = 3 


remainder 4, 
Sar ree a 2 
earn because 37 = 4 = 9 remainder 1 


because 55 + 11 = 


| Te encrypt.a message means to | 
| Se a Sectet code to change the 


5 remainder 0), 
Message 50 that it cannot be 


1717 mod 31 


because 17 + 31 


= 0 remainder 17. 

QR1. Find the value of each expression. 
rors fread a 15mod4 b. 37mod5 ¢. 52 mod 321 

user. To decrypt a message means Public key ery 


to change a coded message back alle 
to its original form, 


function 
verse functions were discussed in 


Updated! Applications 


Carefully developed mathematics is complemented by 
abundant, relevant, and contemporary applications, many 
of which feature real data and tables, graphs, and charts. 
Note that applications using real data are identified 


<<, 

by ) : 

Applications demonstrate to students the value of algebra 
and cover topics from a wide variety of disciplines— 
including agriculture, business, chemistry, construction, 
earth sciences, economics, education, manufacturing, 
medicine, nutrition, real estate, and sociology. Besides 


providing motivation to study mathematics, applications 
assist students in developing good problem-solving skills. 


Projects 


Projects are designed to engage the student in 
mathematics. At the end of each section, students are 
asked to do one or more of the following types of 
projects: 

-solve a more involved application problem 
-investigate a concept in greater depth 

-write a proof of a statement 


With some projects, students are asked to chronicle the 
procedure used to solve it, and to suggest an extension 


to the project. These projects are ideal candidates for 
small group assignments. 


Enhance Conceptual Understandi 


Preface xv 


ng and Quantitative Reasoning: 


Using Technology 


328 Chapter 4 Applications of Trigonometry 


Optimal Branching of Arteries 


The physiologist Jean Louis Poiseuille (1799-1869) developed several laws con- 
cerning the flow of blood. One of his laws states that the resistance R of a blood 
vessel of length / and radius r is given by 
L 
R=ky (1) 
The number k is a variation constant that depends on the viscosity of the blood. 
Figure 4.41 shows a large artery with radius r; and a smaller artery with radius 1. 
The branching angle between the arteries is 6. Make use of Poiseuille’s Law, Equa- 
tion (1), to show that the resistance R of the blood along the path P,P,P; is 


a—bcot@ | bescé 


n=l ) 2 

(ny (r.)* @ 

Use a graphing utility to graph R with k = 0.0563, a = 8 centimeters, b = 4 centi- 

5 meters, r; = 0.4 centimeter, and r) = —r, = 0.3 centimeter. Then estimate (to the 
Figure 4.41 4 


nearest degree) the angle @ that minimizes R. By using calculus, it can be demon- 
strated that R is minimized when 
tT \" 
cos @= (= 
n 


This equation is remarkable because it is much simpler than Equation (2) and be- 
cause it does not involve the distance a or b. Solve Equation (3) for 6, with 


(3) 


3 
r= Tr. How does this value of @ compare with the value of @ you obtained 


by graphing? 


Exploring Concepts with Technology 
Optional Exploring Concepts with Technology 
problems extend ideas from the chapter, 
encouraging students to use calculators or 
computers to investigate solutions to 
computationally unpleasant problems. In this way, 
calculators and computers have expanded the 
limits of the types of problems that can be solved 
at this level. In addition, students are challenged 
to think about the pitfalls of computational 
solutions. 


Integrating Technology 
Using optional Integrating Technology boxes, 
technology is integrated into a discussion when 
it can be used to foster and promote a better 
conceptual understanding of a concept. 
Additionally, optional graphing calculator 

AG 


examples and exercises (identified by ===) ) 
are presented throughout the text. 


« Linear Regression Models 


2 The data in the table below show the population of selected states and the 

number of professional sports teams (Major League Baseball, National Foot- 
ball League, National Basketball Association, Women’s National Basketball Asso- 
ciation, National Hockey League) in those states. A scatter diagram of the data is 
shown in Figure 1.96 on page 96. 


the 


Number of Professional Sports Teams for Selected States 


Arizona 5 Minnesota 5 
California 36.1 17 New Jersey 87 3 
Colorado a7 n New York 193 10 
Florida 178 il North Carolina 97 3 
linois D8 5 Pennsylvania pa 7 
Indiana 63 3 Texas 29 9 mat 
Michigan 104 5 Wisconsin 35 3 


Cha 
pter 7 Functions and Graphs 


V cor , 
mmand, which is in the 


fle) = 0.1234 


| ~10 | 
Figure 1.94 0 | 


“10 
: | 
Figure 1.95 | 


Modeling 
Special modeling sections, which rely heavily on 


use of a graphing calculator, are incorporated 


throughout the text. These optional sections 
introduce the idea of a mathematical model, using 
various real-world data sets that further motivate 
students and help them see the relevance of 


hematical concepts. 


xvi Preface 


Enhance Conceptual Understanding and Quantitative Reasoning: 


Using the Aufmann Interactive Method (AIM) 


By incorporating many interactive learning techniques, including the key features 
outlined below, College Trigonometry uses the proven Aufmann Interactive Method 


(AIM) to help students understand concepts, work independently, and obtain 
greater mathematical fluency. 


EXAMPLE 1)) Evaluate Functions 


= at? == evaluate. 
Let f(x) = x? — 1,and eval - 
“f(8) b. fab) 366) a fla +3) & fla) + fi 


Solution 


(-5%-1=25-1= 24 + Substitute —5 for x, and simplify. 
y faa t= 2 ; impity 
: “p(ab) = (36)? — 1 = 90-1 « Substitute 3b for x, — Annotated Examples 
eee ou 2 « Substitute b for x, and simplify. F 
Benno c. 3f(b) = i — 1) = 3H 3 memes Annotated Examples are provided throughout each 
In Example 1, observe that ex aye ebay il + Substitute a + 3 for x. 
#(3b) # f(D) ad. fla+3 ean + Simplify. 


and that 
tla + 3) # f(a) + FS) 


section and are titled. The annotated steps assist the 


student in moving from step to step and help explain 
the solution. 


+ Substitute a for x; substitute 3 


e. fla) +f@)=(@-)+E-DY i 


et? + Simplify. 
=o 


)) Try Exercise 2, page 46 


ee 
ions ented by more than one 

i jons are functions represented by more. e 
— nmnle of a piecewise-defined function. 


In Exercises 1 to 8, evaluate each function. 5. Given f(x) = a find 


| f different 
1. Given f(x) = 3x — 1, find |x| of 


Try Exercises 


see gt) ea ey ees Leese uly References to Try Exercises follow all worked exam- 
2 Js on the value of x ples, encouraging students to test their understand- 
d. 13) e. fk) f. fk + 2) d. f(2) + f(-2) e. fc? + 4) le use the expression 2 5 2 oe 
7 . Rar ke oe ing by working an exercise similar to the worked 
) 2. Given g(x) = 2x? + 3, find  Carven: She 2). : a a 
i408) bs gi) & x0) tea ete pression 2x. example. An icon and a page reference are given 
a.<(2) © ae eres anus, of below the example, making it easy for the student to 
. | e. gic gle +5 . T(3) + e. Tix +h) : - 
; cau navigate to the suggested exercise and back. 
3. Given A(w) = Va + 5, find 7. Given s(x) = a find ieedion 42% 
a. A(0) b. A(2) c. A(-2) aes : has et = 
A) aed bale — v1, | Exercise Set 1.3, page 48 Solutions to Try Exercises 
aiGiven f=? =) Bnd | 2. Given g(a) =2x +3 The complete solution to the Try Exercises 
‘Hea b. 10) « (3) 8. Given (0) = = find Pics oe can be found in the Solutions to the Try 
a. (0) b. r(— ec. 90) = 20% +3= . . - . 
os eet see aes . Exercises appendix. This interaction among 
a (5) #100 es es * the examples, the Try Exercises, the Solu- 
@. g(c) = 2c)? +3 = 2c? +3 
f. g(c +5) =2Ac+ 5) +3 = 2c? + 2c +5043 


tions to the Try Exercises, and the exercise 
aio ac sets serves as a checkpoint for students as 
they read the text, do their homework, and 
study a section. 


For the population/sports team data, r° ~ 0.87. This means that approximately 
87% of the total variation in the dependent variable (number of teams) can be 
attributed to the state population. This also means that population alone does not 
predict with certainty the number of sports teams. Other factors, such as climate, 
are also involved in the number of sports teams. 


@ QUESTION Whatis the coefficient of determination for the odometer reading/ 1 

trade-in value data (see page 99), and what is its significance? Qu estion / A nswer 

In each section, the authors pose at least one 

®= Quadratic Regression Models question that encourages students to pause 
To this point our focus has been linear regression equations. However, there may i 1 
be ab lktoar flatioushin between two aiahtiies The setier diagran tthe lk and think about the concepts presented in the 
suggests that a quadratic function might be a better model of the data than a linear 
model. 


current discussion. To ensure that students do 
not miss important information, the answer to 


the question is provided as a footnote on the 
CE iene same page. 
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Enhance Conceptual Understanding and Quantitative Reasoning: 


Using Features for Student Success 


1, i if 
2 A Two-Dimensional Coordinate System and Graphs 25 


circle with center (1, k) and radi 
circle L ‘adius r, i i ircle i 
isa distance of r units from the Seno Ulta fous 


(x, y) is on the circle if i 
VG=WF Go. ircle if and only if 
(AP + (y— KPa? 


+ Square each side. 


Figure 1.27 


Ifa circle is centered at ti igi 
: fhe origin (0, 0), then h = 
form of the equation of the circle simplifies to ‘ rant 


= Oand the standard 


P+ Psp? 


* Equation of a circle with center at the 
origin and radius r, 


For instance, x? + 


Bm 5g 
ne =9 ‘ : ; 
radius V9 = 3, y is the equation of the circle with center at the origin and 


@ ouestion at are the radius and the coo! ‘inate: 'e center of the cir 
ai ION Whi the radi are rd. 'S of the cet f the circle 


Find the standard form of the equation of 


C(-4, ~2) and contains the point PC] aie circle that has center 


Continued » 


@ answei ius is V30 
R- The radius is V30 and the coordinates of the center are (0, 2), 


Updated! To Review Note 

To Review notes help students recognize the 
prerequisite skills needed to understand new concepts. 
These notes direct students to the appropriate page(s) 
for review, thus decreasing student frustration and 
creating more opportunities for comprehension. 


This is the standard form of the equation of a parabola with vertex at the 
TO REVIEW. origin and the y-axis as its axis of symmetry. The standard form of the equation of 
a parabola with vertex at the origin and the x-axis as its axis of symmetry is 
Axis of Symmetry derived in a similar manner. 
See page 000. 
Standard Forms of the Equation of a Parabola 
with Vertex at the Origin 


The tes 


symmetry can be used to verify 
‘these statements and provide 
connections to earlier topics on 


symmetry. 


NEW! Immediate Examples of Definitions and 


Concepts 
Immediate examples of many definitions enhance 


understanding. 


Margin Notes 

Take Notes alert stu- 
dents to a point requir- 
ing special attention or 
are used to amplify the 


f(x) = 2x, F(x) = + but | 
concept under discus- ee 

sion. And Math #Q) ox 
Matters contain interest- 
ing sidelights about 
mathematics, its history, 
or its application. 


Visualize the Solution 

For appropriate examples, both algebraic and 
graphical solutions are provided to help the 
student visualize the mathematics of the 
example and to create a link between the 
algebraic and visual components of a solution. 


Find the three cube roots of 27. 


VISUALIZE THE SOLUTION 


Im 
4 


ALGEBRAIC SOLUTION 

Write 27 in trigonometric form: 27 = 27 cis 0°. Then, from De Moivre’s 

Theorem for finding roots, the cube roots of 27 are 

0° + 360° 
3 


wy, = 27" cis fork =0,1,2 


Substitute for k to find the three cube roots of 27. 


— tk 
wy = 27" cis 0° k= 0,7 #600) = ge 
= 3(cos 0° + isin 0°) 
=3 
w, = 27" cis 120° 2 7; ES G00 
3 Figure 5.9 
= 3(cos 120° + i sin 120°) 
3 3V3 Note that the arguments of 
2 gr ae the three cube roots of 27 are 
eezaedt 0°, 120°, and 240° and that 
tw = 27" cis 240° k= 2, 2 — 240 fovo| = levi] = leva] = 3. In 


sz geometric terms, this means 
= 3(cos 240° + isin 240°) that the three cube roots of 27 
are equally spaced on a circle 


3 3V3 
“3 3 centered at the origin with a 
eigen radius of 3. 
2-4. 080° 
Fork = 3, —— = 360°. The angles start repeating; thus there are 


only three cube roots of 27. The three cube roots are graphed in Figure 5.9. 


Preface 


Enhance Conceptual Understanding and Quantitative Reasoning: 


Using Well-Developed Exercise Sets 


Connecting Concepts 

Each end-of-section exercise set features 
Connecting Concepts problems which include 
material from previous sections, are extensions 
of topics in the section, require data analysis, and 
offer challenge problems or problems of the 
form “prove or disprove.” 


Revised! Assessing Concepts 
Assessing Concepts exercises, found at the 
end of each chapter, have been enhanced 
with more question types—including fill-in- 
the-blank, multiple choice, matching, and 
true/false. 


2. 


3. 


Topics for Discussion 

Each section ends with Topics for Discussion 
exercises to be used for group discussion or 
as writing exercises. These exercises are 
frequently conceptual and focus on key ideas 
in the section. 


1; 


4. eron’s 
In Heron’s formula, what does the variable s represent? 


5. Isthe ' 
S the dot product of two vectors a vector or a scalar? 


Connecting Concept 


. For u = (—1, 1), v = (2,3), and w = (5, 5), find the sum of 
the three vectors geometrically by using the triangle 
method of adding vectors. 


. For u=(1,2), v=@,-2), and w=(-1,4), find 
u + v — w geometrically by using the triangle method of 
adding vectors. 


. Find a vector that has initial point (3, —1) and is equiva- 
lent to v = 2i — 3j 


. Find a vector that has initial point (—2, 4) and is equiva- 
lent to v = (-1, 3). 


87. If v= 2i-5j and w=5i+2j have the same 
initial point, is v perpendicular to w? Why or why 
not? 
88. If v = (5,6) and w= (6,5) have the same initial 
point, is v perpendicular to w? Why or why not? 


89. Let v = (—2, 7). Find a vector perpendicular to v. 


90. Let w = 4i + j. Find a vector perpendicular to w. 


What is an oblique triangle? 
6. Let v and w be nonz 

ona, 

4 angle ABC, a=45, eet 
ne Law of Sines or the 
find c? nee 


» = 6.2, and C = 107°, Which law, 

Law of Cosines, can be used to 

7. True or false: The vector (2 =a 

Which of the following cases, : 
8. True or false: i - j = 

false: i -j = 0, 


SA, SSS, or SAS 


is know! 2 : 
‘own as the ambiguous case of the Law of Sines? 9. True or false: The Law o: 


10. True or false: If two 1 
their dot product is 0. 


Ag X Topics for Discussion 


1. Discuss the meaning of symmetry of a graph with respect to a line. How do 
you determine whether a graph has symmetry with respect to the x-axis? with 
respect to the y-axis? 


. Discuss the meaning of symmetry of a graph with respect to a point. How do 
you determine whether a graph has symmetry with respect to the origin? 


. What does it mean to reflect a graph across the x-axis or across the y-axis? 
. Explain how the graphs of y > 2x° — x? and y > 2(—x)* — (—x) are related. 


. Given the graph of the function y > f(x), explain how to obtain the graph of 
the function y > f(x — 3) +1 


. The graph of the step function y > |x] has steps that are 1 unit wide. Deter- 


1 
mine how wide the steps are for the graph of y > [=+| 


Lad 


erO Vect S pi 
tors. Is projyv a vector or a 


7) is a unit vector, 


f Sines can be usi 
yee alse: Sines e used to sob 
triangle, given two angles and any side. ‘ 


nonzero vectors are orthogonal, then 


93. Prove that c(v - w) = (cv) - w. 


94. Show that the dot product of two nonzero vectors is 


positive if the angle between the vectors is an acute angle 
and negative if the angle between the two vectors is an 
obtuse angle. 


Comparison OF WorRK DONE Consider the following, two 
situations. (1) A rope is being used to pull a box up a ramp 
inclined at an angle a. The rope exerts a force F on the box, 
and the rope makes an angle @ with the ramp. The box is 
pulled s feet. (2) A rope is being used to pull the same box 
along a level floor. The rope exerts the same force F on the 
box. The box is pulled the same s feet. In which case is 
more work done? 


ve any 


Extensive Exercises 
The authors thoroughly reviewed each exercise set to update applications and to 
ensure a smooth progression from routine exercises to exercises that are more 
challenging. The exercises illustrate the many facets of topics discussed in the text. 
Each exercise set emphasizes skill building, skill maintenance, conceptual under- 
standing, quantitative reasoning, and, as appropriate, applications. Each exercise 
set is directly proceeded by Topics for Discussion exercises and directly followed by 
Connecting Concepts exercises and Projects. 


Each chapter ends with Assessing Concepts exercises, Chapter Review Exercises, 
and a Chapter Test. Each chapter, except chapter P, includes a Cumulative Review 
Exercise Set. Answers to all exercises in the Review Exercises, the Chapter Test, 
and the Cumulative Review Exercises are included in the student answer section. 
Along with the answer, there is a reference to the section that pertains to each 


exercise. 
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Additional Resources @ Get More Value from Your Textbook! 


RW 

Online Teaching Center % = Ofiline Teaching Center Student Study Guide &. 

This website offers insiders prep and chapter tests, Contains complete solutions to all odd-numbered 
instructor's solutions, and more. exercises and all of the solutions to the end-of- 
HM Testing™ (powered by Diploma®) chapter maton % 

“Testing the way you want it" HM Testing offers all the tools | Online Study Center = Online Study Center 
needed to create, author, deliver, and customize multiple types This free website gives Mident access to ACE 
of tests—including authoring and editing algorithmic questions. practice tests, and other study resources. 


Instructional DVDs =) 
Hosted by Dana Mosely, these text-specific DVDs cover all sections of the text and provide explanations of key concepts, 
examples, exercises, and applications in a lecture-based format. DVDs are now closed-captioned for the hearing-impaired. 


Eduspace® (powered by Blackboard®) Z 
Eduspace is a web-based learning system that provides instructors with powerful course management tools and students 
with text-specific content to support all of their online teaching and learning needs. Eduspace makes it easy to deliver all 
or part of a course online. Resources such as algorithmic, automatically-graded homework exercises, tutorials, 
instructional video clips, an online multimedia eBook, live, online tutoring with SMARTHINKING™, and additional study 
materials all come ready-to-use. Instructors can choose to use the content as is, modify it, or even add their own. 


e Visit www.eduspace.com for more information. 


SMARTHINKING™ Live, Online Tutoring [SMARTHINKING! 

SMARTHINKING provides an easy-to-use and effective online, text-specific tutoring service. A dynamic whiteboard and 
graphing calculator function enables students and e-structors to collaborate easily. SMARTHINKING offers three levels of 
service: 


e Text-specific Tutoring provides real-time, one-on-one instruction with a specially qualified e-structor. 


e Questions Any Time allows students to submit questions to the tutor outside the scheduled hours and receive a reply 
within 24 hours. 


e Independent Study Resources connect students with around-the-clock access to additional educational services, 
including interactive websites, diagnostic tests, and Frequently Asked Questions posed to SMARTHINKING e-structors. 


Online Course Content for Blackboard®, WebCT®, and eCollege® 

Deliver program or text-specific Houghton Mifflin content online using your institution’s local course management system. 
Houghton Mifflin offers homework, tutorials, videos, and other resources formatted for Blackboard®, WebCT®, 
eCollege®, and other course management systems. Add to an existing online course or create a new one by selecting 
from a wide range of powerful learning and instructional materials. 
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z Online Study Center 

“© For online student resources, such 
as section quizzes, visit this website: 


college.hmco.com/info/aufmannCAT 


Functions and Graphs 


1.1 Equations and Inequalities 

1.2. A Two-Dimensional Coordinate System and Graphs 
1.3 Introduction to Functions 

1.4 Properties of Graphs 

1.5 The Algebra of Functions 

1.6 Inverse Functions 

1.7. Modeling Data Using Regression 


The Internet, the World Wide Web, and 
Modular Functions 


In 1965, Lawrence Roberts connected two computers, one at MIT and 
one at UCLA, using a telephone line. This computer connection was 
the first demonstration of the feasibility of computer networks and led to the eventual 
establishment of the Internet, first known as ARPANET after the Advanced Research 
Projects Agency (ARPA), a group founded by the Department of Defense. Originally, 
ARPANET connected computers at four universities: the University of California, 
Los Angeles; Stanford University; the University of California, Santa Barbara; and 
the University of Utah. The first message was sent from UCLA to Stanford in 1969. 

To expand the Internet, computer programs had to be written that allowed the 
interaction of many computers. This set of programs, called protocols, was created 
by Robert Kahn and Vint Cerf. The programs were called TCP/IP (Transmission 
Control Protocol/Internet Protocol). TCP/IP was universally adopted in 1983 and is 
still used today to control communication among computers on the Internet. A rough 
analog to TCP/IP programs is our telephone system. Each telephone has a unique 
telephone number. Similarly, each computer on the Internet has a unique IP (Internet 
Protocol) address. TCP programs are similar to telephone services such as call 
waiting and caller ID. They enable a computer to know when other computers are 
trying to communicate with it, and what kind of communication is incoming. 

In 1991, British physicist Tim Berners-Lee developed a program that allowed 
physicists to exchange information in an efficient manner. His creation was called 
the World Wide Web. Two functions that can be performed using the Internet and the 
World Wide Web are credit card purchases and banking transactions. These 
transactions must be carried out in a secure mode using programs that encrypt credit 
card numbers and bank account numbers. One method of encryption makes use of a 
modular function and the inverse of that function. Modular functions are discussed in 
the Quantitative Reasoning feature on page 114. A basic example of the use of 
inverse functions to encrypt and decrypt messages is given in Exercise 59 on page 93. 


2 Chapter 1 


I Numbers 


Archimedes (c. 287-212 B.C.) was 
the first to calculate 7 with any 
degree of precision. He was able 
to show that 


from which we get the approxi- 
mation 


1 
35 =~ qa. The use of the symbol 7 


for this quantity was introduced 
by Leonhard Euler (1707-1783) in 
1739, approximately 2000 years 
after Archimedes. 


A B C 
+—_+-s+—_+—__+—_ +" + ++—_+—_ + 
-5-4-3-2-10123 4 5 


~ 


> 


Figure 1.1 


take note 
The interval notation [1, %) 
represents all real numbers greater 
than or equal to 1. The interval 
notation (—%, 4) represents all 


real numbers less than 4. 


Functions and Graphs 


Equations and Inequalities 


™ The Real Numbers 


The real numbers are used extensively in mathematics. The set of real numbers is 
quite comprehensive and contains several unique sets of numbers. 
The integers are the set of numbers 


th 822-10 1,5 3.4. 


Recall that the brace symbols, { }, are used to identify a set. The positive integers 
are called natural numbers. 


a 
The rational numbers are the set of numbers of the form = where a and b 


3 S 
are integers and b # 0. Thus the rational numbers include = and 3" Because 


a 
each integer can be expressed in the form =. with denominator b = 1, the inte- 


gers are included in the set of rational numbers. Every rational number can 
be written as either a terminating or a repeating decimal. 

A number written in decimal form that does not repeat or terminate is called 
an irrational number. Some examples of irrational numbers are 0.141141114..., V2, 
and 7. These numbers cannot be expressed as quotients of integers. The set of real 
numbers is the union of the sets of rational and irrational numbers. 

A real number can be represented geometrically on a coordinate axis called a 
real number line. Each point on this line is associated with a real number called the 
coordinate of the point. Conversely, each real number can be associated with 


7 
a point on a real number line. In Figure 1.1, the coordinate of A is ay, the coor- 


dinate of B is 0, and the coordinate of C is V2. 

Given any two real numbers a and b, we say that a is less than b, denoted by 
a <b, if a — bis a negative number. Similarly, we say that a is greater than b, de- 
noted by a > b, if a — bis a positive number. When a equals b, a — b is zero. The 
symbols < and > are called inequality symbols. Two other inequality symbols, = 
(less than or equal to) and = (greater than or equal to), are also used. 

The inequality symbols can be used to designate sets of real numbers. If a < b, 
the interval notation (a, b) is used to indicate the set of real numbers between a and 
b. This set of numbers also can be described using set-builder notation: 


(a,b) ={x|a<x<b} 


When reading a set written in set-builder notation, we read {x| as “the set of x 
such that.” The expression that follows the vertical bar designates the elements in 
the set. 

The set (a, b) is called an open interval. The graph of the open interval consists 
of all the points on the real number line between a and b, not including a and b. 
A closed interval, denoted by [a, b], consists of all points between a and b, includ- 
ing a and b. We can also discuss half-open intervals. An example of each type of 
interval is shown in Figure 1.2. 
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[ee ee ere oe (—2,4) = {x|-2 <x <4} An open interval 
ih open initeval (2a) [1,5] ={x|1<x =5} A closed interval 
[-4,0) = {x|-4=x <0} A half-open interval 
+t ttt 
so eR SL OT. 2 a (—5, -2] = {x|-5 <x=<-—2}  Ahalf-open interval 


The closed interval [1, 5] 


eee eee eee oe 2 = Absolute Value and Distance 

The half-open interval [—4, 0) 

The absolute value of a real number is a measure of the distance from zero to the 
point associated with the number on a real number line. Therefore, the absolute 
value of a real number is always positive or zero. We now give a more formal 


The half-open interval (-5, -2] definition of absolute value. 


Definition of Absolute Value 


For a real number 4, the absolute value of a, denoted by |al, is 


tale Gata 10 
=f ie <O 


Ht + 4 HH 
-5-4-3-2-10 123 4 5 


Figure 1.2 


A B 
ee The distance d between the points A and B with coordinates —3 and 2, 


SER Ee Oe Ae ee SS respectively, on a real number line is the absolute value of the difference between 
Figure 1.3 the coordinates. See Figure 1.3. 


d=|2-(-3)|=5 
Because the absolute value is used, we could also write 
d =|(-3) —2|=5 


In general, we define the distance between any two points A and B on a real 
number line as the absolute value of the difference between the coordinates of the 
points. 


5 
AoA Definition of the Distance Between Two Points on a 
3+ Real Number Line 
24 
i 
0 


>| 


Let a and b be the coordinates of the points A and B, respectively, on a real 


9 _ | aA,B)=|4-(5)=9 number line. Then the distance between A and B, denoted by d(A, B), is 


21 d(A, B) = |a — 0] 


+ -5@B 
: This formula applies to any real number line. It can be used to find the distance 
Figure 1.4 between two points on a vertical real number line, as shown in Figure 1.4. 


4 


Chapter 1 


Functions and Graphs 


© Linear and Quadratic Equations 


An equation is a statement about the equality of two expressions. Examples of 
equations follow. 


7=2+4+5 x? =4 +5 3x —2=2(x+1)4+3 


The values of the variable that make an equation a true statement are the roots or 
solutions of the equation. To solve an equation means to find the solutions of the 
equation. The number 2 is said to satisfy the equation 2x + 1 = 5 because substi- 
tuting 2 for x produces 2(2) + 1 = 5, which is a true statement. 


Definition of a Linear Equation 


A linear equation in the single variable x is an equation of the form 
ax + b =0, where a # 0. 


To solve a linear equation in one variable, isolate the variable on one side of 
the equals sign. 


Solve: 3x —-5 =2 


Solution 
3x —-5=2 
38x -54+5=2+5 « Add 5 to each side of the equation. 
3x = 7 
3x 7 os : : 
3 = 3 ¢ Divide each side of the equation by 3. 
7 
LSS 
3 


7 
The solution is =! 


An equation may contain more than one variable. For these equations, called 
literal equations, we may choose to solve for any one of the variables. 


e a Literal Equation 


1.1 Equations and Inequalities 5 


Solution 
b 
a ax 
c7y 
by : ; 
a 7 —y) = ax(c — y) + Multiply each side of the equation by c — y. 
by = axc — axy + Simplify. 
by + axy = axc « Add axy to each side of the equation. 
y(b + ax) = axc - Factor y from the left side of the equation. 
axc _ : . 
= ¢ Divide each side of the equation by b + ax. 
b+ ax 


|Math Matters Definition of a Quadratic Equation 


The term quadratic is derived 
from the Latin word quadrare, An equation of the form ax* + bx + c = 0,a ¥ 0, is a quadratic equation in x. 
which means “to make square.” 

Because the area of a square 

that measures x units on each A quadratic equation can be solved by using the quadratic formula. 

side is x?, we refer to equations 

that can be written in the form 

ax? + bx + c¢ = 0 as equations The Quadratic Formula 

that are quadratic in x. 


@ QUESTION For 2x? — 3x — 1 = 0, what are the values of a, b, and c? 


There exists a general procedure 
to solve “by radicals” the general Solve by using the quadratic formula: 2x* — 4x + 1 =0 
cubic 
ax? + bx? + cx+ d=0 Solution 
and the general quartic We havea = 2,b = —4,andc = 1. 
ax* + bx? + cx? + dx+e=0 —(-—4) + V(-4) — 4(2)(1) 4+ V16-8 
x= _ 
However, it has been proved that 2(2) 4 
there are no general procedures 4+VB 44212 2+V2 
that can be used to solve “by = — = — = —— 
radicals” general equations of 4 4 2 
degree 5 or larger. 242 2-Vv2 
The solutions are nd : 


, °* 2 


@ ANSWER a=2,0 3,¢ 1 


6 


Chapter 1 


Functions and Graphs 


Although every quadratic equation can be solved using the quadratic 
formula, it is sometimes easier to factor and use the zero product principle. 


Zero Product Principle 


Solve: (2x — 1)(x — 3) =x? +x-4 


Solution 
(2x —1)\(x -3) =x? +x-4 
2x7 —7x+3=2x74+x-4 - Expand the binomial product. 
x?- 8x +7=0 + Write as ax? + bx + c= 0. 
(x — 7)(x - 1) =0 + Factor. 
x-7=0 or x-1=0 + Apply the zero product principle. 
x=7 x=1 


The solutions are 1 and 7. 


© Inequalities 


A statement that contains the symbol <, >, =, or = is called an inequality. An 
inequality expresses the relative order of two mathematical expressions. The solu- 
tion set of an inequality is the set of real numbers each of which, when substituted 
for the variable, results in a true inequality. The inequality x > 4 is true for any 
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17 
value of x greater than 4. For instance, 5, V 21, and 3 are all solutions of x > 4. 


The solution set of the inequality can be written in set-builder notation as 
{x |x > 4} or in interval notation as (4, ©). 

Equivalent inequalities have the same solution set. We solve an inequality 
by producing simpler but equivalent inequalities until the solutions are found. 
To produce these simpler but equivalent inequalities, we apply the following 
properties. 


Properties of Inequalities 


Note the difference between Property 2a and Property 2b. Property 2a 
states that an equivalent inequality is produced when each side of a given 
inequality is multiplied by the same positive real number and that the direction 
of the inequality symbol is not changed. By contrast, Property 2b states that 
when each side of a given inequality is multiplied by a negative real number, 
we must reverse the direction of the inequality symbol to produce an equivalent 
inequality. 

For instance, —2b < 6 and b > —3 are equivalent inequalities. (We multiplied 


1 
each side of the first inequality by =a? and we changed the “less than” symbol 


to a “greater than” symbol.) 

Because subtraction is defined in terms of addition, subtracting the same real 
number from each side of an inequality does not change the direction of the 
inequality symbol. 

Because division is defined in terms of multiplication, dividing each side of 
an inequality by the same positive real number does not change the direction of 
the inequality symbol, and dividing each side of an inequality by a negative real 
number changes the direction of the inequality symbol. 
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the real numbers that are 


solutions of the inequality in 


Example 5 can be written in set 


notation as {x|x > —2} or in 


interval notation as (—2, %). 


=§ -4-3.-2 -1 0 1 


Figure 1.5 


23 4 5 


Functions and Graphs 


Ive an Inequality 
Solve 2(x + 3) < 4x + 10. Write the solution set in set-builder notation. 


Solution 
2(x + 3) < 4x + 10 


2x +6<4x + 10 ¢ Use the distributive property. 
—2x <4 ¢ Subtract 4x and 6 from each side of the 
inequality. 
x= 2 * Divide each side by —2 and reverse the 


inequality symbol. 


The solution set is {x|x > —2}. 


= Solving Inequalities by the Critical Value Method 


Any value of x that causes a polynomial in x to equal zero is called a zero of the 
polynomial. For example, —4 and 1 are both zeros of the polynomial x? + 3x — 4, 
because (—4)? + 3(-4) -4=Oand??+3-1-4=0. 


A Sign Property of Polynomials 


In our work with inequalities that involve polynomials, the real zeros of the 
polynomial are also referred to as critical values of the inequality, because on a 
number line they separate the real numbers that make the inequality true from 
those that make it false. In Example 6 we use critical values and the sign property 
of polynomials to solve an inequality. 


Solve: x7 + 3x —-4 <0 


Solution 
Factoring the polynomial x* + 3x — 4 produces the equivalent inequality 
(x + 4)(x -— 1) <0 


Thus the zeros of the polynomial x* + 3x — 4 are —4 and 1. They are the 
critical values of the inequality x* + 3x — 4 < 0. They separate the real 
number line into the three intervals shown in Figure 1.5. 

To determine the intervals on which x* + 3x — 4 < 0, pick a number 
called a test value from each of the three intervals and then determine 


=| 9 1 


Figure 1.6 
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whether x? + 3x — 4 < 0 for each of these test values. For example, in the 
interval (—%, —4), pick a test value of, say, —5. Then 
x? + 3x —4 = (—5) + 3(-5) -4=6 


Because 6 is not less than 0, by the sign property of polynomials, no number 
in the interval (—%, —4) makes x7 + 3x —4 <0. 
Now pick a test value from the interval (—4, 1), say, 0. When x = 0, 


x? + 3x-4=0°+ 3(0) -4=-4 
Because —4 is less than 0, by the sign property of polynomials, all numbers 


in the interval (—4, 1) make x* + 3x —4 <0. 
If we pick a test value of 2 from the interval (1, ©), then 


x? + 3x —4 = (2) + 3(2) -4=6 


Because 6 is not less than 0, by the sign property of polynomials, no number 
in the interval (1, ©) makes x7 + 3x — 4 <0. 
The following table is a summary of our work. 


(—00, —4) —5 (—5 + 3(-5) -4< 0 
6<0 False 
(-4, 1) 0 (0)? + 3(0) -4<0 
—-4<0 True 
(1, %) 2 (2)? + 3(2) -4<0 
6<0 False 


In interval notation, the solution set of x? + 3x — 4 < 0is(—4,1). The 
solution set is graphed in Figure 1.6. Note that in this case the critical values 
—4 and 1 are not included in the solution set because they do not make 

x? + 3x — 4 less than 0. 


To avoid the arithmetic in Example 6, we often use a sign diagram. For ex- 
ample, note that the factor (x + 4) is negative for all x < —4 and positive for all 
x > —4. The factor (x — 1) is negative for all x <1 and positive for all x > 1. 
These results are shown in Figure 1.7. 

(x +4) = 6 a Sa ee 
a 


| 
| 
| 
i ey eR 
| 


- -4-3 2-101 2 3 4 5 
Figure 1.7 


To determine on which interval(s) the product (x + 4)(x — 1) is negative, we 
examine the sign diagram to see where the factors have opposite signs. This 
occurs only on the interval (—4, 1), where (x + 4) is positive and (x — 1) is nega- 
tive. Thus the original inequality is true only on the interval (—4, 1). 
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Following is a summary of the steps used to solve polynomial inequalities by 
the critical value method. 


Solving a Polynomial Inequality by the Critical Value Method 


= Absolute Value Inequalities 


The solution set of the absolute value inequality |x — 1| < 3 is the set of all real 
epet ee, ALO). We Se 1 numbers whose distance from 1 is less than 3. Therefore, the solution set consists 
Figure 1.8 of all numbers between —2 and 4. See Figure 1.8. In interval notation, the solution 
set is (—2, 4). 
The solution set of the absolute value inequality |x — 1| > 3 is the set of all real 
~S-4-3 2-1 0 1 2 3 4 5 numbers whose distance from 1 is greater than 3. Therefore, the solution set con- 
Figure 1.9 sists of all real numbers less than —2 or greater than 4. See Figure 1.9. In interval 
notation, the solution set is (—%, —2) U (4, %). 
The following properties are used to solve absolute value inequalities. 


Properties of Absolute Value Inequalities 


Solve: |2 — 3x| <7 


Solution 


|2 — 3x| < 7 implies —7 < 2 — 3x < 7. Solve this compound inequality. 
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—-7<2-3x<7 
—-9< -—3x <5 ¢ Subtract 2 from each of the three parts of the 
inequality. 
‘| 
3> Xx > ~3 ¢ Multiply each part of the inequality by = and 
¢ 5 reverse the inequality symbols. 
-4-3 2-1 0412 3 4 P 
Figure 1.10 In interval notation, the solution set is given by (- 3° 3). See Figure 1.10. 


Solve: |4x — 3} =5 


Solution 


is true for all values of x. Because 


|4x — 3| = 5 implies 4x — 3 < —5 or 4x — 3 = 5. Solving each of these 
inequalities produces 


4x-3=-5 or 4x -325 


an absolute value is always 


nonnegative, the equation is always 


true. 
4x = -2 4x =8 
< 1 >? 
= -— x= 
i=, 9 


i 
2 


1 
4-3 2 10 12 3 4 Therefore, the solution set is (-» -4| U [2, ©). See Figure 1.11. 


Figure 1.11 


Ag \ Topics for Discussion 


1. Discuss the similarities and differences among natural numbers, integers, 
rational numbers, and real numbers. 


Discuss the differences among an equation, an inequality, and an expression. 


Is it possible for an equation to have no solution? If not, explain why. If so, 
give an example of an equation with no solution. 


Is the statement |x| = —x ever true? Explain why or why not. 


How do quadratic equations in one variable differ from linear equations in 
one variable? Explain how the method used to solve an equation depends on 
whether it is a linear or a quadratic equation. 
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Exercise Set 1.1 


In Exercises 1 to 18, solve and check each equation. 


1. 2x + 10 = 40 2. —3y + 20=2 


3. 5x +2=2x—10 4. 4x — 11 = 7x + 20 


5. 2(x — 3) —-5 =4(x — 5) 


)) 6. 6(5s — 11) — 12(28 +5) =0 


2 x 1 

— 4+ — => — —_— — = 

rg 3 ar me 
2 al 1 1 19 
i ae eek aa 10. 587 a 5 


11. 0.2x + 0.4 = 3.6 12. 0.04x — 0.2 = 0.07 


13. = (0 + 5) rau 11) =0 


5 2 


15. 3(x + 5)(x — 1) = (3x + 4)(x — 2) 


16. 5(x + 4)(x — 4) = (x — 3)(5x + 4) 


17. 0.08x + 0.12(4000 — x) = 432 
18. 0.075y + 0.06(10,000 — y) = 727.50 


In Exercises 19 to 26, solve each equation for the indicated 
variable. 


19. x + 2y =8;y )) 20. 3x — 5y = 15; 


21. 2x + Sy = 10; x 22. 5x — 4y = 10; x 


23. ay — by=cyy 24. ax + by=c;y 


__¥ . _ 49-3. 
25. x y4 26. x yaa 


In Exercises 27 to 40, solve by using the quadratic formula. 
27. x? —- 2x -—15=0 28. x? — 5x — 24=0 


29. x7 +x-1=0 )) 30. x7 +x-2=0 


31. 2x7 + 4x +1=0 32. 2x7 + 4x -1=0 
33. 3x7 — 5x —-3 =0 34. 3x? — 5x —-4=0 
te od 2, 1 
2a t+ox-1= 22x? -5x +25 
35 a 4° 1=0 36 3% 5x 5 0 


37. V2x2 + 3x + V2=0 38. 2x7 + V5x-3=0 


39. x7 =3x+5 40. -x?=7x-1 


In Exercises 41 to 48, solve each quadratic equation by fac- 
toring and applying the zero product property. 


41. x? - 2x -15=0 42. y> + 3y — 10 =0 
43. 8y? + 189y-—72=0  )) 44. 12w? - 41w + 24=0 
45. 3x2 — 7x =0 46. 5x* = —8x 


47. (x —5° -9=0 48. (3x + 4)? —- 16 =0 


In Exercises 49 to 58, use the properties of inequalities to solve 
each inequality. Write answers using interval notation. 


49.2x+3<11 50. 3x —-5 > 16 
51.x+4> 3x + 16 52. 5x +6<2x+1 
53. -—6x + 1=19 54. —5x + 2 = 37 

55. -3(x + 2) <5x +7 56. —4(x — 5) =2x +15 


57. —4(3x — 5) >2(x— 4) )) 58. 3(x + 7) = 5(2x — 8) 


In Exercises 59 to 66, use the critical value method to solve 
each inequality. Use interval notation to write each solution 
set. 


59. x7 + 7x>0 60. x? — 5x <0 
61. x7 + 7x +10<0 62. x7 + 5x +6<0 
63. x° — 3x = 28 64. x° < —x + 30 
65. 6x? — 4 = 5x )) 66. 12x? + 8x = 15 


In Exercises 67 to 84, use interval notation to express the 
solution set of each inequality. 


67. |x| <4 68. |x| > 2 

69. |x —1| <9 70. |x — 3| < 10 
71. |x + 3] > 30 72. |x + 4| <2 
73. |2x -1|>4 74, 2x —9| <7 
75. |x +3/=5 76. |x — 10] =2 
77. |3x — 10| = 14 )) 78. |2x -5)=1 


79. 


81. 


83. 


85. 


86. 


87. 


88. 


89. 


|4 — 5x| = 24 >) 80. (3 — 2x|=5 
lx — 5, =0 82. |x — 7| =0 
|x — 4| <0 84. |2x + 7| <0 
GEOMETRY The perimeter of a rectangle is 27 centimeters, 


and its area is 35 square centimeters. Find the length and 
width of the rectangle. 


GEOMETRY The perimeter of a rectangle is 34 feet and its 
area is 60 square feet. Find the length and width of the 
rectangle. 


RECTANGULAR ENCLOSURE A gardener wishes to use 
600 feet of fencing to enclose a rectangular region and 
subdivide the region into two smaller rectangles. The total 
enclosed area is 15,000 square feet. Find the dimensions of 
the enclosed region. 


Ww 


/ 


RECTANGULAR ENCLOSURE A farmer wishes to use 
400 yards of fencing to enclose a rectangular region and 
subdivide the region into three smaller rectangles. If the 
total enclosed area is 400 square yards, find the dimen- 
sions of the enclosed region. 


Me 1 2 | 


w 


i 


i I >| 


PERSONAL FINANCE A bank offers two checking account 
plans. The monthly fee and charge per check for each plan 
are shown in the table at the top of the next column. 
Under what conditions is it less expensive to use the 
LowCharge plan? 


90. 


91. 


92. 


93. 
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Account Monthly Charge per 
Plan Fee Check 


LowCharge | $5.00 | $.01 


FeeSaver | $1.00 | $.08 


PERSONAL FINANCE You can rent a car for the day from 
company A for $29.00 plus $0.12 a mile. Company B 
charges $22.00 plus $0.21 a mile. Find the number of 
miles m (to the nearest mile) per day for which it is 
cheaper to rent from company A. 


PERSONAL FINANCE A sales clerk has a choice between 
two payment plans. Plan A pays $100.00 a week plus $8.00 
a sale. Plan B pays $250.00 a week plus $3.50 a sale. How 
many sales per week must be made for plan A to yield the 
greater paycheck? 


PERSONAL FINANCE A video store offers two rental plans. 
The yearly membership fee and the daily charge per video 
are shown below. How many videos can be rented per year 
if the No-fee plan is to be the less expensive of the plans? 


THE VIDEO STORE 


Rental Yearly 
per Video 


$1.49 ss) 


Plan Fee 
EEE EES. 


Daily Charge | 


towrte $15.00 | 


No-fee | None | 


AVERAGE TEMPERATURES The average daily minimum-to- 
maximum temperature range for the city of Palm Springs 
during the month of September is 68°F to 104°F. What is the 
corresponding temperature range measured on the Celsius 
temperature scale? (Hint: Let F be the average daily tem- 


9 
perature. Then 68 = F = 104. Now substitute 5 C +32 for 
F and solve the resulting inequality for C.) 
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94. 


95. 


96. 


97. 


98. 
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» » Connecting Concepts» »: 


A GOLDEN RECTANGLE The ancient Greeks defined a rec- 
tangle as a golden rectangle if its length | and its width w 
satisfied the equation 


a. Solve this formula for w. 


b. If the length of a golden rectangle is 101 feet, determine 
its width. Round to the nearest hundredth of a foot. 


SUM OF NATURAL NUMBERS The sum S of the first 1 natu- 
ral numbers 1, 2,3,..., 1 is given by the formula 


$= F(n+1) 


How many consecutive natural numbers starting with 1 
produce a sum of 253? 


NUMBER OF DIAGONALS The number of diagonals D of a 
polygon with n sides is given by the formula 


n 
D=-(n— 3) 


a. Determine the number of sides of a polygon with 
464 diagonals. 


b. Can a polygon have 12 diagonals? Explain. 


REVENUE The monthly revenue R for a product is given 
by R = 420x — 2x”, where x is the price in dollars of each 
unit produced. Find the interval in terms of x for which 
the monthly revenue is greater than zero. 


ABSOLUTE VALUE INEQUALITIES Write an absolute value 
inequality to represent all real numbers within 


a. 8 units of 3 


b. k units of j (assume k > 0) 


99. HEIGHT OF A PROJECTILE The equation 


s = —16t? + wt + so 


gives the height s, in feet above ground level, at the time 
t seconds after an object is thrown directly upward from 
a height sy feet above the ground with an initial velocity 
of u feet per second. A ball is thrown directly upward 
from ground level with an initial velocity of 64 feet per 
second. Find the time interval during which the ball 
attains a height of than 48 feet. 


100. HEIGHT OF A PROJECTILE A ball is thrown directly up- 


ward from a height of 32 feet above a stream with an 
initial velocity of 80 feet per second. Find the time inter- 
val during which the ball will be more than 96 feet above 
the stream. (Hint: See Exercise 99.) 


101. GEOMETRY The length of the side of a square has been 


measured accurately to within 0.01 foot. This measured 
length is 4.25 feet. 


a. Write an absolute value inequality that describes the 
relationship between the actual length of each side of 
the square s and its measured length. 


b. Solve the absolute value inequality you found in a. 
for s. 


1. 


TEACHING MATHEMATICS Prepare a lesson that you 
LY could use to explain to someone how to solve linear 
and quadratic equations. Be sure to include an explanation 
of the differences between these two types of equations and 
the different methods that are used to solve them. 


2. 


CuBic EQUATIONS Write an essay on the develop- 

ment of the solution of the cubic equation. An 
excellent source of information is the chapter “Cardano 
and the Solution of the Cubic” in Journey Through Genius 
by William Dunham (New York: Wiley, 1990). Another 
excellent source is A History of Mathematics: An Introduction 
by Victor J. Katz (New York: Harper Collins, 1993). 


take note 


Abscissa comes from the same 
root word as scissors. An open pair 


of scissors looks like an x. 


The concepts of analytic geome- 
try developed over an extended 
period of time, culminating in 
1637 with the publication of two 
works: Discourse on the Method 
for Rightly Directing One’s Rea- 
son and Searching for Truth in 
the Sciences by René Descartes 
(1596-1650) and /ntroduction to 
Plane and Solid Loci by Pierre de 
Fermat. Each of these works was 
an attempt to integrate the study 
of geometry with the study of 
algebra. Of the two mathemati- 
cians, Descartes is usually given 
most of the credit for developing 
analytic geometry. In fact, 
Descartes became so famous in 
La Haye, the city in which he was 
born, that it was renamed La 
Haye-Descartes. 
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A Two-Dimensional Coordinate 
System and Graphs 


PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be 
found on page A1. 


+ 
PS1. Evaluate a 


when x, = 4 and x, = —7. 


PS2. Simplify V50. 


PS3. Is y = 3x — 2a true equation when y = 5 and x = —1? [1.1] 
PS4. If y = x? — 3x — 2, find y when x = —3. [1.1] 
PS5. Evaluate |—x — y| when x = 3 and y = ~1. [1.1] 


PS6. Evaluate Vb? — 4ac when a = —2,b = —3, and c = 2. 


= Cartesian Coordinate Systems 


Each point on a coordinate axis is associated with a number called its coordinate. 
Each point on a flat, two-dimensional surface, called a coordinate plane or 
xy-plane, is associated with an ordered pair of numbers called coordinates of 
the point. Ordered pairs are denoted by (a,b), where the real number a is the 
x-coordinate or abscissa and the real number b is the y-coordinate or ordinate. 

The coordinates of a point are determined by the point’s position relative to a 
horizontal coordinate axis called the x-axis and a vertical coordinate axis called the 
y-axis. The axes intersect at the point (0, 0), called the origin. In Figure 1.12, the axes 
are labeled such that positive numbers appear to the right of the origin on the 
x-axis and above the origin on the y-axis. The four regions formed by the axes 
are called quadrants and are numbered counterclockwise. This two-dimensional 
coordinate system is referred to as a Cartesian coordinate system in honor of René 
Descartes. 


Ya 
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Quadrant II Quadrant I 
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Figure 1.12 
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take note 


The notation (a, b) was used earlier 
to denote an interval on a one- 
dimensional number line. In this 
section, (a, b) denotes an ordered 
pair in a two-dimensional plane. 
This should not cause confusion in 
future sections because as each 
mathematical topic is introduced, 
it will be clear whether a one- 
dimensional or a two-dimensional 


coordinate system is involved. 


To plot a point P(a, b) means to draw a dot at its location in the coordinate 
plane. In Figure 1.13 we have plotted the points (4, 3), (—3, 1), (—2, —3), (3, -2), 
(0, 1), (1, 3), and (3, 1). Note that (1, 3) and (3, 1) are not the same point. The order 
in which the coordinates of an ordered pair are listed is important. 


Ya 
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24 
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Figure 1.13 


eS Data often are displayed in visual form as a set of points called a 
scatter diagram or scatter plot. For instance, the scatter diagram in 
Figure 1.14 shows the current and projected revenues of Web-filtering software 
vendors. (Web-filtering software allows businesses to control which Internet 
sites are available to employees while at work.) The point whose coordinates 
are approximately (2005, 520) means that in the year 2005, approximately 
$520 million in revenues were generated by companies that supplied this soft- 
ware. The line segments that connect the points in Figure 1.14 help illustrate 
trends. 
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Figure 1.14 
Source: IDC, 2005 


@ QUESTION From Figure 1.14, will the revenues from Web-filtering software in 
2009 be more or less than twice the revenues in 2003? 


In some instances, it is important to know when two ordered pairs are equal. 


@ ANSWER More. The revenue in 2003 was about $350 million. The projected rev- 
enue in 2009 is about $925 million, more than twice $350 million. 


and only if 


right triangle if 


(1, -3) 


Figure 1.15 
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Definition of the Equality of Ordered Pairs 


The ordered pairs (a, b) and (c, d) are equal if and only if a = c and b = d. 


Example 
Ihe (8), )) = (Cs, —2), Wavenae = 3} Ginxel 07 = =. 


=" The Distance and Midpoint Formulas 


The Cartesian coordinate system makes it possible to combine the concepts of 
algebra and geometry into a branch of mathematics called analytic geometry. 

The distance between two points on a horizontal line is the absolute value 
of the difference between the x-coordinates of the two points. The distance bet- 
ween two points on a vertical line is the absolute value of the difference between 
the y-coordinates of the two points. For example, as shown in Figure 1.15, the 
distance d between the points with coordinates (1,2) and (1,-—3) is 
d = |2 — (-3)|=5. 

If two points are not on a horizontal or vertical line, then a distance formula for 
the distance between the two points can be developed as follows. 

The distance between the points P,(x,, y,) and P2(x2, y2) in Figure 1.16 is the 
length of the hypotenuse of a right triangle whose sides are horizontal and verti- 
cal line segments that measure |x) — x,| and |y, — y,|, respectively. Applying the 
Pythagorean Theorem to this triangle produces 


d? = |x. — xP? + ly — wl? 


d = Vito — x? + lye — wl + Take the square root of each side of the 
equation. Because d is nonnegative, the 
negative root is not listed. 


= V(x. — 4) + (yw - m1) + Because |x, — x,|? = (x) — x)? and 
l¥2 -_ y,|? =(y—- yi)? 


Thus we have established the following theorem. 


The Distance Formula 


d(P,, P,) = 2V26 
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The midpoint M of a line segment is the point on the line segment that 
is equidistant from the endpoints P(x1,y¥,) and B(x, yr) of the segment. See 
Figure 1.17. 


The Midpoint Formula 


The midpoint formula states that the x-coordinate of the midpoint of a line 
segment is the average of the x-coordinates of the endpoints of the line segment 
and that the y-coordinate of the midpoint of a line segment is the average of the 
y-coordinates of the endpoints of the line segment. 


Find the midpoint and the length of the line segment connecting the points 
whose coordinates are P,(—4, 3) and P,(4, —2). 


Solution 


: ., [uUtm Wt p 
Midpoint ( a a 


— (-444 34 (-2) 
7 2° — 5 


03) 


A(P,, P,) = V (x2 = i) + (Y = 1)" 
= V(4— (-4)P + (-2 — 3P = V8) + (5) 
= VTE = VB 


Maria Agnesi (1718-1799) wrote 
Foundations of Analysis for the 
Use of Italian Youth, one of the 
most successful textbooks of the 
18th century. The French Acad- 
emy authorized a translation into 
French in 1749, noting that 
“there is no other book, in any 
language, which would enable a 
reader to penetrate as deeply, or 
as rapidly, into the fundamental 
concepts of analysis.” A curve 
that she discusses in her text 
is given by the equation 

a 
Ye + a 
Unfortunately, due to a transla- 
tion error from Italian to English, 
the curve became known as the 
“witch of Agnesi.” 


Figure 1.18 
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= Graph of an Equation 


The equations below are equations in two variables. 


= 
x+1 


y=3x°-4x+2 x? +y?=25- y 
The solution of an equation in two variables is an ordered pair (x, y) whose coordi- 
nates satisfy the equation. For instance, the ordered pairs (3, 4), (4, —3), and (0, 5) are 
some of the solutions of x* + y* = 25. Generally, there are an infinite number of 
solutions of an equation in two variables. These solutions can be displayed in a graph. 


Definition of the Graph of an Equation 


The graph of an equation in the two variables x and y is the set of all points 
(x, y) whose coordinates satisfy the equation. 


Consider y = 2x — 1. Substituting various values of x into the equation and 
solving for y produces some of the ordered pairs that satisfy the equation. It is 
convenient to record the results in a table similar to the one shown below. The 
graph of the ordered pairs is shown in Figure 1.18. 


-2 2(-2) - 1 —5 (—2, -5) 
-1 2(-1) - 1 3 (-1, -3) 
0 2(0) - 1 -1 (0, -1) 
il 2(1) -1 (1, 1) 
2 2(2) -1 3 (2, 3) 


Choosing some noninteger values of x produces more ordered pairs to graph, 


3 5 
such as | — a —4]} and 37 4 |, as shown in Figure 1.19. Using still other values 


of x would result in more and more ordered pairs to graph. The result would be 
so many dots that the graph would appear as the straight line shown in Figure 1.20, 
which is the graph of y = 2x — 1. 


Ya Ya 
e 
4 ® 
e 
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e 
-4 -2 ) ae: -4 4, 
e 
e 
e-4 
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Figure 1.19 Figure 1.20 
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y=xr+ 
Figure 1.21 


Graph: —x? + y=1 


Solution 
Solve the equation for y. 
—x*+y=1 
y=xr+1 + Add x? to each side. 


Select values of x and use the equation to calculate y. Choose enough values 
of x so that an accurate graph can be drawn. Plot the points and draw a 
smooth curve through them. See Figure 1.21. 


= (-2% +1 5 (—2,5) 
=1 (-1? +1 2 (-1, 2) 
0 Oy +1 1 (0, 1) 
1 (+1 5 (1, 2) 
2 QP +1 5 (2,5) 


Some graphing calculators, such as the TI-83/TI-83 Plus/TI-84 Plus, 
have a TABLE feature that allows you to create a table similar to the one 
shown in Example 2. Enter the equation to be graphed, the first value 
for x, and the increment (the difference between successive values of x). 
For instance, entering y; = x” + 1, an initial value of x of —2, and an 
increment of 1 yields a display similar to the one in Figure 1.22. 
Changing the initial value to —6 and the increment to 2 gives the table 
in Figure 1.23. 


Plotl Plot2 Plot3 
\Y: B X2+1 
TABLE SETUP 
TblStart=-2 
ATbl=1 
Indpnt: Ask 


ES 


Depend: Ell Ask 


Joun-nw 


Figure 1.22 
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TABLE SETUP 
ToblStart=-6 
ATbl=2 

Indpnt: Ask 


Depend: Ask 


Figure 1.23 


With some calculators, you can scroll through the table by using the 
up- or down-arrow keys. In this way, you can determine many more 
ordered pairs of the graph. 


Graph: y = |x — 2| 


Solution 


This equation is already solved for y, so start by choosing an x value and 
using the equation to determine the corresponding y value. For example, if 
x = —3, then y = |(—3) — 2| = |-5| = 5. Continuing in this manner 
produces the following table. 


3 2 1 0 1 2 3 4 5 
Pp os | 4 aT 2titolis 2] 3 | 


y= |x 2| Now plot the points listed in the table. Connecting the points forms a V 
Figure 1.24 shape, as shown in Figure 1.24. 


Graph: y? = x 


Solution 
Solve the equation for y. 
y=x 


y= +Vx ¢ Take the square root of each side. 
Continued >» 
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Choose several x values, and use the equation to determine the 
corresponding y values. 


0 1 4 9 16 
0 +1 +2 +3 +4 


Plot the points as shown in Figure 1.25. The graph is a parabola. 


y=x 


Figure 1.25 


A graphing calculator or computer graphing software can be used to draw 
the graphs in Examples 3 and 4. These graphing utilities graph a curve in 
much the same way as you would, by selecting values of x and 
calculating the corresponding values of y. A curve is then drawn through 
the points. 


If you use a graphing utility to graph y = |x — 2|, you will need to use 
the absolute value function that is built into the utility. The equation you enter 
will look similar to Yizabs(X-2). 

To graph the equation in Example 4, you will enter two equations. The 
equations you enter will be similar to 


Yi=V (X) 
Y2=-V {X) 


The graph of the first equation will be the top half of the parabola; the graph 
of the second equation will be the bottom half. 


© Intercepts 


Any point that has an x- or a y-coordinate of zero is called an intercept of the graph of 
an equation because it is at these points that the graph intersects the x- or the y-axis. 


Definitions of x-Intercepts and y-Intercepts 


If (x1, 0) satisfies an equation, then the point (x;, 0) is called an x-intercept 
of the graph of the equation. 


If (0, y,) satisfies an equation, then the point (0, y;) is called a y-intercept of 
the graph of the equation. 


To find the x-intercepts of the graph of an equation, let y = 0 and solve the 
equation for x. To find the y-intercepts of the graph of an equation, let x = 0 and 
solve the equation for y. 
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Find the x- and y-intercepts of the graph of y = x* — 2x — 3. 


ALGEBRAIC SOLUTION 

To find the y-intercept, let x = 0 and solve for y. 
y = 0? — 2(0) -3 = -3 

To find the x-intercepts, let y = 0 and solve for x. 
0=x?—-2x-3 
0=(2= 3x + 1) 
(x -3)=0 or (x+1)=0 

=3 or 4= 1 


Because y = —3 when x = 0, (0, —3) is a y-intercept. Because x = 3 or —1 
when y = 0, (3,0) and (—1, 0) are x-intercepts. Figure 1.26 confirms that 
these three points are intercepts. 


VISUALIZE THE SOLUTION 


The graph of y = x? — 2x — 3is 
shown below. Observe that the 
graph intersects the x-axis at 

(—1, 0) and (3, 0), the 
x-intercepts. The graph also 
intersects the y-axis at (0, —3), the 
y-intercept. 


y=x?-2x-3 
Figure 1.26 


In Example 5 it was possible to find the x-intercepts by solving a quadratic 
equation. In some instances, however, solving an equation to find the 
intercepts may be very difficult. In these cases, a graphing calculator can be 


used to estimate the x-intercepts. 


The x-intercepts of the graph of y = x° + x + 4can be estimated using 
the ZERO feature of a TI-83/TI-83 Plus/TI-84 Plus calculator. The keystrokes 
and some sample screens for this procedure are shown on page 24. 


Continued > 
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Press |Y=|. Now enter X43+X+4. Press 
ZOOM| and select the standard viewing 


window. Press | ENTER]. 


V4) MEMORY 
1: ZBox 

2: Zoom In 

3: Zoom Out 

4: ZDecimal 

5: ZSquare 

E® ZStandard 
7 ZTrig 


The “Right Bound?” shown on the 
bottom of the screen means to move the 
cursor until it is to the right of the 
desired x-intercept. Press | ENTER]. 


10 
Yi=XA3+X+4 


-10 (eee EEE eee 10 


Right bound? 
X = -1.06383 ¢Y =1.7321981 


Functions and Graphs 


Press CALC to access the 
CALCULATE menu. The y-coordinate of 
an x-intercept is zero. Therefore, select 


2:zero. Press | ENTER |. 


CALCULATE 


1: value 

Efi zero 

3: minimun 
: maximum 
: intersect 
: dy/dx 

7: |foddx 


“Guess?” is shown on the bottom of the 
screen. Move the cursor until it is 
approximately on the x-intercept. 


The “Left Bound?” shown on the 
bottom of the screen means to move 
the cursor until it is to the left of an 


x-intercept. Press | ENTER]. 


Yi=XAZ3+X+U. 


—10 Foe iit_i_i_it_i___i_jj A} 


Left bound? 
X = -1.489362cY = -.7930613 


-10 


The “Zero” shown on the bottom of the 
screen means that the value of y is 0 
when x = —1.378797. The x-intercept 


Press | ENTER]. is about (—1.378797, 0). 


10 
Yi=XA3+X+4 


Yi=XA3+X+4 


—10 Joe oe loeteeteeleietnntoelontg ‘| () 


-10 (eee 


Zero 
X = -1.378797t Y=0 


Guess? 
X = -1.276596¢ Y = .6429403 


" Circles, Their Equations, and Their Graphs 


Frequently you will sketch graphs by plotting points. However, some graphs 
can be sketched merely by recognizing the form of the equation. A circle is 
an example of a curve whose graph you can sketch after you have inspected 
its equation. 


Definition of a Circle 


A circle is the set of points in a plane that are a fixed distance from a 
specified point. The fixed distance is the radius of the circle, and the 
specified point is the center of the circle. 


The standard form of the equation of a circle is derived by using this defini- 
tion. To derive the standard form, we use the distance formula. Figure 1.27 is a 
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circle with center (h, k) and radius r. The point (x, y) is on the circle if and only if it 
is a distance of r units from the center (h, k). Thus (x, y) is on the circle if and only if 


Vix — hh + (y-—kP =r 
(<= hy + (y= kar + Square each side. 


(x, y) 


Standard Form of the Equation of a Circle 


RY 


Figure 1.27 


If a circle is centered at the origin (0, 0), then h = 0 and k = 0 and the standard 
form of the equation of the circle simplifies to 


ety =r + Equation of a circle with center at the 
origin and radius r. 


For instance, x* + y* = 9 is the equation of the circle with center at the origin and 
radius V9 = 3. 


@ QUESTION What are the radius and the coordinates of the center of the circle 
with equation x* + (y — 2)? = 30? 


Find the standard form of the equation of the circle that has center 
C(—4, —2) and contains the point P(—1, 2). 


Continued > 


@ ANSWER The radius is V30 and the coordinates of the center are (0, 2). 
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Figure 1.28 


2 — 6x + 4y — 3 


Figure 1.29 


RY 


Solution 


See the graph of the circle in Figure 1.28. Because the point P is on the circle, 
the radius r of the circle must equal the distance from C to P. Thus 
r=VG1- COP + 2 - MOP 
=V9+16=V25=5 


Using the standard form with h = —4,k = —2, and r = 5, we obtain 
(x+ 47+ (y+ 2P=53 


If we rewrite (x + 4)* + (y + 2)? = 5’ by squaring and combining like terms, 
we produce 
x? + 8x+16+y?+4y+4=25 
x?>+y*+ 8x + 4y-5=0 
This form of the equation is known as the general form of the equation of a 


circle. By completing the square, it is always possible to write the general form 
x* + y* + Ax + By + C = Oin the standard form 


(xh? + (y—k? =s 


for some number s. If s > 0, the graph is a circle with radius r = Vs. If s = 0, the 
graph is the point (h, k). If s < 0, the equation has no real solutions and there is no 


graph. 


Find the center and radius of the circle given by 


x? +y* — 6x + 4y-3=0 


Solution 
First rearrange and group the terms as shown. 
(x? — 6x) + (y* + 4y) =3 
Complete the square of (x7 — 6x) by adding 9, and complete the square of 
(y? + 4y) by adding 4. 
(x*— 6x +9) + (y? +4y + 4) =3 +944 + Add 9 and 4 to each side 
(x= 3) + (y+ 2) — 16 of the equation. 
Q=-2F y= (ar=< 
This equation is the standard form of the equation of a circle and indicates 


that the graph of the original equation is a circle centered at (3, —2) with 
radius 4. See Figure 1.29. 
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Ag \ Topics for Discussion 


1. The distance formula states that the distance d between the points P,(x1, y:) 
and P,(Xx2, y2) isd = V (x2 — x1)? + (4 — y;)*. Can the distance formula also be 
written as follows? Explain. 


d= V(x, — x2)? + (1 — py? 


2. Does the equation (x — 3)’ + (y + 4)* = —6 have a graph that is a circle? 
Explain. 


3. Explain why the graph of |x| + |y| = 1 does not contain any points that have 
a. a y-coordinate that is greater than 1 or less than —1 
b. an x-coordinate that is greater than 1 or less than —1 
Discuss the graph of xy = 0. 


Explain how to determine the x- and y-intercepts of a graph defined by an 
equation (without using the graph). 


> Exercise Set 1.2 


In Exercises 1 and 2, plot the points whose coordinates are c. If the percent increase in the per capita income from 
given on a Cartesian coordinate system. 2005 to 2006 were the same as the percent increase in 
the per capita income from 2004 to 2005, what would 

1 PALO 2 MA ae 8) be the per capita income in 2006? 


ae em 4. COMPUTER GAMES The graph below shows the results of 


market research conducted by a developer of computer 
games. It shows the projected numbers of sales N, in 
millions, of a game for selected selling prices p in dollars 


3. PER CAPITA INCOME The following graph, based on data 
from the Bureau of Economic Analysis, shows the annual 
per capita income (total income earned divided by popu- 


lation) in the United States for selected years. Peer 
I} = Nt 
e ai E 80 i 
P a 344 (5, 32.9) (6, 33.5) 3 it 
gs T & 607 
oa (2, 30.6) 3s CUT 
a: a (4, 31.5) 3 aot (31, 40) 
g 3 304 (3, 30.8) gil (34, 30) 
4 4 (1, 29.5) a 
fg 20+ (36, 20) 
% 28 F (0,285) E 4 (37, 10) 
<a rd 
t t t t t ; ee 0 5 10 15 20 25 30 35 40 P 
0 1 2 3 4 5 6 ; ; 
Price per game (in dollars) 
Year (f = 0 corresponds to 1999) 
a. From the graph, what was the per capita income in a. Explain the meaning of the ordered pair (22, 60) in the 
2003? context of this problem. 
b. If the increase in the per capita income from 2005 to b. Based on the graph, does the projected numbers of 
2006 were the same as the increase from 2004 to 2005, sales increase or decrease as the price of this game 
what would be the per capita income in 2006? increases? 


(Continued) 
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c. The product of the coordinates of the ordered pairs, 
R = p-N, indicates the revenue R to the company gen- 
erated by the sale of N games at p dollars per game. 
Create a scatter diagram of (p, R). 


d. Based on the scatter diagram in c., what happens to the 
revenue as the price of the game increases? 


In Exercises 5 to 16, find the distance between the points 
whose coordinates are given. 


5. (6,4), (-8, 11) )) 6. (-5,8), (-10, 14) 
7. (—4, —20), (—10, 15) 8. (40, 32), (36, 20) 
9. (5, -8), (0, 0) 10. (0, 0), (5, 13) 

12. (125, V20), (6, 2V5) 


14. (a — b,b), (a,a + b) 


11. (V3, V8), (V12, V27) 
13. (a,b), (—a, —b) 

15. (x, 4x), (—2x, 3x), given that x < 0 
16. (x, 4x), (—2x, 3x), given that x > 0 


17. Find all points on the x-axis that are 10 units from the 
point (4, 6). (Hint: First write the distance formula with 
(4, 6) as one of the points and (x, 0) as the other point.) 


18. Find all points on the y-axis that are 12 units from the 
point (5, —3). 


In Exercises 19 to 24, find the midpoint of the line segment 
having the given endpoints. 


19. (1, -1), (5,5) 20. (—5, —2), (6, 10) 


21. (6, —3), (6, 11) 22. (4,7), (—10, 7) 


23. (1.75, 2.25), (—3.5, 5.57) 24. (—8.2, 10.1), (—2.4, —5.7) 


In Exercises 25 to 38, graph each equation by plotting points 
that satisfy the equation. 


25.x-y=4 )) 26. 2x + y= -1 


27. y = 0.25x? 28. 3x* + 2y = —4 


29. y = —2|x — 3] )) 30. y=|x +3] -2 


31. y=x’>-3 32. y=x? +1 


33. y = ma -1/ 34. y = 2(x + 2) 


35. y=x>+2x-8 36. y=x*—2x-8 


37. y= —-x? +2 38. y= —-x*°-1 


In Exercises 39 to 48, find the x- and y-intercepts of the graph 
of each equation. Use the intercepts and additional points as 
needed to draw the graph of the equation. 


39. 2x + 5y = 12 )) 40. 3x — 4y = 15 


41.x=-y?+5 42.x=y*>—6 
43. x =|y| — 4 44.x=y>-—2 
45.x°°+y°=4 46. x? = y* 

47. |x| + ly|=4 48. |x — 4y| = 8 


In Exercises 49 to 56, determine the center and radius of the 
circle with the given equation. 


49. x? + y* = 36 50. x? + y* = 49 


51. (x — 1° + (y-3P =49 = 52. (x - 2) + (y-— 4) =25 


53. (x + 2) + (y +5)? = 25 


54. (x + 3) + (y+ 5) = 121 


55. (x- 8 + y= 56. x° + (y—- 12 =1 


In Exercises 57 to 64, find an equation of a circle that 
satisfies the given conditions. Write your answer in standard 
form. 


57. Center (4, 1), radius r = 2 


58. Center (5, —3), radius r = 4 


1 1 
59. Center (5. t) radius r = V5 


60. Center (0, 2), radius r= V11 


61. Center (0, 0), passing through (—3, 4) 
62. Center (0, 0), passing through (5, 12) 


63. Center (1,3), passing through (4, —1) 


y 64. Center (—2, 5), passing through (1, 7) 
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In Exercises 65 to 72, find the center and radius of the graph 
of the circle. The equations of the circles are written in 
general form. 


65. x7 + y?- 6x +5=0 


)) 66. x2 + 9? - 6x 


67. x? + y* — 14x + 8y + 56 =0 


4y +12=0 


68. x? + y* — 10x + 2y + 25 =0 


69. 4x? + 4y* + 4x — 68 =0 


70. 9x* + 9y* — 6y — 17=0 


71. x? + y? —x + 3y 0 


72. x? + y?> + 3x — 5y + — =0 


» Connecting Concepts» 


73. 


74. 


75. 


76. 


Find an equation of a circle that has a diameter with end- 
points (2,3) and (—4, 11). Write your answer in standard 
form. 


Find an equation of a circle that has a diameter with end- 
points (7, —2) and (—3, 5). Write your answer in standard 
form. 


Find an equation of a circle that has its center at (7, 11) 
and is tangent to the x-axis. Write your answer in standard 
form. 


Find an equation of a circle that has its center at (—2, 3) 
and is tangent to the y-axis. Write your answer in standard 
form. 


In Exercises 77 to 86, graph the set of all points whose 
x- and y-coordinates satisfy the given conditions. 


77.x=1,y21 78. y = -3,x 2 -2 


79. y=3 80. x =2 
81. xy =0 


83. |x| =2,lyl=3 84. [x] =4,[y/=1 


85. |x] =2,y=2 86. x = 1,|y| <3 


In Exercises 87 to 90, find the other endpoint of the line 
segment that has the given endpoint and midpoint. 


87. Endpoint (5, 1), midpoint (9, 3) 
88. Endpoint (4, —6), midpoint (—2, 11) 


89. Endpoint (—3, —8), midpoint (2, —7) 


90. 


91. 


92. 


93. 


94. 


95. 


96. 


Endpoint (5, —4), midpoint (0, 0) 


Find a formula for the set of all points (x, y) for which the 
distance from (x, y) to (3, 4) is 5. 


Find a formula for the set of all points (x, y) for which 
the distance from (x, y) to (—5, 12) is 13. 


Find a formula for the set of all points (x, y) for which the 
sum of the distances from (x, y) to (4, 0) and from (x, y) to 
(—4, 0) is 10. 


Find a formula for the set of all points for which the 
absolute value of the difference of the distances from (x, y) 
to (0, 4) and from (x, y) to (0, —4) is 6. 


Find an equation of a circle that is tangent to both axes, 
has its center in the second quadrant, and has a radius 
of 3. 


Find an equation of a circle that is tangent to both axes, 
has its center in the third quadrant, and has a diameter 


of V5. 
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1. VERIFY A GEOMETRIC THEOREM Use the midpoint formula B(O, b) 
and the distance formula to prove that the midpoint M of 
the hypotenuse of a right triangle is equidistant from each M 
of the vertices of the triangle. (Hint: Label the vertices of 
the triangle as shown in the figure at the right.) 


C(0, 0) A(a, 0) 


2. SOLVE A QUADRATIC EQUATION GEOMETRICALLY In the 17th 
century, Descartes (and others) solved equations by using 
both algebra and geometry. This project outlines the method 
Descartes used to solve certain quadratic equations. 


a. Consider the equation x* = 2ax + b*. Construct a right 
triangle ABC with AC = a and CB = b. Now draw a 
circle with center at A and radius a. Let P be the point 
at which the circle intersects the hypotenuse of the 
right triangle and Q the point at which an extension of 
the hypotenuse intersects the circle. Your drawing 
should be similar to the one at the right. 


b. Show that QB is a solution of the equation x? = 2ax + b?. 


c. Show that PB is a solution of the equation x* = —2ax + b?. 


d. Construct a line parallel to line segment AC and pass- 
ing through B. Let S and T be the points at which the 
line intersects the circle. Show that SB and TB are 
solutions of the equation x? = 2ax — b?. 


Introduction to Functions 


PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be 
found on page A2. 


PS1. Let y = 3x + 12. Find x when y = 0. [1.1] 
PS2. Let y = x? — 4x + 3. Find x when y = 0. [1.1] 


PS3. Let (x, y) be ordered pairs for y? = x. Determine values of a and b for the ordered 
pairs (9, a) and (9, b). [1.2] 


PS4. Find the length of the line segment connecting P,(—4, 1) and P,(3, —2). [1.2] 


PS5. What is the greatest integer that is less than —3.2? [1.1] 


PS6. Suppose y = —2x + 6. As the values of x increase, do the values of y increase or 
decrease? [1.2] 


Table 1.1 


[90, 100] 


[80, 90) 


[70, 80) 


[60, 70) 


[0, 60) 


mM) OO!) wl) > 
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= Relations 


In many situations in science, business, and mathematics, a correspondence 
exists between two sets. The correspondence is often defined by a table, an 
equation, or a graph, each of which can be viewed from a mathematical perspec- 
tive as a set of ordered pairs. In mathematics, any set of ordered pairs is called 
a relation. 

Table 1.1 defines a correspondence between a set of percent scores and a set of 
letter grades. For each score from 0 to 100, there corresponds only one letter grade. 
The score 94% corresponds to the letter grade of A. Using ordered-pair notation, 
we record this correspondence as (94, A). 

The equation d = 16t* indicates that the distance d that a rock falls (neglecting 
air resistance) corresponds to the time ¢ that it has been falling. For each nonneg- 
ative value ft, the equation assigns only one value for the distance d. According to 
this equation, in 3 seconds a rock will fall 144 feet, which we record as (3, 144). 
Some of the other ordered pairs determined by d = 16t? are (0, 0), (1, 16), (2, 64), 
and (2.5, 100). 


Equation: d = 16t? 
Iff=3,then d= 16(3) = 144 


The graph in Figure 1.30 defines a correspondence between the length of a 
pendulum and the time it takes the pendulum to complete one oscillation. For 
each nonnegative pendulum length, the graph yields only one time. According to 
the graph, a pendulum length of 2 feet yields an oscillation time of 1.6 seconds, 
and a length of 4 feet yields an oscillation time of 2.2 seconds, where the time is 
measured to the nearest tenth of a second. These results can be recorded as the 
ordered pairs (2, 1.6) and (4, 2.2). 


Graph: A pendulum's oscillation time 


Time (in seconds) 


1 2 5 4 5 
Length (in feet) 


RY 


Figure 1.30 


© Functions 


The preceding table, equation, and graph each determines a special type of relation 
called a function. 
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| Math Matters sd Definition of a Function 


It is generally agreed among 
historians that Leonhard Euler 
(1707-1783) was the first person 
to use the word function. His 
definition of function occurs in 
his book Introduction to Analysis 
of the Infinite, published in 1748. 
Euler contributed to many areas 
of mathematics and was one of 
the most prolific expositors of 
mathematics. 


A function is a set of ordered pairs in which no two ordered pairs have the 
same first coordinate and different second coordinates. 


Although every function is a relation, not every relation is a function. For 
instance, consider (94, A) from the grading correspondence. The first coordinate, 
94, is paired with a second coordinate of A. It would not make sense to have 94 
paired with A, (94, A), and 94 paired with B, (94, B). The same first coordinate 
would be paired with two different second coordinates. This would mean that 
two students with the same score received different grades, one student an A and 
the other a B! 

Functions may have ordered pairs with the same second coordinate. For 
instance, (94, A) and (95, A) are both ordered pairs that belong to the function 
defined by Table 1.1. A function may have different first coordinates and the same 
second coordinate. 

The equation d = 16t* represents a function because for each value of t there 
is only one value of d. Not every equation, however, represents a function. For 
instance, y* = 25 — x” does not represent a function. The ordered pairs (—3, 4) 
and (—3, —4) are both solutions of the equation. However, these ordered pairs do 
not satisfy the definition of a function: there are two ordered pairs with the same 
first coordinate but different second coordinates. 


@ QUESTION Does the set {(0, 0), (1, 0), (2, 0), (3, 0), (4, 0)} define a function? 


The domain of a function is the set of all the first coordinates of the ordered 
pairs. The range of a function is the set of all the second coordinates. In the function 
determined by the grading correspondence in Table 1.1, the domain is the interval 
[0, 100]. The range is {A, B, C, D, F}. In a function, each domain element is paired 
with one and only one range element. 

If a function is defined by an equation, the variable that represents 
elements of the domain is the independent variable. The variable that repre- 
sents elements of the range is the dependent variable. For the free-fall of a rock 
situation, we used the equation d = 16t?. The elements of the domain represented 
the time the rock fell, and the elements of the range represented the distance 
the rock fell. Thus, in d = 16t”, the independent variable is t and the dependent 
variable is d. 

The specific letters used for the independent and dependent variables are 
not important. For example, y = 16x” represents the same function as d = 16??. 
Traditionally, x is used for the independent variable and y for the dependent 
variable. Anytime we use the phrase “y is a function of x” or a similar phrase 
with different letters, the variable that follows “function of” is the independent 
variable. 


@ ANSWER Yes. There are no two ordered pairs with the same first coordinate and 
different second coordinates. 


f(3b) A 3#(b) 
and that 
f(a + 3) A f(a) + F(3) 
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© Function Notation 


Functions can be named by using a letter or a combination of letters, such as f, g, 
A, log, or tan. If x is an element of the domain of f, then f(x), which is read “f of x” 
or “the value of f at x,” is the element in the range of f that corresponds to the 
domain element x. The notation “f” and the notation “f(x)” mean different things. 
“f” is the name of the function, whereas “f(x)” is the value of the function at x. 
Finding the value of f(x) is referred to as evaluating f at x. To evaluate f(x) atx =a, 
substitute a for x and simplify. 


Let f(x) = x* — 1, and evaluate. 


a. f(-5) ob. f(3b) c. 3f(b) d. flat+3) e f(a) +f(3) 


Solution 

a. f(-—5) =(-5’? -1=25-1=24 - Substitute —5 for x, and simplify. 
b. f(3b) = (3b —-1=9b°-1 ¢ Substitute 3b for x, and simplify. 
c. 3f(b) =3(b? — 1) =3b°— 3 - Substitute b for x, and simplify. 
d. f(a+3)=(a+3/-1 - Substitute a + 3 for x. 


=a7+6a+8 + Simplify. 
e. f(a) + f(3) = (a — 1) + (3 —- 1) + Substitute a for x; substitute 3 
for x. 
=a7+7 + Simplify. 


Piecewise-defined functions are functions represented by more than one ex- 
pression. The function shown below is an example of a piecewise-defined function. 


<-2 
me "= ¢ This function is made up of different 
(=, —2=x<1 pieces, 2x, x”, and 4— x, depending on the 
4-—x, x21 value of x. 


The expression that is used to evaluate this function depends on the value of x. 
For instance, to find f(—3), we note that —3 < —2 and therefore use the expression 
2x to evaluate the function. 


f(-3) = 2(-3) = -6 * When x < —2, use the expression 2x. 
Here are some additional instances of evaluating this function: 


f(-1I)=(-1P =1 + When x satisfies —2 = x < 1, use the 
expression x’. 


f(4)=4-4=0 + When x = 1, use the expression 4 — x. 
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Figure 1.32 
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The graph of this function is shown in Figure 1.31. Note the use of the open and 
closed circles at the endpoints of the intervals. These circles are used to show the 
evaluation of the function at the endpoints of each interval. For instance, because 
—2 is in the interval —2 =x<1, the value of the function at —2 is 4 
[ f(—2) = (—2)* = 4]. Therefore a closed dot is placed at (—2, 4). Similarly, when 
x = 1, because 1 is in the interval x =1, the value of the function at 1 is 3 


[f(1) = 4-1 =3}. 


@ QUESTION Evaluate the function f defined at the bottom of page 33 when 
x = 0.5. 


The absolute value function is another example of a piecewise-defined func- 
tion. Below is the definition of this function, which is sometimes abbreviated 
abs(x). Its graph (Figure 1.32) is shown at the left. 


—x, x <0 
x, x20 


abs(x) = | 


ae Figure 1.33 shows the distance from home plate to the base of the 
outfield fence of PETCO Park, the stadium for the San Diego Padres 
baseball team. 


450 7 


~200 -100 100 200 ~* 
Figure 1.33 


The distance T(x), in feet, from home plate to the base of the outfield fences 
can be approximated by the piecewise function 


V4.298x2 — 2332.11x + 412,253, 141 <x < 228 
T(x) = { V1.000x? — 6.3208x + 149,886, -104<x< 141 
V2.356x2 + 1169.88x + 257,818, —236 <x < —104 


where x is the horizontal distance between the vertical axis and a place at 
the base of the outfield fence. 


@ ANSWER _ 0.5 is in the interval —2 < x < 1. Therefore, f(0.5) = 0.57 = 0.25. 
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For instance, when x = 100, the distance to the base of the fence is 
approximately 399 feet. Use this function to find, to the nearest foot, 
the distance from home plate to the outfield fence for the following 
values of x. 


a. x = —100 feet b. x = 200 feet 


Solution 


a. Because —100 is in the interval —104 = x < 141, evaluate 
T(x) = V1.000x? — 6.3208x + 149,886 when x = —100. 


T(—100) = V'1.000(—100)* — 6.3208(—100) + 149,886 ~ 401 
The distance to the base of the fence is approximately 401 feet. 


b. Because 200 is in the interval 141 = x < 228, evaluate 
T(x) = V4.298x? — 2332.11x + 412,253 when x = 200. 


T(200) = V4.298(2007) — 2332.11(200) + 412,253 ~ 343 
The distance to the base of the fence is approximately 343 feet. 


© Identifying Functions 


Recall that although every function is a relation, not every relation is a function. 
In the next example we examine four relations to determine which are 
functions. 


State whether the relation defines y as a function of x. 


a. {(2,3),(4,1),(4,5)} b. 3x+y=1 c. —4x?+y?=9 


d. The correspondence between the x values and the y values in 
Figure 1.34 on page 36. 
Solution 


a. There are two ordered pairs, (4, 1) and (4, 5), with the same first 
coordinate and different second coordinates. This set does not define y 
as a function of x. 


b. Solving 3x + y = 1 for y yields y = —3x + 1. Because —3x + lisa 
unique real number for each x, this equation defines y as a function of x. 
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c. Solving —4x? + y? = 9 for y yields y = +V4x* + 9. The right side 
+V 4x? + 9 produces two values of y for each value of x. For example, 
when x = 0, y = 3 or y = —3. Thus —4x? + y* = 9 does not define y as a 
function of x. 


d. Each x is paired with one and only one y. The correspondence in 
Figure 1.34 defines y as a function of x. 


Figure 1.34 


Sometimes the domain of a function is stated explicitly. For example, each of 
f,g, and h below is given by an equation followed by a statement that indicates the 
domain of the function. 


: 7 ‘ 1 
rval note stance, the fxax2>0 gsihh=— —,0st=5 h(x) = x?,x=1,2,3 
Por z t- +4 
domain of f(x) = Vx — 3 may be 
given in each of the following ways: Although f and h have the same equation, they are different functions because 
Set notation: {x|x = 3} they have different domains. If the domain of a function is not explicitly stated, 
Interval notation: [3, ©) then its domain is determined by the following convention. 


Domain of a Function 


Determine the Domain of a Function 
Determine the domain of each function. 


a. G(t)= a b. f(x) =Vxt+1 


c. A(s) =s’, where A(s) is the area of a square whose sides are s units. 


Solution 


a. The number 4 is not an element of the domain because G is undefined 
when the denominator t — 4 equals 0. The domain of G is all real 
numbers except 4. In interval notation the domain is (—%, 4) U (4, %). 


b. The radical Vx + 1 is a real number only when x + 1 = 0 or when 
x = —1. Thus, in set notation, the domain of f is {x|x = —1}. 


c. Because s represents the length of a side of a square, s must be positive. 
In interval notation the domain of A is (0, ©). 
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= Graphs of Functions 


If ais an element of the domain of a function f, then (a, f(a)) is an ordered pair that 
belongs to the function. 


Definition of the Graph of a Function 


The graph of a function is the graph of all the ordered pairs that belong to 
the function. 


AMPLE 5 


Graph each function. State the domain and the range of each function. 


2, ifxsl1 
x, ifx>1 


a. f(x) =|x—- 1] b. n(x) = { 


Solution 


a. The domain of fis the set of all real numbers. Write the function as 
y = |x — 1]. Evaluate the function for several domain values. We have 
used x = —3, —2, —1, 0,1, 2, 3, and 4. 


f(x) = |x - 1 


Pigure 1:33 Plot the points determined by the ordered pairs. Connect the points to 


form the graph in Figure 1.35. 
Because |x — 1| = 0, we can conclude that the graph of f extends 
from a height of 0 upward, so the range is {y|y = O}. 


A graphing utility can be b. The domain is the union of the 

used to draw the graph of inequalities x = 1 and x > 1. Thus the 

a function. For instance, to domain of 1 is the set of all real sii 

graph f(x) = x? — 1, enter numbers. For x = 1, graph n(x) = 2. *y 

the equation Yi=x°-1. The This results in the horizontal ray in 

graph is shown in Figure 1.37. Figure 1.36. The solid circle indicates ss 
that the point (1, 2) is part of the graph. 

6 For x > 1, graph n(x) = x. This a ae ae 
produces the second ray in Figure 1.36. T 
The open circle indicates that the point 2, ifx<1 
(1,1) is not part of the graph. n(x) = {? ifx>1 
Examination of the graph shows Figure 1.36 


that it includes only points whose y 

values are greater than 1. Thus the 
-2 range of n is {y|y > 1}. 

Figure 1.37 
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Figure 1.38 


take note 
We can algo write, “As x > 1°, 
f(x) — —©,” This is read, “As x 
approaches 1 from the left, F(x) 


approaches negative infinity.” 


take note 
Generally, we show the asymptotes 
of the graph of a function by using 


dashed lines. 


2% 
x 


+1 
The graph of f(x) = i is shown in Figure 1.38. The domain of f is all real 


numbers except 1. Because f(1) is undefined, there is no point on the graph when 
x = 1. However, there are points on the graph for values of x close to 1. The table 
below shows some values of the function when x is less than 1 but close to 1. 


0.9 0.95 0.99 0.995 0.999 0.9999 
28 58 298 —598 —2998 —29,998 


It appears from the graph and the table that as x gets closer and closer to 1, f(x) 
becomes smaller and smaller. That is, as x approaches 1 using values of x that are 
less than 1, f(x) approaches —©. The notation 


f(x) > -~asx—>1 


is used to describe this situation. This notation is read “f(x) approaches negative 
infinity as x approaches 1 from the left.” The negative superscript tells us to use 
values of x that are less than 1—that is, to the left of 1 on the x-axis. 

Next we focus on values of x that are close to 1 but greater than 1. 


| x 1.1 1.05 1.01 1.005 1.001 1.0001 
| 32 62 302 602 3002 30,002 


This time, from Figure 1.38 and the table, it appears that as x gets closer and closer 
to 1, f(x) becomes larger and larger. That is, as x approaches 1 using values of x 
that are greater than 1, f(x) approaches ©. The notation 


f(x) > %asx—1* 


is used to describe this situation. This notation is read “f(x) approaches infinity as 

x approaches 1 from the right.” The positive superscript tells us to use values of x 

that are greater than 1—that is, to the right of 1 on the x-axis. 
2x+F 


1 

=r approaches, but 
does not cross, the vertical line x = 1. The dashed line in Figure 1.38 is called a 
vertical asymptote of the graph. 


Definition of Vertical Asymptote 


The line x = a is a vertical asymptote of the graph of a function f provided 


The preceding analysis shows that the graph of f(x) = 


f(x) —>-o or f(x) — 00 


as x approaches a from either the left, x — a”, or from the right, x > a*. 


Figure 1.39 
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As an example of this definition, let r(x) = 5: The domain of r is all real 


5x 
(x — 2) 
numbers except 2. The table below shows the behavior of r(x) asx 2°. 
19 1.95 1.99 1.995 
950 3900 99,500 399,000 


From the table, it appears that r(x) >* asx 2°. 
The following table shows the behavior of r(x) as x — 2°. 


2.1 2.05 2.01 2.005 


050 #100 | 700500 | 7,000 


From the table, it appears that r(x) > © as x > 2°. 


Because r(x) > © as x >2° and as x2", the line x =2 is a vertical 
5 
asymptote. The graph of r(x) = eG along with the vertical asymptote, is 
shown in Figure 1.39. In this case, the value of the function is approaching positive 
infinity on both sides of the vertical asymptote. 


The definition of a function as a set of ordered pairs in which no two ordered 
pairs that have the same first coordinate have different second coordinates implies 
that any vertical line intersects the graph of a function at no more than one point. 
This is known as the vertical line test. 


The Vertical Line Test for Functions 


State whether the graph is the graph of a function. 


a. YA b. Ya 


wy 
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A 
Figure 1.40 
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Solution 


a. This graph is not the graph of a function because some vertical lines 
intersect the graph in more than one point. 


b. This graph is the graph of a function because every vertical line 
intersects the graph in at most one point. 


Consider the graph in Figure 1.40. As a point on the graph moves from left to 
right, this graph falls for values of x = —2, remains the same height from x = —2 
to x = 2, and rises for x = 2. The function represented by the graph is said to be 
decreasing on the interval (—%, —2], constant on the interval [ —2, 2], and increasing 
on the interval [2, ©). 


Definition of Increasing, Decreasing, and Constant Functions 


If a and b are elements of an interval J that is a subset of the domain of a 
function f, then 


lm f is increasing on I if f(a) < f(b) whenever a < b. 
m f is decreasing on I if f(a) > f(b) whenever a < b. 
m fis constant on 1 if f(a) = f(b) for all a and b. 


Recall that a function is a relation in which no two ordered pairs that have 
the same first coordinate have different second coordinates. This means that 
given any x, there is only one y that can be paired with that x. A one-to-one 
function satisfies the additional condition that given any y, there is only one x 
that can be paired with that given y. In a manner similar to applying the 
vertical line test, we can apply a horizontal line test to identify one-to-one 
functions. 


Horizontal Line Test for a One-To-One Function 


For example, some horizontal lines intersect the graph in Figure 1.41 at more 
than one point. It is not the graph of a one-to-one function. Every horizontal 
line intersects the graph in Figure 1.42 at most once. This is the graph of a one-to- 
one function. 


The greatest integer function is an 
important function that is often 
used in advanced mathematics and 


computer science. 


Many graphing calculators 
use the notation int(x) for 
the greatest integer function. 
Here are screens from a 


TI-83 Plus/TI-84 Plus. 


Math CPX PRB 
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v4 Yt 
ie x 
Figure 1.41 Figure 1.42 
Some horizontal lines intersect this Every horizontal line intersects this 
graph at more than one point. It is not graph at most once. It is the graph of 
the graph of a one-to-one function. a one-to-one function. 


= The Greatest Integer Function (Floor Function) 


The graphs of some functions do not have any breaks or gaps. These functions, 
whose graphs can be drawn without lifting the pencil off the paper, are called con- 
tinuous functions. The graphs of other functions do have breaks or discontinuities. 
One such function is the greatest integer function or floor function. This function is 
denoted by various symbols such as [x], | x |, and int(x). 

The value of the greatest integer function at x is the greatest integer that is less 
than or equal to x. For instance, 


|-14j=-2 [-3]=-3 in( 3) =2 [5|=5 [a]=3 


3 
@ QUESTION Evaluate. a. in(-3) b. |2| 


To graph the floor function, first observe that the value of the floor function is 
constant between any two consecutive integers. For instance, between the integers 
1 and 2, we have 

int(1.1)=1 = int(1.35)=1 ~~ int(1.872) =1 _int(1.999) = 1 
Between —3 and —2, we have 
int((—298)==3 ani(—24)=—3 imit=235)=—3 inf(—201)==3 

Using this property of the floor function, we can create a table of values and 

then graph the floor function. See Figure 1.43 on page 42. 


3 3 
@ ANSWER a. Because —2 is the greatest integer less than or equal to 5° in( 5 ) 2: 


b. Because 2 is the greatest integer less than or equal to 2,|2| = 2. 
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-5<x<-4 —5 al 
4+ eo 
-4<=x<-3 —4 Zs 
—-3sx<-2 -3 2+ eo 
—2<x<-l =. ie 
+—+—_+—_+——-—_ <a 
—S2<0 =f a ae 
O<x<1 0 lls 
eo 
L=7= 2 1 << i 
22253 2 eo + 
33x<4 3 : 
y = int(x) 
4<x<5 4 
: Figure 1.43 


The graph of the floor function has discontinuities (breaks) whenever x is an inte- 
ger. The domain of the floor function is the set of real numbers; the range is the set 
of integers. Because the graph appears to be a series of steps, sometimes the floor 
function is referred to as a step function. 


Many graphing calculators use the notation int(x) for the floor function. The 
screens below are from a TI-83 Plus/TI-84 Plus graphing calculator. The 
graph in Figure 1.44 was drawn in “connected” mode. This graph does not 
show the discontinuities that occur whenever x is an integer. 

The graph in Figure 1.45 was constructed by graphing the floor 
function in “dot” mode. In this case the discontinuities at the integers 
are apparent. 


y = int(x) y= int(x) 
connected mode dot mode 


Figure 1.44 Figure 1.45 


One application of the floor function is rounding numbers. For instance, sup- 
pose a credit card company charges 1.5% interest on an unpaid monthly balance of 
$237.84. Then the interest charge I is 


I = 237.84 - 0.015 = 3.5676 


hundredths place. 

Now suppose that the monthly 
balance was $237.57. Then 

100 (25757 OO lat Obi 
356.355 + 0.5 = 356.855. In 
this case, the units digit is not 
changed and the final interest 
charge is $3.56. 
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Thus the interest charge is $3.57. Note that the result was rounded to the nearest 
cent, or hundredth. The computer program that determines the interest charge 
uses the floor function to calculate the rounding. To round a number N to the near- 
est kth decimal place, we use the following formula. 


int[10‘(N) + 0.5] 
10* 


Here is the calculation for the interest owed. In this case, N = 237.84 - 0.015 and 
k = 2 (round to the second decimal place). 


__ int[107(237.84 - 0.015) + 0.5] 
10? 
_ int[100(3.5676) + 0.5] 
100 

_ int[356.76 + 0.5] 

100 
__ int[357.26] 
~ 100 
_ 857 


=~ = 3.57 
100°” 


N to the nearest kth decimal = 


I 


Example 7 gives another application of the floor function. 


Function to 


The cost of parking in a garage is $3 for the first hour or any part of the hour 
and $2 for each additional hour or any part of an hour thereafter. If x is the 
time in hours that you park your car, then the cost is given by 

C(x) = 3 — 2int(1— x), x>0 


a. Evaluate C(2) and C(2.5)..  b. Graph y = C(x) for0<x=5. 


Solution 

a. C(2)=3-—2int(1—2)  C(25) =3—2int(1 — 2.5) 
= 3 — 2int(-1) = 3 — 2int(—-1.5) 
= 3 —2(-1) = 3 — 2(-2) 
= $5 = $7 


b. To graph C(x) for 0 < x =5, consider the value of int(1 — x) for each of 
the intervals0 <x51,1<x52,2<x53,3<x54,and4<xs5. 
For instance, when 0 < x = 1,0 $1 — x < 1. Thus int(1 — x) = 0 when 
0<x=1.Now consider 1 <x =2.When1<x=2,-151-x*<0. 
Thus int(1 — x) = —1 when 1 < x = 2. Applying the same reasoning to 
each of the other intervals gives the following table of values and the 
graph of C shown in Figure 1.46. 
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0<x<1 3 = Wy 
a ae Oo @ 
l<2=2 5 iat s+ 
OS: 
2<x<3 7 & all os 
3<x<4 9 g + O—® 
& 4+ 
4<x=s5 11 Fs = 
m 4 


12345 8 
Time (in hours) 
C(x) =3 - 2 int(1 - x) 
Figure 1.46 


Because C(1) = 3, C(2) = 5, C(3) = 7, C(4) = 9, and C(5) = 11, we can 
use a solid circle at the right endpoint of each “step” and an open circle 
at each left endpoint. 


The function graphed in Example 7 is an example of a function for which a 
graphing calculator may not produce a graph that is a good representation of 
the function. You may be required to make adjustments in the MODE, SET UP, 
or WINDOW of the graphing calculator so that it will produce a better 
representation of the function. A graph may also require some fine tuning, such 
as open or solid circles at particular points, to accurately represent the function. 


= Applications 


ve an Application 


Acar was purchased for $16,500. Assuming the car depreciates at a constant 
rate of $2200 per year (straight-line depreciation) for the first 7 years, write the 
value v of the car as a function of time, and calculate the value of the car 

3 years after purchase. 


Solution 


Let t represent the number of years that have passed since the car was 
purchased. Then 2200t is the amount by which the value of the car has 
depreciated after t years. The value of the car at time t is given by 


v(t) = 16,500 — 2200t, O=t=7 


Figure 1.47 


40 —2x 


o I 
40 -2x x 
= 40 — 2x —>| 
Figure 1.48 
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When t = 3, the value of the car is 
v(3) = 16,500 — 2200(3) = 16,500 — 6600 = $9900 


Often in applied mathematics, formulas are used to determine the functional 
relationship that exists between two variables. 


A lighthouse is 2 miles south of a port. A ship leaves port and sails east at a 
rate of 7 mph. Express the distance d between the ship and the lighthouse as 
a function of time, given that the ship has been sailing for t hours. 


Solution 


Draw a diagram and label it as shown in Figure 1.47. Note that because 
distance = (rate)(time) and the rate is 7, in t hours the ship has sailed a 
distance of 7t. 


[d(t) = (7t)? + 2? * The Pythagorean Theorem 
[d(t)}? = 4917 + 4 
d(t) = V49t? + 4 * The + sign is not used because the 


distance d(t) must be nonnegative. 


An open box is to be made from a square piece of cardboard that measures 
40 inches on each side. To construct the box, squares that measure x inches 
on each side are cut from each corner of the cardboard as shown in 

Figure 1.48. 


a. Express the volume V of the box as a function of x. 


b. Determine the domain of V. 


Solution 


a. The length / of the box is 40 — 2x. The width w is also 40 — 2x. The 
height of the box is x. The volume V of a box is the product of its length, 
its width, and its height. Thus 

V = (40 — 2x)*x 


b. The squares that are cut from each corner require x to be larger than 
0 inches but less than 20 inches. Thus the domain is {x |0 < x < 20}. 
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In Exercises 1 to 8, evaluate each function. 


1. 


yy 2. 
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Ag ® Topics for Discussion 


) Exercise Set 1.3 


Given f(x) = 3x — 1, find 
a. f(2) b. f(—1) 


(5) 


Given g(x) = 2x? + 3, find 
a. 2(3) b. g(—1) 


e. f(k) 


e. gc) 


. Given A(w) = Vw? + 5, find 


a. A(0) b. A(2) 


d. A(4) e. A(r + 1) 


. Given J(t) = 3t? — t, find 


a. J(—4) b. (0) 


d. J(—c) e. f(x + 1) 


1. 


Discuss the definition of function. Give some examples of relationships that 
are functions and some that are not functions. 


What is the difference between the domain and range of a function? 


How many y-intercepts can a function have? How many x-intercepts can a 
function have? 


Discuss how the vertical line test is used to determine whether or not a graph 
is the graph of a function. Explain why the vertical line test works. 


\ /1 = 
What is the domain of f(x) = wo : ? Explain. 
: 6x — 5 ; 
Is 2 in the range of g(x) = ae i Explain the process you used to make 


your decision. 


Suppose that f is a function and that f(a) = f(b). Does this imply that a = b? 
Explain your answer. 


1 
5. Given f(x) = Ix’ find 


c. f(0) a. f(2) b. f(—2) c. (2) 
f. f(k + 2) d. f(2) + f(-2) e. f(c? + 4) f. f(2 +h) 
6. Given T(x) = 5, find 
c. 9(0) a. T(-3) b. T(0) c. 7(2) 
f. g(c + 5) d. T(3) + T(1) e. T(x +h) f. T(3k + 5) 
7. Given s(x) = i’ find 
c. A(—2) 
a. s(4) b. s(5) c. s(—2) 
f. A(—c) 
d. s(—3) e. s(t),t >0 f. s(t), tf <0 
” (+) 8. Given r(x) = a find 
a. r(0) b. r(-1) c. r(—3) 
f. J(x +h) 
d. () e. r(0.1) f. r(10,000) 
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In Exercises 9 and 10, evaluate each piecewise-defined 33. f(x) = V7 +x 34, f(x) = V4 — x 
function for the indicated values. 
3x +1 ifx<2 35. f(x) = V4 — x? 36. f(x) = V12 — x? 
. P(x) =4 , 
ae een ifx=2 : : 
a. P(—4) b. P(V5) ee | ale rearear 38. f(x) =$ F—= 
c. P(c), c<2 d. P(k+1), k=l 
4, iffOsts5 In Exercises 39 to 46, graph each function. Insert solid 
)) 10. Q(t)=4-t+9, if5<ts<8 circles or open circles where necessary to indicate the true 
VE-7, if8<t<11 nature of the function. 
ifxs1 
a. Q(0) b. Qla), 6<a<7 fey =f Pb i 
SO seg g 
c. Qin), 1<n<2 d. Q(1? +7), 1<m=2 
—4, ifx <0 
. : : DY) 40. o(x) = 4 x?- 4, if0<x<1 
In Exercises 11 to 20, state whether the equation defines yas “*— _ | 
a function of x. ee wi 
11. 2x + 3y =7 12. 5x + y=8 4, ifx=—-1 
; am , 41. J(x) = 4x’, if-l<x<1 
13. —x + y?=2 )) 14. x? - 2y =2 xe aye 
15. y=44 Vx 16. x7 + y7=9 L eee 9 
7 goa 6.7 es 42. K(x) = }x?-—4, if -2<x<2 
: ‘ i 
—X, ifx=2 
19. y? = x? 20. y>=x° 2 
— 1 = — 
In Exercises 21 to 26, state whether the set of ordered pairs 43. L(x) = a for —6 =x =6 
(x, y) defines y as a function of x. 
21. {(2, 3), (5, 1), (4,3), (7, 11)} 44.M(Qx)—[e]+ 2 ford=x=4 
22. {(5, 10), (3, —2), (4, 7), (5, 8)} 45. N(x) =int(—x) for -3=x=3 
23. {(4, 4), (6, 1), (5, —3)} 46. P(x) =int(x) +x forOsx<4 
24. {(2, 2), (3,3), (7, 7)} 
25. {(1, 0), (2, 0), (3, 0)} In Exercises 47 to 52, use the floor function to write and then 
evaluate an expression that can be used to round the given 
{( 11 ) ( 11 ) ( 12 } number to the given place value. 
26. ri y, rf y, y 
3° 4 4°3 4°3 47. N = 2.3458; hundredths 


In Exercises 27 to 38, determine the domain of the function 48. N = 34.567; tenths 


ted by the gi tion. 
Rep ne a ee eee 49. N = 34.05622; thousandths 


27. f(x) = 3x — 4 )) 28. f(x) = -2e +1 
50. N = 109.83; whole number 
29. f(x) =x*> +2 30. f(x) = 3x7 +1 
51. N = 0.08951; ten-thousandths 
6 
31. f(x) = 32. f(x) == 


x+2 c= 5 52. N = 2.98245; thousandths 
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53. FIRST-CLASS IVIAIL In 2006, the cost to mail a first-class let- 
ter was given by 


C(w) = 0.39 — 0.34 int(1 — w), 


w>0 


where C is in dollars and w is the weight of the letter in 
ounces. 


a. What was the cost (in 2006) to mail a letter that 


b. 


weighed 2.8 ounces? 


Graph C for 0 <w =5. 


») 54. INCOME TAX The amount of federal income tax T(x) a 


person owed in 2006 is given by 


T(x) = 


0.10x, 
0.15(x — 7550) + 755, 
0.25(x — 30,650) + 4220, 


0 =x < 7550 
7550 = x < 30,650 
30,650 =< x < 74,200 


0.28(x — 74,200) + 15,107.50, 74,200 = x < 154,800 
0.33(x — 154,800) + 37,675.50, 154,800 = x < 336,550 


0.35(x — 336,550) + 97,653, 


x = 336,550 


where x is the adjusted gross income tax of the taxpayer. 


a. 


b. 


What is the domain of this function? 


Find the income tax owed by a taxpayer whose 
adjusted gross income was $31,250. 


Find the income tax owed by a taxpayer whose 
adjusted gross income was $78,900. 


55. Use the vertical line test to determine which of the 
following graphs are graphs of functions. 


») 56. Use the vertical line test to determine which of the fol- 
lowing graphs are graphs of functions. 


a. YA b. YA 
| ie al 
a 2 42 - 
-2+ 
c vA d. v4 
Pas 
gel. 
-=3 3% 9 2 x 
-o+ 
—3+ 


In Exercises 57 to 66, use the indicated graph to identify the 
intervals over which the function is increasing, constant, or 
decreasing. 


67. 


68. 


69. 


70. 


Use the horizontal line test to determine which of the fol- 
lowing functions are one-to-one. 


fas shown in Exercise 57 

g as shown in Exercise 58 
F as shown in Exercise 59 
V as shown in Exercise 60 
p as shown in Exercise 61 


Use the horizontal line test to determine which of the 
following functions are one-to-one. 


s as shown in Exercise 62 
t as shown in Exercise 63 
m as shown in Exercise 64 
ras shown in Exercise 65 
k as shown in Exercise 66 


GEOMETRY A rectangle has a length of / feet and a perime- 
ter of 50 feet. 


a. Write the width w of the rectangle as a function of its 


length. 


b. Write the area A of the rectangle as a function of its 
length. 


LENGTH OF A SHADOW Achild 4 feet tall is standing near a 


street lamp that is 12 feet high. The light from the lamp 
casts a shadow as shown in the following diagram. 


ge 12 ft 
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a. Find the length / of the shadow as a function of the 
distance d of the child from the lamppost. (Suggestion: 
Use the fact that the ratios of corresponding sides of 
similar triangles are equal.) 


b. What is the domain of the function? 


c. What is the length of the shadow when the child is 
8 feet from the base of the lamppost? 


71, DEPRECIATION A bus was purchased for $80,000. Assum- 
ing the bus depreciates at a rate of $6500 per year (straight- 
line depreciation) for the first 10 years, write the value v of 
the bus as a function of the time f (measured in years) for 
0=t=10. 


y) 72. DEPRECIATION A boat was purchased for $44,000. Assum- 
ing the boat depreciates at a rate of $4200 per year 
(straight-line depreciation) for the first 8 years, write the 
value v of the boat as a function of the time ft (measured in 
years) forO = = 8. 


73. Cost, REVENUE, AND PROFIT A manufacturer produces a 
product at a cost of $22.80 per unit. The manufacturer has a 
fixed cost of $400.00 per day. Each unit retails for $37.00. Let 
x represent the number of units produced in a 5-day period. 


a. Write the total cost C as a function of x. 
b. Write the revenue R as a function of x. 


c. Write the profit P as a function of x. (Hint: The profit 
function is given by P(x) = R(x) — C(x).) 


)) 74. Votume oF A Box An open box is to be made from a 
square piece of cardboard having dimensions 30 inches by 
30 inches by cutting out squares of area x* from each cor- 
ner, as shown in the figure. 


30 -2x 


x 
B -|+ 30-2x ~4 »! 


I< 30 in. >| 


a. Express the volume V of the box as a function of x. 


b. State the domain of V. 


50 
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75. HEIGHT OF AN INSCRIBED CYLINDER A cone has an altitude 78. TIME FOR A SWIMMER An athlete swims from point A to 


76. 


77. 


of 15 centimeters and a radius of 3 centimeters. A right 
circular cylinder of radius r and height h is inscribed in the 
cone as shown in the figure. Use similar triangles to write 


has a function of r. 


VOLUME OF WATER Water is flowing into a conical 
drinking cup that has an altitude of 4 inches and a radius 


of 2 inches, as shown in 
the figure. 


a. Write the radius r of 
the surface of the 
water as a function of 
its depth h. 


b. Write the volume V of 
the water as a func- 
tion of its depth h. 


DISTANCE FROM A BALLOON For the first minute of flight, 
a hot air balloon rises vertically at a rate of 3 meters per 
second. If t is the time in seconds that the balloon has been 
airborne, write the distance d between the balloon and a 
point on the ground 50 meters from the point of lift-off as 


a function of t. 


3cm 


| 


4in. ij 
h 


79. 


80. 


point B at a rate of 2 mph and runs from point B to point C 
at a rate of 8 mph. Use the dimensions in the figure to write 
the time t required to reach point C as a function of x. 


DISTANCE BETWEEN SHIPS At 12:00 noon Ship A is 
45 miles due south of Ship B and is sailing north at a rate 
of 8 mph. Ship B is sailing east at a rate of 6 mph. Write the 
distance d between the ships as a function of the time f, 
where ft = 0 represents 12:00 noon. 


AREA A rectangle is bounded by the x- and y-axes and the 


1 
graph of y = —3* + 4. 


a. Find the area of the rectangle as a function of x. 


b. Complete the following table. 


c. What is the domain of this function? 


81. AREA A piece of wire 20 centimeters long is cut at a point 
x centimeters from the left end. The left-hand piece is 
formed into the shape of a circle and the right-hand piece 
is formed into a square. 


- 20 cm >| 


* x >| 20-x | 


a. Find the area enclosed by the two figures as a function 
of x. 


b. Complete the following table. Round the area to the 
nearest hundredth of a square centimeter. 


0 


12 
16 
20 


c. What is the domain of this function? 


82. AREA A triangle is bounded by the x- and y-axes and must 
pass through P(2, 2), as shown below. 
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a. Find the area of the triangle as a function of x. (Sugges- 
tion: Let C be the point (0, 2) and D be the point (2, 0). 
Use the fact that ACP and PDB are similar triangles.) 


b. What is the domain of the function you found in a.? 


83. LENGTH Two guy wires are attached to utility poles that 
are 40 feet apart, as shown in the following diagram. 


a. Find the total length of the two guy wires as a function 
of x. 


b. Complete the following table. Round the length to the 
nearest hundredth of a foot. 


c. What is the domain of this function? 


84. SALES VS. PRICE A business finds that the number of feet 
f of pipe it can sell per week is a function of the price p in 
cents per foot as given by 


320,000 
p+ 25’ 


f(p) = 40=p=90 


Complete the following table by evaluating f (to the near- 
est hundred feet) for the indicated values of p. 


He 40 50 60 75 90 


85. IVIODEL YIELD The yield Y of apples per tree is related to 
the amount x of a particular type of fertilizer applied (in 
pounds per year) by the function 


Y(x) = 400[1 — 5(x -1)7], 55 x= 20 


52 Chapter 1 Functions and Graphs 


Complete the following table by evaluating Y (to the near- 


is i wm ter, 
est apple) for the indicated amounts of fertilizer. 89. Determine whether 1 is in the range of f(x) = é 


xt+1 


1 
4 5 10 12.5 15 20 90. Determine whether 0 is in the range of g(x) = aren, 


ee In Exercises 91 to 96, use a graphing utility. 


86. [VioDEL Cost A manufacturer finds that the cost C in dollars Eee: 
of producing x items of a product is given by Ix] 
P 91. Graph f(x) = 7— for -4.7 =x = 4.7 andx #0. 
C(x) = (225 +14Vx)’, 100 <x = 1000 |x| 
Complete the following table by evaluating C (to the [2x] 
nearest dollar) for the indicated numbers of items. 92. Graph f(x) = Tal for -4 =x S4andx #0. 


| 100 | 200 | 500 | 750 | 1000 93. Graph: f(x) = x? — 2x] — 3 


94. Graph: f(x) = x? — |2x — 3| 


87. If f(x) =x? — x — 5and f(c) = 1, find c. 95. Graph: f(x) = |x? — 1] - |x — 2| 


88. If (x) = —2x? + 4x — Land g(c) = —4, find c. 96. Graph fz) = kk? = 23| = 3 


»))») Connecting Concepts )) D> D> D> D> D> 9) D9 D9 D9 D9 D9 DD DD DD DD DD DD DD D> D> D2 D2 D2 DD D2 DD DD? 2? 


The notation f(x)|2 is used to denote the difference 102. Given g(x, y) = 2x? — |y| + 3, find 

f(b) — f(a). That is, a. 9(3, -4) b. g(—1, 2) 
f(x)|2 = f(b) — f(a) 

In Exercises 97 to 100, evaluate f(x)|? for the given function 2 4 


f and the indicated values of a and b. 


97. fixe x? = B/E e. g(c,3c),c>0 Ff. g(c +5,c — 2),c<0 


103. AREA OF A TRIANGLE The area of a triangle with sides a, 


ae ‘ 7 
98. f(x) = —3x + 2; fOolA b, and c is given by the function 


99. f(x) = 2x° — 3x? — x; f(x) A(a, b,c) = Vs(s — a)(s — b)(s — c) 
where s is the semiperimeter 
atbt+ce 
Ge IE 
2 


100. f(x) = V8 — x; f(x) 


In Exercises 101 to 104, each function has two or more inde- Find A(5, 8, 11). 

pendent variables. 

101. Given f(x, y) = 3x + 5y — 2, find 104. Cost OF A PAINTER The cost in dollars to hire a house 
painter is given by the function 


a. f(1,7) b. f(0, 3) c. f(—2, 4) C(h, g) = 15h + 14¢ 


where it is the number of hours it takes to paint the 
. i a < = 
Se) ees Rees ©) house and g is the number of gallons of paint required 
to paint the house. Find C(18, 11). 


A fixed point of a function is a number a such that f(a) = a. In 
Exercises 105 and 106, find all fixed points for the given function. 


105. f(x) =x?+3x-3 


x 
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In Exercises 107 and 108, sketch the graph of the piecewise- 
defined function. 


107. s(x) = 1, ae if an integer 
2, ifx is not an integer 
2x -2, ifx #3 

108. oo =f? ae 


1. Ag wwe) DAY OF THE WEEK A formula known as 

e > Zeller’s Congruence makes use of the great- 

est integer function [x] to determine the day of the week 

on which a given day fell or will fall. To use Zeller’s Con- 
gruence, we first compute the integer z given by 


P=] [ Eos 


The variables c, y, d, and m are defined as follows: 
c = the century 
y = the year of the century 
d = the day of the month 
m = the month, using 1 for March, 2 for April,...,10 for 
December. January and February are assigned the 
values 11 and 12 of the previous year. 


found on page A3. 


4 


PS2. For f(x) = 


x7 +1’ 


For example, for the date September 12, 2001, we use 
c = 20, y =1,d = 12, and m =7. The remainder of z di- 
vided by 7 gives the day of the week. A remainder of 0 
represents a Sunday, a remainder of 1 a Monday,..., and 
a remainder of 6 a Saturday. 


a. Verify that December 7, 1941 was a Sunday. 
b. Verify that January 1, 2010 will fall on a Friday. 


c. Determine on what day of the week Independence Day 
(July 4, 1776) fell. 


d. Determine on what day of the week you were born. 


Properties of Graphs 


Prepare for this section by completing the following exercises. The answers can be 


PS1. Graph f(x) = x? and g(x) = x? + 1on the same coordinate grid. How is the graph 
of g related to the graph of f? [1.2] 


show that f(—3) = f(3). [1.3] 


PS3. For f(x) = 2x° — 5x, show that f(—2) = —f(2). [1.3] 


PS4. Let f(x) = x* and g(x) = x + 3. Find f(a) — g(a) fora = —2, -1, 0,1, 2. [1.3] 


PS5. What is the midpoint of the line segment between P(—a, b) and Q(a, b)? [1.2] 


PS6. What is the midpoint of the line segment between P(—a, —b) and Q(a, b)? [1.2] 
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= Symmetry 


The graph in Figure 1.49 is symmetric with respect to the line /. Note that the graph 
has the property that if the paper is folded along the dotted line /, the 
point A’ will coincide with the point A, the point B’ will coincide with the point B, 
and the point C’ will coincide with the point C. One part of the graph is a mirror 
image of the rest of the graph across the line /. 

A graph is symmetric with respect to the y-axis if, whenever the point given 
by (x, y)is on the graph, then (—x, y) is also on the graph. The graph in Figure 1.50 
is symmetric with respect to the y-axis. A graph is symmetric with respect to the 
x-axis if, whenever the point given by (x, y) is on the graph, then (x, —y)is also on 
Figure 1.49 the graph. The graph in Figure 1.51 is symmetric with respect to the x-axis. 


Ys Ya 
(x,y) 


Figure 1.50 Figure 1.51 
Symmetry with respect to the y-axis Symmetry with respect to the x-axis 


Tests for Symmetry with Respect to a Coordinate Axis 


@ QUESTION Which of the graphs below, I, Il, or II, is a. symmetric with 
respect to the x-axis? b. symmetric with respect to the y-axis? 


I PY II et I ¥ 


Y 


@ ANSWER a. III is symmetric with respect to the x-axis. 
b. Tis symmetric with respect to the y-axis. 
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etermine Symmetries of a Graph 


Determine whether the graph of the given equation has symmetry with 
respect to either the x- or the y-axis. 
a y=x?+2 b. x=l|y|-2 


Solution 


a. The equation y = x” + 2 is unaltered by the replacement of x with —x. 
That is, the simplification of y = (—x)? + 2 yields the original equation 
y = x? + 2. Thus the graph of y = x”? + 2 is symmetric with respect to 


a a ae the y-axis. However, the equation y = x? + 2 is altered by the replacement 
of y with —y. That is, the simplification of —y = x? + 2, which is 
y=xr?t2 y = —x* — 2, does not yield the original equation y = x? + 2. The graph 
Figure 1.52 of y = x* + 2is not symmetric with respect to the x-axis. See 1.52. 


b. The equation x = |y| — 2 is altered by 
the replacement of x with —x. That is, the 
simplification of —x = |y| — 2, which is 
x = —|y| + 2, does not yield the original 
equation x = |y| — 2. This implies that the 
graph of x = |y| — 2 is not symmetric with 
respect to the y-axis. However, the equation 
x = |y| — 2 is unaltered by the replacement 
of y with —y. That is, the simplification of 


x =|—y| — 2 yields the original equation 

x = |y| — 2. The graph of x = |y| — 2 is 

symmetric with respect to the x=ly|-2 
x-axis. See Figure 1.53. Figure 1.53 


Definition of Symmetry with Respect to a Point 


A graph is symmetric with respect to a point Q if for each point P on the 
graph there is a point P’ on the graph such that Q is the midpoint of the 
line segment PP’. 


The graph in Figure 1.54 is symmetric with respect to the point Q. For any 
Yt point P on the graph, there exists a point P’ on the graph such that Q is the 
midpoint of P’P. 

When we discuss symmetry with respect to a point, we frequently use the 
origin. A graph is symmetric with respect to the origin if, whenever the point 
given by (x, y) is on the graph, then (—x, —y) is also on the graph. The graph in 

x Figure 1.55 is symmetric with respect to the origin. 
-y 


|<———_ ‘= 


Test for Symmetry with Respect to the Origin 


(-x,-y) ee 


Figure 1.55 
Symmetry with respect to the origin 
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RY 


lx] + yl =2 
Figure 1.58 


Determine whether the graph of each equation has symmetry with respect 
to the origin. 


a xuy=4 bo y=x?tl 


Solution 


a. The equation xy = 4 is unaltered by the replacement of x with —x and y 
with —y. That is, the simplification of (—x)(—y) = 4yields the original 
equation xy = 4. Thus the graph of xy = 4 is symmetric with respect to 
the origin. See Figure 1.56. 


b. The equation y = x° + 1 is altered by the replacement of x with —x and y 
with —y. That is, the simplification of —y = (—x)* + 1, which is 
y = x° — 1,does not yield the original equation y = x° + 1. Thus the graph 
of y = x° + lis not symmetric with respect to the origin. See Figure 1.57. 


VA 
4 eo 
2: Po 
ok +g > 4 
x 
-2 
-4 
xy=4 y=xtl 
Figure 1.56 Figure 1.57 


Some graphs have more than one symmetry. For example, the graph of 
|x| + |y| = 2 has symmetry with respect to the x-axis, the y-axis, and the origin. 
Figure 1.58 is the graph of |x| + |y| = 2. 
= Even and Odd Functions 


Some functions are classified as either even or odd. 


Definition of Even and Odd Functions 


The function f is an even function if 
f(—x) =f(x) for all x in the domain of f 
The function f is an odd function if 
f(—x) = —f(x) for all x in the domain of f 
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AMPLE 
“ "7 Vif 7 


Determine whether each function is even, odd, or neither. 


a. f(x) =x? b. F(x) =|x|  c. W(x) =x* 4+ 2x 


Solution 
Replace x with —x and simplify. 
a fn) = (2 = a =O) =f) 
Because f(—x) = —f(x), this function is an odd function. 
b. F(—x) = |—x| = |x| = F(x) 
Because F(—x) = F(x),this function is an even function. 
c. h(—x) = (—x)* + 2(—x) = x* — 2x 
This function is neither an even nor an odd function because 
h(—x) = x* — 2x, 


which is not equal to either h(x) or —h(x). 


The following properties are results of the tests for symmetry: 
© The graph of an even function is symmetric with respect to the y-axis. 
© The graph of an odd function is symmetric with respect to the origin. 


The graph of f in Figure 1.59 is symmetric with respect to the y-axis. It is the 
graph of an even function. The graph of g in Figure 1.60 is symmetric with respect 
to the origin. It is the graph of an odd function. The graph of / in Figure 1.61 is not 
symmetric with respect to the y-axis and is not symmetric with respect to the 
origin. It is neither an even nor an odd function. 


YA 
VA 
| B 
x ‘ 
x 
* 
Figure 1.59 Figure 1.60 Figure 1.61 
The graph of an even function is The graph of an odd function is The graph of a function that is neither 
symmetric with respect to the y-axis. symmetric with respect to the origin. even nor odd is not symmetric with 


respect to the y-axis or the origin. 
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“ 
y=fe) 


y=fla)-3 


Figure 1.62 


y=h(x-3), 
HOSS) 


Figure 1.63 


© Translations of Graphs 


The shape of a graph may be exactly the same as the shape of another graph; only 
their positions in the xy-plane may differ. For example, the graph of y = f(x) + 2 
is the graph of y = f(x) with each point moved up vertically 2 units. The graph of 
y =f(x) — 3 is the graph of y = f(x) with each point moved down vertically 
3 units. See Figure 1.62. 

The graphs of y = f(x) + 2 and y = f(x) — 3 in Figure 1.62 are called vertical 
translations of the graph of y = f(x). 


Vertical Translations 


In Figure 1.63, the graph of y = h(x + 3) is the graph of y = h(x) with each 
point shifted to the left horizontally 3 units. Similarly, the graph of y = h(x — 3) is 
the graph of y = h(x) with each point shifted to the right horizontally 3 units. 

The graphs of y = h(x + 3) and y = h(x — 3) in Figure 1.63 are called horizontal 
translations of the graph of y = h(x). 


Horizontal Translations 


A graphing calculator can be used to draw the graphs of a family of 
functions. For instance, f(x) = x* + c constitutes a family of functions with 
parameter c. The only feature of the graph that changes is the value of c. 

A graphing calculator can be used to produce the graphs of a family of 
curves for specific values of the parameter. The LIST feature of the calculator 
can be used. For instance, to graph f(x) = x? + c forc = —2,0, and 1, we 
will create a list and use that list to produce the family of curves. The 
keystrokes for a TI-83/TI-83 Plus/TI-84 Plus calculator are given below. 


end { - , QO , 1 end } STO end Li 


Now use the | Y= | key to enter 


Y= X x? + end LI ZOOM 6 
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Sample screens for the keystrokes and graphs are shown here. You can use 
similar keystrokes for Exercises 75-82 of this section. 


-2,0,}>h Plotl Plot2 Plot3 
\y x4 


Use vertical and horizontal translations of the graph of f(x) = x°, shown in 
Figure 1.64, to graph 


fax a. g(x)=x9-2  b. A(x) =(x +1) 


Solution 


a. The graph of g(x) = x° — 2is the graph of f(x) = x° shifted down 
vertically 2 units. See Figure 1.65. 


b. The graph of h(x) = (x + 1)°is the graph of f(x) = x° shifted to the left 
horizontally 1 unit. See Figure 1.66. 
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Figure 1.64 


Figure 1.65 Figure 1.66 
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Figure 1.67 
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Figure 1.68 
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Figure 1.72 


= Reflections of Graphs 


The graph of y = —f(x) cannot be obtained from the graph of y = f(x) by a 
combination of vertical and/or horizontal shifts. Figure 1.67 illustrates that the 
graph of y = —f(x) is the reflection of the graph of y = f(x) across the x-axis. 

The graph of y = f(—x) is the reflection of the graph of y = f(x) across the 
y-axis, as shown in Figure 1.68. 


Reflections 


(AMPLE 5 Graph by Using Reflections 


Use reflections of the graph of f(x) = Vx — 1 + 1, shown in Figure 1.69, to 
graph 
a. g(x) = -(Vx —1 +1) b. h(x) =V-x-1+4+1 


Solution 


a. Because g(x) = —f(x),the graph of g is the graph of f reflected across 
the x-axis. See Figure 1.70. 


b. Because h(x) = f(—x),the graph of h is the graph of f reflected across the 
y-axis. See Figure 1.71. 
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Figure 1.70 Figure 1.71 


Some graphs of functions can be constructed by using a combination of trans- 
lations and reflections. For instance, the graph of y = —f(x) + 3in Figure 1.72 was 
obtained by reflecting the graph of y = f(x) in Figure 1.72 across the x-axis and then 
shifting that graph up vertically 3 units. 


Figure 1.73 


Figure 1.75 
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= Compressing and Stretching of Graphs 


The graph of the equation y = c - f(x) for c ¥ 1 vertically compresses or stretches 
the graph of y = f(x). To determine the points on the graph of y = c - f(x), multi- 
ply the y-coordinate of each point on the graph of y = f(x) by c. For example, 


1 
Figure 1.73 shows that the graph of y = art can be obtained by plotting points 


that have a y-coordinate that is one-half of the y-coordinate of those points that 
make up the graph of y = |x. 

If0 <c <1, then the graph of y = c - f(x) is obtained by compressing the graph 
of y = f(x). Figure 1.73 illustrates the vertical compressing of the graph of y = |x| 


1 
toward the x-axis to form the graph of y = 5 |x|. 


If c>1, then the graph of y=c- f(x) is 
obtained by stretching the graph of y = f(x). For 
example, if f(x) = |x|, then we obtain the graph of 

y = 2f(x) = 2Ix| 


by stretching the graph of f away from the x-axis. 
See Figure 1.74. 


Figure 1.74 


Vertical Stretching and Compressing of Graphs 


1 
Graph: H(x) = qh = 8 


Solution 
The graph of y = |x| has a V shape that has its lowest point at (0, 0) and 
1 
passes through (4, 4) and (—4, 4). The graph of y = ql is a compression of 


the graph of y = |x|. The y-coordinates of the ordered pairs (0, 0), (4, 1), and 
(—4, 1) are obtained by multiplying the y-coordinates of the ordered pairs 


1 
(0, 0), (4,4), and (—4, 4) by ri To find the points on the graph of H, we still 


need to subtract 3 from each y-coordinate. Thus the graph of H is a V shape 
that has its lowest point at (0, —3) and passes through (4, —2) and (—4, —2). 
See Figure 1.75. 


62 Chapter 1 Functions and Graphs 


Some functions can be graphed by using a horizontal compressing or stretching 
of a given graph. The procedure makes use of the following concept. 


Horizontal Compressing and Stretching of Graphs 


If the point (x, y) is on the graph of y = f(x), then the graph of y = f(cx) will 


1 
contain the point oY |: 


Use the graph of y = f(x), shown in Figure 1.76, to graph 


a y=f(2x) b y = ($2) 


aor. 


Figure 1.76 

Solution 

a. Because 2 > 1, the graph of y = f(2x) is a horizontal compression of the 
graph of y = f(x) by a factor of ~ For example, the point (2, 0) on the 
graph of y = f(x) becomes the point (1, 0) on the graph of y = f(2x). See 
Figure 1.77. 

b. Since 0 < ~ < 1, the graph of y =f (4x) is a horizontal stretching of 
the graph of y = f(x) by a factor of 3. For example, the point (1, 1) on the 
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graph of y = f(x) becomes the point (3, 1) on the graph of y = f (zx), 


See Figure 1.78. 


y=f(2x) 


—2+ =Job 


Figure 1.77 Figure 1.78 


Ag \ Topics for Discussion 


1. 


Discuss the meaning of symmetry of a graph with respect to a line. How do 
you determine whether a graph has symmetry with respect to the x-axis? with 
respect to the y-axis? 


Discuss the meaning of symmetry of a graph with respect to a point. How do 
you determine whether a graph has symmetry with respect to the origin? 


What does it mean to reflect a graph across the x-axis or across the y-axis? 
Explain how the graphs of y = 2x° — x* and y = 2(—x)’ — (—x) are related. 


Given the graph of the function y = f(x), explain how to obtain the graph of 
the function y = f(x — 3) + 1. 


The graph of the step function y = [|x] has steps that are 1 unit wide. Deter- 
mine how wide the steps are for the graph of y= [2. 
3 
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Exercise Set 1.4 


In Exercises 1 to 6, plot the image of the given point with 
respect to 

a. the y-axis. Label this point A. 

b. the x-axis. Label this point B. 

c. the origin. Label this point C. 


1. P(5, —3) 2. Q(-4, 1) 3. R(—2,3) 


4. S(—5, 3) 5. T(—4, —5) 6. U(5, 1) 


In Exercises 7 and 8, sketch a graph that is symmetric to the 
given graph with respect to the x-axis. 


In Exercises 9 and 10, sketch a graph that is symmetric to the 
given graph with respect to the y-axis. 


In Exercises 11 and 12, sketch a graph that is symmetric to 
the given graph with respect to the origin. 


1. yi 12. 


In Exercises 13 to 21, determine whether the graph of 
each equation is symmetric with respect to the a. x-axis, 
b. y-axis. 


13. y=2x?-5 14.x=3y°-—7 15. y=x°+2 
y Ww Y J 


16. y=x° — 3x 7.x? +y?=9 18. x7 — y? = 10 


19. x? =y' 20. xy = 8 21. |x| — |y| = 6 


In Exercises 22 to 30, determine whether the graph of each 
equation is symmetric with respect to the origin. 


22. y=x+1 23.y=3x-2 ))j24.y=x°-x 
3 9 2 2 
25. y= —-x 26.y-— 27. x° + y* = 10 
x 
28. x? -y?=4 29. er 30. |y| = |x| 


In Exercises 31 to 42, graph the given equation. Label each 
intercept. Use the concept of symmetry to confirm that the 
graph is correct. 


31.y=x°>-1 32.x=y*-1 

33. y= x? -—x 34. y= —x° 

35. xy =4 36. xy = —8 

37. y = 2|x — 4| 38. y = |x — 2|-1 
39. y=(x — 2) —-4 40. y=(x-1)-4 
41. y=x — |x| 42. |y| = |x| 


In Exercises 43 to 56, determine whether the given function 
is an even function, an odd function, or neither. 


43. o(x) =x? -7 ») 44. h(x) =x? +1 


45. F(x) =x° + x° 46. G(x) = 2x° — 10 
47. H(x) = 3|x| 48. T(x) = |x| + 2 
49. f(x) =1 50. k(x) =24+x4+ x7 
51. r(x) = V2 +4 52. u(x) = V3 — x? 


53. s(x) = 16x? 54. v(x) = 16x? + x 


3 


= 3 ee 
55. w(x) =44+ Vx 56. z(x) a4 
57. Use the graph of f to sketch the graph of 
a. y= f(x) +3 b. y = f(x — 3) 
YA 
A 
a t t ; + a 
y) 58. Use the graph of g to sketch the graph of 
a. y= Q(x) - 2 b. y = g(x — 3) 
—2+ 
-4+ 
59. Use the graph of f to sketch the graph of 
a. y= f(x + 2) b. y = f(x) +2 


60. Use the graph of g to sketch the graph of 


a. y = g(x — 1) b. y= Q(x) —1 
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61. Let f be a function such that f(—2) = 5, f(0) 2, and 
f(1) =0. Give the coordinates of three points on the 
graph of 


a. y= f(x + 3) b. y=f(x) +1 


62. Let g be a function such that ¢(—3) 1,¢@(1) 3, and 
g(4) = 2. Give the coordinates of three points on the 
graph of 


a. y = 9(x — 2) b. y = g(x) -— 2 


63. Use the graph of f to sketch the graph of 
a. y =f(—-x) b. y = —f(x) 


64. Use the graph of g to sketch the graph of 
a. y = —9(x) b. y = 9(—x) 


65. Let f be a function such that f(—1) = 3 and f(2) = —4. 
Give the coordinates of two points on the graph of 


a. y = f(-x) b. y = —f(x) 


66. Let g be a function such that ¢(4) = —5 and 9(—3) = 2. 
Give the coordinates of two points on the graph of 


a. y = —9(x) b. y = 9(-x) 
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67. Use the graph of F to sketch the graph of 71. Use the graph of y = f(x) to sketch the graph of 
a. y = —F(x) b. y = F(-x) 1 
4 ¥ a. y = f(2x) b. y =f 3" 
YA 
@—Oo @—02%—0 e—0 e—o 
1 ff 
S543 | ba eG we 
-1+ 
)) 68. Use the graph of E to sketch the graph of oo eo ee) e—-0 e—o 


a. y = —E(x) b. y = E(—x) 
)) 72. Use the graph of y = g(x) to sketch the graph of 


1 
a. y = 9(2x) b. y= (Sx) 


69. Use the graph of m(x) = x* — 2x — 3to sketch the graph 
1 
of y = ~ 5 ma) + 3. 
73. Use the graph of y = h(x) to sketch the graph of 


4 1 
. a. y = h(2x) b. y= (Ex) 


»)) 70. Use the graph of n(x) = —x? — 2x + 8to sketch the graph 
1 
of y = 5 n) eri, 
74. Use the graph of y = j(x) to sketch the graph of 


1 
a. y = j(2x) b. y= (+2) 


wY 
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In Exercises 75 to 82, use a graphing utility. 80. On the same coordinate axes, graph 


M(x) = cV x2 - 4 


75. On the same coordinate axes, graph 
G(x) = Vx tc 
for c = 0, —1, and 3. 81. On the same coordinate axes, graph 


S(x) = e(|x — 1] — |x|) 


1 
forc = 1, ry, and 3. 


76. On the same coordinate axes, graph 
1 
H(x) = Wx +c fore = 1, 7, and 4. 
for c = 0, —1, and 3. 


82. On the same coordinate axes, graph 
77. On the same coordinate axes, graph 


i@=besa=4) esd 10) =e) 
forc = 0, -1, and 2. 


forc = 1, >, and =. 
78. On the same coordinate axes, graph 
K(x) = |x — 1| — |x| +c 83. Graph V(x) = [[cx],0 = x = 6, for each value of c. 
for c = 0, —1, and 2. 1 
a.c=1 b.c=> c.c=2 
79. On the same coordinate axes, graph 
L(x) = cx? 84. Graph W(x) = [cx] — cx0 = x = 6, for each value of c. 
1 1 
forc = 1,5, and 2. a.c=1 ae c.c=3 


» Connecting Concepts» »»»»»» 


85. Use the graph of f(x) = = to determine an equation 86. Use the graph of f(x) = x V2 + x to determine an equa- 
xd tion for each graph. 
for each graph. 


68 


1. 


Chapter 1 Functions and Graphs 


DIRICHLET FUNCTION We owe our present-day definition 
of a function to the German mathematician Peter Gustav 
Dirichlet (1805-1859). He created the following un- 
usual function, which is now known as the Dirichlet 
function. 


Fit 0, if xis arational number 
ea = 
1, if xis an irrational number 


Answer the following questions about the Dirichlet 
function. 


a. What is its domain? 

b. What is its range? 

c. What are its x-intercepts? 
d. What is its y-intercept? 


e. Is it an even or an odd function? 


f. Explain why a graphing calculator cannot be 
yy used to produce an accurate graph of the 
Dirichlet function. 
g. Write a sentence or two that describes the graph 
r of the Dirichlet function. 


ISOLATED POINT Consider the function given 
by the equation 


y= V(x —-1P(x- 2) +1 


Verify that the point (1,1) is a solution of the equation. 
Now use a graphing utility to graph the function. Does 
your graph include the isolated point at (1,1), as shown 
below? If the graphing utility you used failed to include 
the point (1, 1), explain at least one reason for the omission 
of this isolated point. 


y4 


aa y= V(e-1)(x-2) +1 
4+ 

3+ 

a+ 

17 e 


J \ A LINE WITH A HOLE The graph of the function 


_ te = 2)(e4-1) 
a CD 


is a line with a y-intercept of 1, a slope of 1, and a hole at 
(2,3). Use a graphing utility to graph f. Explain why a 
graphing utility might not show the hole at (2, 3). 


FINDING A COMPLETE GRAPH Use a graphing utility 
to graph the function f(x) = 3x°/? — 6x*/? + 2 for 
—2 = x = 10. Compare your graph with the graph below. 
Does your graph include the part to the left of the y-axis? 
If not, how might you enter the function so that the graph- 
ing utility would include this part? 


YA 


Qu 


inctions 


tient 
nctions 
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The Algebra of Functions 


Prepare for this section by completing the following exercises. The answers can be 
found on page Ab. 


PS1. If f(x) = x? + 3x + Land g(x) = 4x + 5, find f(3) — ¢(3). [1.3] 

PS2._ If f(x) = 3x7 — x — 4and g(x) = 2x — 5, find f(—2) - ¢(—2). [1.3] 

In Exercises PS3 and PS4, find each of the following for f(x) = 2x? — 5x + 2. 
PS3. (3a) [1.3] PS4. f(2 + h) [1.3] 


In Exercises PS5 and PS6, find the domain of each function. 


PS5. F(x) = TT [1.3] PS6. (x) = V2x — 8 [1.3] 


= Operations on Functions 


Functions can be defined in terms of other functions. For example, the function 
defined by h(x) = x* + 8x is the sum of 


f(x) = x? and = g(x) = 8x 
Thus, if we are given any two functions f and g, we can define the four new func- 


tions f + g, f — g, fg, and f as follows. 


Definitions of Operations on Functions 


If f and g are functions with domains D; and D,, then we define the sum, 
difference, product, and quotient of f and g as 


Sum (f + g(x) = f(x) + g(x) Domain: D; N D, 
Difference Cf — g(x) = f(x) — g(x) Domain: D; N D, 
Product (f - g(x) = f(x) - g(x) Domain: D; N D, 
UN cee) an 
Quotient (Z Jon ae) Domain: D; 1 D,, g(x) 4 0 
Example 


Let f(x) = 3x — 2 and g(x) = x* + 6. Then 

Cf + g)(x) = fx) + glx) = (Bx — 2) + Ge? +6) Sa + Bx + 4 
Ci eel — (Or 2k Gl a or 
(Fein) = fire g(x) = (Bx = 2)" + 6) = 3x° — 20> 18% — 12 


i Sie oe 2 
(L)o RG) © 
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Bot ACen _- 
Determine the 


If f(x) = Vx — land g(x) = x? — 4, find the domains of f + g, f — g, fg, 


and 


i 


Solution 


Note that f has the domain {x|x = 1} and g has the domain of all real 


numbers. Therefore, the domain of f + g, f — g, and fg is {x|x = 1}. Because 


g(x) 
The 


= 0 when x = —2 or x = 2, neither —2 nor 2 is in the domain of = 


domain of Fis {x|x = land x # 2}. 


Let f(x) = x7 — 9 and g(x) = 2x + 6. Find 


Gen6) » WED + (LE) 


a. 
Solution 
a. (f + g)(x) = f(x) + 9(x) = (x? — 9) + (2x + 6) =x? + 2x -3 
Therefore, (f + g)(5) = (5)? + 2(5) — 3 = 25 + 10 — 3 = 32. 
b. (fg)(x) = f(x) - g(x) = (x? — 9)(2x + 6) = 2x? + 6x? — 18x — 54 
Therefore, ( fg)(—1) = 2(—1)° + 6(—1)? — 18(—1) — 54 
=-2+6+4+18 —54= —32. 
f _ fe) Ho sea 38) es 7 
. (E)o g(x) 2x +6 2x43) yee = 
Therefore, (LE) =e ; oe ; : 


= The Difference Quotient 


The expression 


is called the difference quotient of f. It enables us to study the manner in which a 


fe =e). keO 


function changes in value as the independent variable changes. 


Figure 1.79 


Figure 1.80 
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Determine the difference quotient of f(x) = x? + 7. 


Solution 
fet —-je) (een a7) ie +7) - Apply the 
h h difference 
quotient. 


— [e+ Qh + i + 7] = (x? + 7] 


h 
se ee ed Sa 7 
h 
_ 2xh +h K(2x +h) 


=2x + 
i i 2% +h 


The difference quotient 2x + h of f(x) = x* + 7 from Example 3 is the slope of 
the secant line through the points 


(x, f(x)) and (gthf(e + hy) 


For instance, let x = 1 and h = 1. Then the difference quotient is 
2x+h=2(1)+1=3 


This is the slope of the secant line /, through (1,8) and (2,11), as shown in 
Figure 1.79. If we let x = 1 and h = 0.1, then the difference quotient is 


x +h=2(1) +01 =21 


This is the slope of the secant line /, through (1, 8) and (1.1, 8.21). 
The difference quotient 


f(x +h) — f(x) 
h 


can be used to compute average velocities. In such cases it is traditional to replace f 
with s (for distance), the variable x with the variable a (for the time at the start of 
an observed interval of time), and the variable h with At (read as “delta t’”), where 
At is the difference between the time at the end of an interval and the time at 
the start of the interval. For example, if an experiment is observed over the time 
interval from t = 3 seconds to t = 5 seconds, then the time interval is denoted as 
[3,5] with a = 3 and At = 5 — 3 = 2. Thus if the distance traveled by a ball that 
rolls down a ramp is given by s(t), where t is the time in seconds after the ball is 
released (see Figure 1.80), then the average velocity of the ball over the interval 
t=atot =a + Atis the difference quotient 


s(a + At) — s(a) 
At 
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The distance traveled by a ball rolling down a ramp is given by s(t) = 4¢?, 
where t is the time in seconds after the ball is released, and s(t) is measured 
in feet. Evaluate the average velocity of the ball for each time interval. 


a [3,5] b. [13,4] c« [3,35] d. [3,3.01] 


Solution 


a. In this case,a = 3 and At = 5 — 3 = 2. Thus the average velocity over 
this interval is 


sla + At) = sa) s(S +2) = (3) 515) — 513) 100 = 36 
At 2 2 2 
= 32 feet per second 
b. Leta =3 and At=4-3=1. 
s(a + At) — s(a)__ 8(3 + 1) — (3) _ s(4) — 8(3) _ 64 — 36 
At 1 il 1 
= 28 feet per second 
c. Leta =3 and At=3.5 —3=0.5. 
sla + At) — sla) _ 6(3- + 05) — s(3) _ 49 = 36 
At 0.5 0.5 
d. Leta =3 and At = 3.01 — 3 = 0.01. 


s(a + At) — s(a) _ s(3. + 0.01) — 8(3) _ 36.2404 — 36 
At 0.01 0.01 
= 24.04 feet per second 


= 26 feet per second 


= Composition of Functions 


Composition of functions is another way in which functions can be combined. This 
method of combining functions uses the output of one function as the input for a 
second function. 

Suppose that the spread of oil from a leak in a tanker can be approximated by 
a circle with the tanker at its center. The radius r (in feet) of the spill t hours after 
the leak begins is given by r(t) = 1501. The area of the spill is the area of a circle 
and is given by the formula A(r) = mr’. To find the area of the spill 4 hours after 
the leak begins, we first find the radius of the spill and then use that number to 
find the area of the spill. 


r(t) = 150Vt A(r) = ar? 

r(4) = 150V/4 *t=4hours A(300) = 7(3007) + r= 300 feet 
= 150(2) = 90,0007 
= 300 = 283,000 


The area of the spill after 4 hours is approximately 283,000 square feet. 


take note 
The requirement in the definition of 
the composition of two functions 
that g(x) be in the domain of f for 
all x in the domain of g is 
important. For instance, let 
1 


f(x) = ae and 
g(x) = 3x — 5 
When x = 2, 
(2) =32) =5=1 
f[g(2)] = f(1) 
1 
= 
ae + Undefined 


In this case, g(Z) is not in the 
domain of f. Thus the composition 
(f° g)(x) is not defined at 2. 
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There is an alternative way to solve this problem. Because the area of the spill 
depends on the radius and the radius depends on the time, there is a relationship 
between area and time. We can determine this relationship by evaluating the for- 
mula for the area of a circle using r(t) = 150Vt. This will give the area of the spill 
as a function of time. 


A(r) = mr? 
A[r(t)] = a[r(t)?? + Replace r by r(t). 
= 7[150V¢ |’ + r(t) = 150Vt 


A(t) = 22,5007t + Simplify. 


The area of the spill as a function of time is A(t) = 22,5007. To find the area of the 
oil spill after 4 hours, evaluate this function at f = 4. 
A(t) = 22,500at 
A(4) = 22,5007(4) 
= 90,000 
= 283,000 


«t= 4 hours 


This is the same result we calculated earlier. 
The function A(t) = 22,5007 is referred to as the composition of A with r. The 
notation A ¢ ris used to denote this composition of functions. That is, 


(A r)(t) = 22,500at 


Definition of the Composition of Two Functions 


Let f and g be two functions such that g(x) is in the domain of f for all x in 
the domain of g. Then the composition of the two functions, denoted by 
f° g,is the function whose value at x is given by (f° ¢)(x) = f[g(x)]. 


The function defined by (f° ¢)(x) is also called the composite of f and g. We read 
(fe g)(x) as “f circle g of x” and f[.9(x)] as “f of g of x.” 

Consider the functions f(x) = 2x —1 and g(x) =x* — 3. The expression 
( f° g)(—1) (or, equivalently, f[.¢(—1)]) means to evaluate the function f at g(—1). 


g(x) =x? —3 
g(-1) =(-1Y -3 - Evaluate g at —1. 
g(-1) = -2 

f(x) = 2x -1 


fis-—))) = 2-0] = 1 
f(—2) = 2(-2) -1 = -5 


* Replace x by g(—1). 
* g(—1) = -2 


A graphical depiction of the composition (f° g)(—1) would look something like 
Figure 1.81 on page 74. 
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=) 
) 


Square 
Subtract 3 


=D 


Multiply by 2 
Subtract 1 
f(x) =2x-1 


(feg)(-1) = flg(-1)] = = 
Figure 1.81 


= 


We can find a general expression for f [ g(x) ] by evaluating f at g(x). 


f(x) =2x -1 
fl g(x)] = 2 g(x)] - 1 « Replace x by g(x). 
=2[x? - 3] -1 * Replace g(x) by x? — 3. 
=2x° —7 + Simplify. 


Thus f[¢(x)] = 2x? — 7. If we evaluate this function at —1, we have 
flg(x)] = 2x? — 7 
flg(-1)] = 2(-1 -7=2-7=-5 


This is the same result that is obtained i in Bale 1.81. 
In Sens the c is not 


(fo g)(x rof)\(x). To verify this, "we will compute the composition 
G of (x) = fol again using the functions f(x) = = 2x — Land g(x) = x? — 3. 


g(x) =x? —3 
gl f(x)] = Lf(x)P - 3 + Replace x by f(x). 
=[2x -1]/-3 * Replace f(x) by 2x — 1. 
= 4x? — 4x -— 2 + Simplify. 


Thus gf f(x)] = 4x? — 4x — 2, which is not equal to f[ g(x)] = 2x* — 7. Therefore, 
(fe g(x) # (g °f)(x) and composition is not a commutative operation. 


@ QuESTION Let f(x) = x — 1 and g(x) = x + 1. Then f[9(x)] = gL f(x)]. (You 
should verify this statement.) Does this contradict the statement 
we made that composition is not a commutative operation? 


Form C 


If f(x) = x* — 3x and g(x) = 2x + 1, find 
a. (gefj%) bm (fos) 


@ ANSWER No. When we say that composition is not a commutative operation, we mean 
that generally, given any two functions, (f° g)(x) # (g°f)(x). However, 
there may be particular instances in which (f° g)(x) = (g°f (x). It turns 
out that these particular instances are quite important, as we shall see later. 


Although Method 2 is longer, it is 
the better method if you must 


evaluate (f° g)(x) for several 


values of x. 
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Solution 

a (2 of a) = el f@)] = 207 @)) + 1 » Substitute f(x) for xin g. 
= 2(x* — 3x) +1 + f(x) = x? — 3x 
=2x7-6x+1 

b. (fog)(x) = fl g(x)] = (g(x)? — 3(g(x)) + Substitute g(x) for xin f. 
= (2x $1) = 3(2x +1) - g(x) = 2x +1 
=4x7-2x -2 


Caution Some care must be used when forming the composition of functions. 
For instance, if f(x) = x + 1 and g(x) = Vx — 4, then 


(g°f)(2) = gf f(2)] = 9(3) = V3 —-4=V-1 


which is not a real number. We can avoid this problem by imposing suitable re- 
strictions on the domain of f so that the range of f is part of the domain of g. If the 
domain of f is restricted to [3, °°), then the range of f is [4, ©). But this is precisely 
the domain of g. Note that 2 € [3, ©), and thus we avoid the problem of (¢ ° f )(2) 
not being a real number. 

To evaluate (f° ¢)(c) for some constant c, you can use either of the following 
methods. 


Method 1 First evaluate g(c). Then substitute this result for x in f(x). 
Method 2 First determine f[ g(x) ] and then substitute c for x. 


» Function 


Evaluate (f° g)(3), where f(x) = 2x — 7 and g(x) =x? + 4. 


Solution 
Method 1 (f° g)(3) =f[9(3)] 

= f[(3)? + 4] - Evaluate g(3). 

= f(13) 

= 2(13) —-7=19 + Substitute 13 for x in f. 
Method 2 (f°g)(x) = 2[9(x)] — 7 « Form f[g(x)]. 

=2[x?+4]-7 

=2x7 +1 

(fo g\(3) =2(37 +1= 19 + Substitute 3 for x. 
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Area, in square inches 


Chapter 1 


(2.0, 6.4) 


Time, in seconds 
A = (3 + 0.5) |2 — 0.2¢| 
Figure 1.83 


Functions and Graphs 


A graphic artist has drawn a 3-inch by 2-inch rectangle on a computer 

screen. The artist has been scaling the size of the rectangle for t seconds 
in such a way that the upper right corner of the original rectangle is moving 
to the right at the rate of 0.5 inch per second and downward at the rate of 
0.2 inch per second. See Figure 1.82. 


t=0 seconds t=3 seconds t = 6 seconds 


+—3.in,—*| 


t=9 seconds t=12 seconds 


Figure 1.82 


a. Write the length / and the width w of the scaled rectangles as functions 
of t. 


b. Write the area A of the scaled rectangle as a function of f. 


c. Find the intervals on which A is an increasing function for 0 = f = 14. 
Also find the intervals on which A is a decreasing function. 


d. Find the value of t (where 0 S t = 14) that maximizes A(f). 


Solution 


a. Because distance = rate - time, we see that the change in / is given by 0.5t. 
Therefore, the length at any time t is / = 3 + 0.5t. For0 =f = 10, the 
width is given by w = 2 — 0.2t. For 10 < t = 14, the width is 
w = —2 + 0.2t. In either case the width can be determined by finding 
w = |2 — 0.2t|. (The absolute value symbol is needed to keep the width 
positive for 10 <t = 14.) 


b. A =lw = (3 + 0.5t)|2 — 0.2¢| 


c. Usea graphing utility to determine that A is increasing on [0,2] and on 
[10, 14] and that A is decreasing on [2, 10]. See Figure 1.83. 


d. The highest point on the graph of A occurs when f = 14 seconds. See 
Figure 1.83. 


You may be inclined to think that if the area of a rectangle is decreasing, then 
its perimeter is also decreasing, but this is not always the case. For example, the 
area of the scaled rectangle in Example 7 was shown to decrease on [2, 10] even 
though its perimeter is always increasing. See Exercise 68 in Exercise Set 1.5. 


1.5 


Ag \ Topics for Discussion 


1. 


The Algebra of Functions 77 


The domain of f + g consists of all real numbers formed by the union of the 


domain of f and the domain of g. Do you agree? 


1 2 
Given f(x) = 3x — 2 and g(x) = 3% + 3° determine f° g and g° f. Do your 


results show that composition of functions is a commutative operation? 


A tutor states that the difference quotient of f(x) = x* and the difference 
quotient of g(x) = x* + 4 are the same. Do you agree? 


A classmate states that the difference quotient of any linear function 


f(x) = mx + b is always m. Do you agree? 


When we use a difference quotient to determine an average velocity, we 
generally replace the variable with the variable At. What does At represent? 


))> Exercise Set 1.5 


In Exercises 1 to 12, use the given functions f and g to find 


f+ g, f — g, fg, and . State the domain of each. 


1. f(x) =x? -2x- 15, g(x)=x+3 
2. f(x) =x? - 25, g(x)=x-5 

3. f(x) =2x +8, g(x) =x+4 

4. f(x) =5x- 15, g(x) =x-3 

5. f(x) =x? — 2x2 + 7x, g(x) =x 

6. f(x) =x? — 5x -—8, g(x) =—x 

7. f(x) = 4x —7, g(x) = 2x2 + 3x -5 
8. f(x) = 6x +10, g(x) = 3x2 +x - 10 
9. f(x) = Vx —3, g(x) =x 

Dh 10. f) =Vx-—4, g(x) = -x 

11. f(x) =V4—x2, g(x) =24+x 
12. f(x) =Vx?-9, g(x) =x-3 


13. (f 4 


15. (f 4 


+ g)(5) 


-0(7) 


17. (f — g)(—3) 


19. (f — g)(-1) 


21. (fg)(7) 


23. c@(2) 


2s. (£ 


ar. (£ 
& 


Jes 
& 


N(:) 


)) 14 


16. 


18 


20 


22 


24 


26 


28. 


In Exercises 13 to 28, evaluate the indicated function, where 
f(x) = x? — 3x + 2 and g(x) = 2x — 4. 


. (f + g)(-7) 


(f+ a(2) 


. (f — g)(24) 


- (f — g)(0) 
- (fg)(-3) 


. (fg)(—100) 
(E)an 
g 

£\/ 1 
gI\4A 


In Exercises 29 to 36, find the difference quotient of the given 
function. 


29. f(x) =2x + 4 


31. f(x) =x? — 6 


)) 30 


32 


» f(x) = 4x — 5 


f(x) =x? +11 
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33. f(x) = 2x2 + 4x -— 3 34. f(x) = 2x2 -— 5x +7 63. (goh)(k + 1) 64. (ho g)(k — 1) 


35. f(x) = —4x° + 6 36. f(x) = —5x? — 4x 65. WATER TANK A water tank has the shape of a right circu- 
lar cone with height 16 feet and radius 8 feet. Water is run- 
ning into the tank so that the radius r (in feet) of the 
surface of the water is given by r = 1.5t, where t is the 
time (in minutes) that the water has been running. 


In Exercises 37 to 48, find (g f)(x) and (f° g)(x) for the given 
functions f and g. 


37. f(x) =3x +5, g(x) =2x—7 

)) 38. f(x) =2x -— 7, g(x) =3x+2 
39. f(x) =x? +4x-1, g(x) =x4+2 
40. f(x) =x? -— 11x, g(x) =2x +3 
41. f(x) =x° + 2x, g(x) = —5x 


42. f(x) =-x°-7, g(x)=x41 


43. f(x) 


2 
oa? Sr 8 a. The area A of the surface of the water is A = mr’. Find 
A(t) and use it to determine the area of the surface of 
the water when t = 2 minutes. 


i 

44. f(x) =Vxt+4, g(x) = Fs 
1 

b. The volume V of the water is given by V = 3 rh. 

45. f(x) = a g(x) =Vx-1 Find V(t) and use it to determine the volume of the 

a water when t=3 minutes. (Hint: The height of 

the water in the cone is always twice the radius of 


46. f(x) 3 g(x) = the surface of the water.) 
SCALING A RECTANGLE Rework Example 7 of this 
47. f(x) 3 (ex) ===s, section with the scaling as follows. The upper right 
a [pele oe corner of the original rectangle is pulled to the left at 0.5 


inch per second and downward at 0.2 inch per second. 
48. f(x) = |2x +1], g(x) =3x?-1 
67. TOWING A BOAT A boat is towed by a rope that runs 
through a pulley that is 4 feet above the point where the 
rope is tied to the boat. The length (in feet) of the rope 
from the boat to the pulley is given by s = 48 — t, where t 
49. (¢°f (4) ») 50. (f° g)(4) is the time in seconds that the boat has been in tow. The 
horizontal distance from the pulley to the boat is d. 


In Exercises 49 to 64, evaluate each composite function, 
where f(x) = 2x + 3, g(x) = x? — 5x, and A(x) = 4 — 3x”. 


51. (f° g)(—3) 52. (g°f)(—1) 
53. (¢°h)(0) 54. (he g)(0) 
55. (f° f)(8) 56. (f° f)(—8) 

2 1 
57. ineg(2) 58. ige10(-4) 
59. (go f)(V3) 60. (f° g)(V2) 


61. (¢°f)(2c) 62. (f° ¢)(3k) a. Find d(t). b. Evaluate s(35) and d(35). 


68. 


69. 


70. 


71. 


ae PERIMETER OF A SCALED RECTANGLE Show by a 
graph that the perimeter 


P = 2(3 + 0.5t) + 2/2 


of the scaled rectangle in Example 7 of this section is an in- 
creasing function over 0 = ft = 14. 


0.2¢| 


CONVERSION FUNCTIONS The function F(x) = = con- 


x 
verts x inches to feet. The function Y(x) = 3 converts 


x feet to yards. Explain the meaning of (Y ° F)(x). 


CONVERSION FUNCTIONS The function F(x) = 3x converts 
x yards to feet. The function I(x) = 12x converts x feet to 
inches. Explain the meaning of (I ° F)(x). 


< CONCENTRATION OF A MEDICATION The concen- 

— tration C(t) (in milligrams per liter) of a medication 
in a patient’s blood is given by the data in the following 
table. 


Concentration of Medication in Patient's Blood 


t hours C(t) mg/1 


Concentration (in mg/liter) 


2 


Time (in hours) 


»»» Connecting Concepts» » » »» 


In Exercises 73 to 76, show that (f° g)(x) = (g° f)(x). 
73. f(x) =2x + 3; g(x) =5x 4+ 12 


74, f(x) =4x — 2; g(x) =7x —- 4 


)) 72. 
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The average rate of change of the concentration over the 
time interval from tf = atot =a + Atis 


C(a + At) — C(a) 
At 


Use the data in the table to evaluate the average rate of 
change for each of the following time intervals. 


a. [0, 1] (Hint: In this case, a = 0 and At = 1.) Compare 
this result to the slope of the line through (0, C(0)) and 
(1, C(1)). 

b. [0, 0.5] c. [1,2] d. [1,1.5] e. [1, 1.25] 

f. The data in the table can be modeled by the func- 
tion Con(t) = 25° — 150t? + 225t. Use Con(t) to verify 
that the average rate of change over [1,1 + Af] is 
—75(At) + 25(At). What does the average rate of 
change over [1,1 + At] seem to approach as At 
approaches 0? 


BALL ROLLING ON A RAMP The distance traveled by a ball 
rolling down a ramp is given by s(t) = 6t*, where t is the 
time in seconds after the ball is released, and s(t) is meas- 
ured in feet. The ball travels 6 feet in 1 second and 24 feet 
in 2 seconds. Use the difference quotient for average 
velocity given on page 71 to evaluate the average velocity 
for each of the following time intervals. 


a. [2,3] (Hint: In this case, a = 2 and At = 1.) Compare 
this result to the slope of the line through (2, s(2)) and 
(3, s(3)). 


b. [2, 2.5] ce. [2,2.1] d. [2, 2.01] e. [2, 2.001] 


f. Verify that the average velocity over [2,2 + Af] is 


24 + 6(At). What does the average velocity seem to 
approach as At approaches 0? 
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In Exercises 77 to 82, show that 


(g° f(x) =x and (fe g)(x) = x 


77. f(x) =2x +3, 9x) = “ 
78. f(x) =4x —5, (x) = as 


79. f(x) 


80. f(x) = i . x" g(x) = 


x+1’ g(x) = 


x2 


81. f(x) =x°-1, g(x) = Wx +1 
82. f(x) = —x° +2, g(x) = = 


Ra A GRAPHING UTILITY PROJECT For any two 


the two numbers is given by 


x+y , boul 


Maximum(x, y) = > 5 


a. Verify Equation (1) for x = 5 and y = 9. 


b. Verify Equation (1) for x = 201 and y = 80. 


For any two different function values f(x) and g(x), the 


larger of the two is given by 


f(x) + g(x) , Lf) = gx) 
2 a 


Maximum( f(x), ¢(x)) 


To illustrate how we fght make use of Equation (2), con- 
sider the functions y, = x? and y) = Vx on the interval 
from Xmin = —1 to Xmax = 6. The graphs of y, and y are 


shown below. 


) different real numbers x and y, the larger of 


Now consider the function 
Ys (yn t yp)/2 t (abs(; yp))/2 


where “abs” represents the absolute value function. The 
graph of y; is shown below. 


8 


Ys = (1 + yp)/2 + (abs (y, — 4p))/2 


c. Write a sentence or two that explains why the 
graph of y; is as shown. 


d. What is the domain of y,? of 4? of y3? Write a 
sentence that explains how to determine the 
domain of 3, given the domain of y; and the domain of 1p. 


e. Determine a formula for the function 


Minimum( f(x), ¢(x)) 


THE NEVER-NEGATIVE FUNCTION The author 
) J. D. Murray describes a function f, that is 
defined in the following manner.! 


_ ff iff=o 
pf iff <0 


We will refer to this function as a never-negative func- 
tion. Never-negative functions can be graphed by using 
Equation (2) in Project 1. For example, if we let g(x) = 0, 
then Equation (2) simplifies to 


+ fool 


Maximum( f(x), 0) = (3) 


'Mathematical Biology (New York: Springer-Verlag, 1989), p. 101. 


The graph of y = Maximum(f(x),0) is the graph of 
y = f(x) provided that f(x) = 0, and it is the graph of 
y = 0 provided that f(x) < 0. 


An Application The mosquito population per acre of a 
large resort is controlled by spraying on a monthly basis. 
A biologist has determined that the mosquito population 
can be approximated by the never-negative function M,. 
with 


M(t) = —35,400(¢ — int(t))? + 35,400(t — int(t)) — 4000 


Here ¢ represents the month, and t = 0 corresponds to 
June 1, 2004. 


found on page A6. 


pee. Siheee 


for y. [1.1] 


2. 


1.6 Inverse Functions 81 


. Use a graphing utility to graph M for0 = t $3. 
. Use a graphing utility to graph M, for0 =f $3. 


‘ Wy Write a sentence or two that explains how the 


graph of M.,, differs from the graph of M. 


. What is the maximum mosquito population per acre 


for 0 = t = 3? When does this maximum mosquito 
population occur? 


: \ Explain when would be the best time to visit the 


resort, provided that you wished to minimize 
your exposure to mosquitos. 


Inverse Functions 


Prepare for this section by completing the following exercises. The answers can be 


PS1. Solve 2x + 5y = 15 for y. [1.1] 


PS3. Given f(x) = eae find f(—1). [1.3] 


PS4. If fis a function and f(3) = 7, write an ordered pair of the function. [1.3] 


PS5. Let f(x) = 3x — 7. What is the domain of f? [1.3] 


PS6. Let f(x) = Vx + 2. What is the domain of f? [1.3] 


© Introduction to Inverse Functions 


Consider the “doubling function” f(x) = 2x that doubles every input. Some of the 
ordered pairs of this function are 


{ia —8), (—1.5, —3), (1, 2), (2 ; 2), (7, 19) 


3/3 


1 
Now consider the “halving function” 9(x) = Pia that takes one-half of every 


input. Some of the ordered pairs of this function are 


{\-8 —4), (—3, -1.5), (2, 1), (2, 2 ) (14, n| 


3/3 
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the invere a rel 1, Reca 
that a relation ris any set of 
ordered pairs. The inverse of ris 
the set of ordered pairs formed 
by reversing the order of the 
coordinates of the ordered pairs 


inr. 


Figure 1.84 


Observe that the ordered pairs of g are the ordered pairs of f with the order of the 
coordinates reversed. The following two examples illustrate this concept. 


1 
iS) = 26) = 10 gio) = 5 (10) =5 
Ordered pair: (5, 10) Ordered pair: (10, 5) 
| | : 
1 
f(a) = 2(a) = 2a g(2a) = 5 (2a) =a 
Ordered pair: (a, 2a) Ordered pair: (2a, a) 
| | t 


The function g is said to be the inverse function of f. 


Definition of an Inverse Function 


If the ordered pairs of a function g are the ordered pairs of a function f with 
the order of the coordinates reversed, then g is the inverse function of f. 


Consider a function f and its inverse function g. Because the ordered pairs 
of g are the ordered pairs of f with the order of the coordinates reversed, 


Not all functions have an inverse that is a function. Consider, for instance, 
the “square function” S(x) = x*. Some of the ordered pairs of S are 


{(—3, 9), (-1, 1), (0, 0), (1, 1), (3, 9), (5, 25)} 
If we reverse the coordinates of the ordered pairs, we have 
{(9, —3), (1, -1), (0, 0), (1, 1), (9, 3), (25, 5)} 


This set of ordered pairs is not a function because there are ordered pairs, for 
instance (9, —3) and (9,3), with the same first coordinate and different second 
coordinates. In this case, S has an inverse relation but not an inverse function. 

A graph of S is shown in Figure 1.84. Note that x = —3 and x = 3 produce the 
same value of y. Thus the graph of S fails the horizontal line test, and therefore S 
is not a one-to-one function. This observation is used in the following theorem. 


Condition for an Inverse Function 


Recall that increasing functions and decreasing functions are one-to-one func- 
tions. Thus we can state the following theorem. 


Alternative Condition for an Inverse Function 


|] 
A =2aF () = Fas but 


sailing 
F(x) 2x’ 


Figure 1.85 


an 
RY 
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@ QUESTION Which of the functions graphed below has an inverse function? 


Yh YA g YA 


f is 


RY 
R 
RY 


If a function g is the inverse of a function f, we usually denote the inverse func- 
tion by f ' rather than g. For the doubling and halving functions f and g discussed 
on page 81, we write 


f(x) =2x f(x) = > 


= Graphs of Inverse Functions 


Because the coordinates of the ordered pairs of the inverse of a function f are the 
ordered pairs of f with the order of the coordinates reversed, we can use them to 
create a graph of f~'. 


f a Fun 


Sketch the graph of f ~' given that f is the function shown in Figure 1.85. 


Solution 


Because the graph of f passes through (—1, 0.5), (0,1), (1,2), and (2,4), the 
graph of f ' must pass through (0.5, —1), (1, 0), (2, 1), and (4, 2). Plot the points 
and then draw a smooth curve through the points, as shown in Figure 1.86. 


Figure 1.86 


@ ANSWER The graph of fis the graph of an increasing function. Therefore, f is a one-to- 
one function and has an inverse function. The graph of h is the graph of a 
decreasing function. Therefore, h is a one-to-one function and has an inverse 
function. The graph of g is not the graph of a one-to-one function. g does not 
have an inverse function. 
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The graph from the solution to Example 1 is shown again in Figure 1.87. 


If the graph were folded along the dashed line, the graph of f would lie on top of the 
graph of f ~'. This is a characteristic of all graphs of functions and their inverses. In 
Figure 1.88, although S does not have an inverse that is a function, the graph of the 
inverse relation S~' is symmetric to S with respect to the graph of y = x. 


Figure 1.87 Figure 1.88 


= Composition of a Function and Its Inverse 


1 
Observe the effect of forming the composition of f (x) = 2x and g(x) = ra 


f(x) = 2x g(x) = > 
1 ¢ Replace x 1 * Replace x 
fishal= af S| by g(x). sl f(x)] = 5 [2%] by f(x). 
7a |—* gl f(x)] = x 


This property of the composition of inverse functions always holds true. When 
taking the composition of inverse functions, the inverse function reverses the 
effect of the original function. For the two functions above, f doubles a number, 
and g halves a number. If you double a number and then take one-half of the 
result, you are back to the original number. 


the original input, x. 


Composition of Inverse Functions Property 
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Use composition of functions to show that f~'(x) = 3x — 6 is the inverse 


uf 
function of f(x) = 3° + 2. 


Solution 
We must show that f[ f~'(x)] = x and f~'[ f(x)] = x. 


f(x) = = +2 f (x) = 3x - 6 


fLF"@)] = = [3x — 6] +2 Ftfon=3 tx +2| —6 


3 3 
fi l= fLf(x)] = x 


In the standard viewing window of a calculator, the distance between two 
tick marks on the x-axis is not equal to the distance between two tick marks on 
the y-axis. As a result, the graph of y = x does not appear to bisect the first 
and third quadrants. See Figure 1.89. This anomaly is important if a graphing 
calculator is being used to check whether two functions are inverses of one 
another. Because the graph of y = x does not appear to bisect the first and 
third quadrants, the graphs of f and f~' will not appear to be symmetric 


1 
about the graph of y = x. The graphs of f(x) = 3° + 2 and f~'(x) = 3x — 6 


from Example 2 are shown in Figure 1.90. Notice that the graphs do not 
appear to be quite symmetric about the graph of y = x. 


between 
tick marks 
are not equal. 


-10 
y =x in the standard viewing f, f+, and y =x in the standard 
window viewing window 

Figure 1.89 Figure 1.90 


Continued > 
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To get a better view of a function and its inverse, it is necessary to use the 
SQUARE viewing window, as in Figure 1.91. In this window, the distance 
between two tick marks on the x-axis is equal to the distance between two 
tick marks on the y-axis. 


Distances 
are equal. 


Salen 


-15 


-10 
ff, and y =x ina square 
viewing window 


Figure 1.91 


© Find an Inverse Function 


If a one-to-one function f is defined by an equation, then we can use the follow- 
ing method to find the equation for f~'. 


Steps for Finding the Inverse of a Function 


are given by (y, x). That is, x and y 
are interchanged. This is the reason 
for Step 2 at the right. 


Find the inverse of f(x) = 3x + 8. 


Solution 
f(x) = 3x + 8 
y=3x+8 * Replace f(x) by y. 
x=3y+8 + Interchange x and y. 


x—-8=3y * Solve for y. 
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x78 _ 
3 y 
1 8 : 
—x-—=f- - Repl 
ee f (x) eplace y by 
; iA tine ast 5 i} 8 
The inverse function is given by f-'(x) = rane 


In the next example we find the inverse of a rational function. 


f a Function 


2x +1 
Find the inverse of f(x) = aa a x40 
Solution 
2x +1 
jo)= : 
2x +1 
y= Fi ¢ Replace f(x) by y. 
2y+1 
y= y ¢ Interchange x and y. 
xy =2y+1 * Solve for y. 
xy -2y=1 
y(x — 2) =1 Factor the left side. 
=f 
Y x-—2 
f (x) = So x2 « Replace y by f~'. 


@ QUESTION If fis a one-to-one function and f(4) = 5, what is f~1(5)? 


The graph of f(x) = x? + 4x + 3 is shown in Figure 1.92a. The function f is not 
a one-to-one function and therefore does not have an inverse function. However, 


@ ANSWER Because (4, 5) is an ordered pair of f, (5, 4) must be an ordered pair of f~'. 
Therefore, f-'(5) = 4. 
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the function given by G(x) = x* + 4x + 3, shown in Figure 1.92b, for which the 
domain is restricted to {x|x = —2}, is a one-to-one function and has an inverse 
function G~'. This is shown in Example 5. 


Find the inverse of G(x) = x” + 4x + 3, where the domain of G is 
ix|y = =2}, 


Solution 
G(x) =x? + 4x +3 
y=xt+4x +3 + Replace G(x) by y. 
x=y + 4y+3 + Interchange x and y. 
x=(y?> + 4y+4)-4+4+3 + Solve for y by completing 
the square of y” + 4y. 
e= (7 +2) = 1 + Factor. 
x+1=(y+2/y - Add 1 to each side of the 
equation. 
Vx t+1= Vy + 2) * Take the square root of each 
side of the equation. 
IVA hy 2 + Recall that if a? = b, then 
a=+Vb. 
tVx+1-2=y 
Because the domain of G is {x|x = —2}, the range of G* is {y|y = —2}. 


This means that we must choose the positive value of +Vx + 1. Thus 
Figure 1.93 G(x) = Vx + 1 — 2. See Figure 1.93. 


In Example 6b, we use an inverse function to determine the wholesale price of 
a gold bracelet for which we know the retail price. 


1.6 Inverse Functions 


A merchant uses the function 


4 
S(x) = a + 100 


to determine the retail selling price S, in dollars, of a gold bracelet for which 
she has paid a wholesale price of x dollars. 


a. The merchant paid a wholesale price of $672 for a gold bracelet. Use S to 
determine the retail selling price of this bracelet. 
b. Find S$“! and use it to determine the merchant’s wholesale price for a gold 
bracelet that retails at $1596. 
Solution 
4 
a. S(672) = g (672) + 100 = 896 + 100 = 996 


The merchant charges $996 for a bracelet that has a wholesale price of $672. 


b. To find S“', begin by substituting y for S(x). 


4 
S(x) _ le + 100 
4 . 
y= a + 100 « Replace S(x) with y. 


4 
x= ay + 100 + Interchange x and y. 


4 
x — 100 = ri + Solve for y. 
3 
4a — 100) =y 
3 
roan 75>=y 


Using inverse notation, the above equation can be written as 


3 
es) oo ie 75 


Substitute 1596 for x to determine the wholesale price. 
3 
S~(1596) = 7 (1596) = Ta 


= 1197 — 75 
= 1122 


A gold bracelet that the merchant retails at $1596 has a wholesale price 
of $1122. 
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Some graphing utilities can be used to draw the graph of the inverse of a 
function without the user having to find the inverse function. For instance, 
Figure 1.94 shows the graph of f(x) = 0.1x* — 4. The graphs of f and f~' are 
both shown in Figure 1.95, along with the graph of y = x. Note that the graph 
of f~' is the reflection of the graph of f with respect to the graph of y = x. 
The display shown in Figure 1.95 was produced on a TI-83/TI-83 Plus/TI-84 
Plus graphing calculator by using the DrawInv command, which is in the 
DRAW menu. 


f(x) =0.1x° -4 fx) =0.1%°-4 


Figure 1.94 Figure 1.95 


Ag \ Topics for Discussion 
1. If f(x) = 3x + 1, what are the values of f~'(2) and [ f(2)]"'? 


2. How are the domain and range of a one-to-one function f related to the 
domain and range of the inverse function of f ? 


How is the graph of the inverse of a function f related to the graph of f ? 


The function f(x) = —x is its own inverse. Find two other functions that are 
their own inverses. 


5. What are the steps in finding the inverse of a one-to-one function? 


>» Exercise Set 1.6 


In Exercises 1 to 4, assume that the given function has an 5. If 3 is in the domain of f~', find f[ f '(3)]. 
inverse function. 
1. Given f(3) = 7, find f-“(7). 6. If f is a one-to-one function and f(0) = 5, f(1) = 2, and 
: f(2) = 7, find: 
2. Given 9(—3) = 5, find g~\(5). a. f 1(5) b. f-1(2) 
3. Given h(-—3) = —4, find h(—4). 7. The domain of the inverse function f ~' is the 
of f. 


4. Given f-'(7) = 0, find f(0). 
8. The range of the inverse function f~' is the _____ of f. 


In Exercises 9 to 16, draw the graph of the inverse relation. Is 
the inverse relation a function? 


15. Yh 16. Yh 
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In Exercises 17 to 26, use composition of functions to deter- 
mine whether f and g are inverses of one another. 


17. f(x) = 4x; 9x) = 


18. f(x) = 3x; g(x) = = 


19. f(x) = 4x — 1; g(x) : . 
\ lle, 30 
)) 20. F(x) xe 57 8%) 2x +3 
21. f(x) -* = a(x) 2x +1 
il 2 
22. f(x) = 3x + 2; (x) ee 
5 5 
23. f(x) = Gis) =— +3 
2x 0 
24. f(x) a — 718) = 9 
25. f(x) = x3 + 2; 9(x) = Vx — 2 


26. f(x) = (x + 5) 9(x) = Wx -5 


In Exercises 27 to 30, find the inverse of the function. If 
the function does not have an inverse function, write “no 
inverse function.” 


27. {(—3, 1), (—2, 2), (1, 5), (4, -7)} 
28. {(—5, 4), (—2, 3), (0, 1), (3, 2), (7, 11)} 
29. {(0, 1), (1,2), (2, 4), (3, 8), (4, 16)} 


30. {(1, 0), (10, 1), (100, 2), (1000, 3), (10,000, 4)} 


In Exercises 31 to 48, find f~"(x). State any restrictions on the 
domain of f~'(x). 


31. f(x) =2x +4 


)) 32. f(x) = 4x - 8 


33. f(x) = 3x — 7 


34. f(x) = —3x — 8 
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35. f(x) = -2x +5 


36. f(x) = —-x +3 


37. fix) =, xAl 
Wiss. fs) -—,, x2 

39. f(x) ==, | 

40. fx) <= xA#-3 


41. f(x) =x? +1, x=0 


42. f(x) =x? -4, x=0 


43. f(x) = Vx - 2, 


x22 


)) 44. fd =V4—x, x54 


45. f(x) =x? + 4x, x= -2 


46. f(x) =x? — 6x, x53 


47. f(x) =x? + 4x-1, xs -2 


48. f(x) =x? -—6x+1, x23 


49. 


50. 


51. 


52. 


GEOMETRY The volume of a cube is given by 
V(x) = x°, where x is the measure of the length 
of a side of the cube. Find V~‘(x) and explain 


what it represents. 
UNIT CONVERSIONS The function f(x) = 12x con- 
verts feet, x, into inches, f(x). Find f~'(x) and 


explain what it determines. 


FAHRENHEIT TO CELSIUS The function 
5 
f(x) = og — 32) 


is used to convert x degrees Fahrenheit to an equivalent 
Celsius temperature. Find f~' and explain how it is used. 


RETAIL SALES A clothing merchant uses the function 


S(x) = Sx +18 


53. 


>) 54. 


55. 


56. 


57. 


to determine the retail selling price S, in dollars, of a winter 
coat for which she has paid a wholesale price of x dollars. 


a. The merchant paid a wholesale price of $96 for the 
winter coat. Use S to determine the retail selling price 
she will charge for this coat. 


b. Find S~! and use it to determine the merchant’s whole- 
sale price for a coat that retails at $399. 


Sy FASHION The 
function 

s(x) = 2x + 24 can be 

used to convert a U.S. 

women’s shoe size into 

an Italian women’s shoe size. Determine the function 

s_'(x) that can be used to convert an Italian women’s shoe 


size to its equivalent U.S. shoe size. 

Be) FASHION The function K(x) = 1.3x — 4.7 converts a 
men’s shoe size in the United States to the equiva- 

lent shoe size in the United Kingdom. Determine the func- 

tion K~'(x) that can be used to convert a United Kingdom 

men’s shoe size to its equivalent U.S. shoe size. 


COMPENSATION The monthly earnings E(s), in 
dollars, of a software sales executive is given by 
E(s) = 0.05s + 2500, where s is the value, in dollars, of 
the software sold by the executive during the month. 
Find E~‘(s) and explain how the executive could use 


this function. 
é ) POSTAGE Does the first-class postage rate 
function given below have an inverse func- 


tion? Explain your answer. 


0<wsl1 $.39 
1l<ws<2 $.63 
2<ws3 $.87 
3<ws4 $1.11 


THE BIRTHDAY PROBLEM A famous problem called the 
birthday problem goes like this: Suppose there is a ran- 
domly selected group of n people in a room. What is the 
probability that at least two of the people have a birthday 
on the same day of the year? It may surprise you that for 
a group of 23 people, the probability that at least two of 
the people share a birthday is about 50.7%. The following 
graph can be used to estimate shared birthday probabili- 
ties for 1 = n = 60. 


58. 


1.0+ 
| p(n) fr 


Probability that at least two people 
in the group share the same birthday 


0 10 20 30 40 50 60 ” 
Number of people in the group 


a. Use the graph of p to estimate p(10) and p(30). 


b. Consider the function p with 1 = n = 60, as shown in 
the graph. Explain how you can tell that p has an in- 
verse that is a function. 


c. Write a sentence that explains the meaning 
of p‘(0.223) in the context of this 
application. 


(MEDICATION LEVEL The function L shown in the following 
graph models the level of pseudoephedrine hydro- 
chloride, in milligrams, in the bloodstream of a patient 
t hours after 30 milligrams of the medication have been 
administered. 


L(t) = 0.03¢4 + 0.49 — 7.3t? + 23.1t 


Milligrams of pseudoephedrine 
hydrochloride in the bloodstream 


0 1 2 3 4 # 
Time (in hours) 


a. Use the graph of L to estimate two different values of t 
for which the pseudoephedrine hydrochloride levels 
are the same. 


b. Does L have an inverse that is a function? Explain. 
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59. CRYPTOLOGY Cryptology is the study of making and 


breaking secret codes. Secret codes are often used to send 
messages over the Internet. By devising a code that is dif- 
ficult to break, the sender hopes to prevent the messages 
from being read by an unauthorized person. 

In practice, very complicated one-to-one functions and 
their inverses are used to encode and decode messages. The 
following procedure uses the simple function f(x) = 2x — 1 
to illustrate the basic concepts that are involved. 

Assign to each letter of the alphabet, and a blank 
space, a two-digit numerical value, as shown below. 


A 10 H 17 O 24 V 31 
B 11 I 18 P 2 W 32 
C 12 J 19 Q 26 X 33 
D 13 K 20 R 27 Y 34 
E 14 L 21 S 28 Z. 39 
F 15 M 22 T 29 36 
G 16 N_ 23 U_ 30 


Note: A blank space is represented by 
the numerical value 36. 


Using these numerical values, the message MEET YOU 
AT NOON would be represented by 


22 14 14 29 36 34 24 30 36 10 29 36 23 24 24 23 


Let f(x) = 2x — 1 define a coding function. The above 
message can be encoded by finding f(22), f(14), f(14), 
f(29), f(36), f(34), f(24), ..., f(23), which yields 


43 27 27 57 71 67 47 59 71 19 57 71 45 47 47 45 
The inverse of f, which is 


x+1 
2 


fw) = 


is used by the receiver of the message to decode the 
message. For instance, 


434+ 1 
f@)= =22 
2 
which represents M, and 
27+ 1 
pOh== =" 


which represents E. 


a. Use the above coding procedure to encode the message 
DO YOUR HOMEWORK. 


b. Use f~'(x) as defined above to decode the message 
49 33 47 45 27 71 33 47 43 27. 


c. Explain why it is important to use a one-to-one 
function to encode a message. 
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60. CRYPTOGRAPHY A friend is using the letter-number 
correspondence in Exercise 59 and the coding function 
g(x) = 2x + 3. Your friend sends you the coded message 


59 31 39 73 31 75 61 37 31 75 29 23 71 
Use g '(x) to decode this message. 


In Exercises 61 to 66, answer the question without finding 
the equation of the linear function. 


61. Suppose that f is a linear function, f(2) = 7, and 
f(5) = 12. If f(4) = c, then is c less than 7, between 
7 and 12, or greater than 12? Explain your answer. 


62. Suppose that f is a linear function, f(1) = 13, and 
f(4) = 9. If f(3) = c, then is c less than 9, between 9 
and 13, or greater than 13? Explain your answer. 


»» Connecting Concepts 


63. Suppose that fis a linear function, f(2) = 3, and f(5) = 9. 
Between which two numbers is f -'(6)? 


64. Suppose that f is a linear function, f(5) = —1, and 
f(9) = —3. Between which two numbers is f~1(—2)? 


65. Suppose that g is a linear function, g (3) =4, and 
g_'(7) = 8. Between which two numbers is 9(5)? 


66. Suppose that g is a linear function, g '(—2) =5, and 
g1(0) = —3. Between which two numbers is ¢(0)? 


67. Consider the linear function f(x) = mx + b, m #0. The 
graph of f has a slope of m and a y-intercept of (0, b). What 
are the slope and y-intercept of the graph of f'? 


b 
68. Find the inverse of f(x) = ax? +bxt+c, a40, x=- oe 


69. Use a graph of f(x) = —x + 3 to explain why f is its own 
inverse. 


70. Use a graph of f(x) =V16 — x?, with O<x <4, to 
explain why f is its own inverse. 


Only one-to-one functions have inverses that are functions. 
In Exercises 71 to 74, determine if the given function is a one- 
to-one function. 


71. p(t)=V9—-1 
72. v(t) = V16 + t 
73. F(x) = |x| + x 


74. T(x) =|x*- 6, x20 


1. Ag INTERSECTION POINTS FOR THE GRAPHS OF f AND 
C5 } f~'. For each of the following, graph fand its inverse. 


i. f(x) =2x -4 
ii. f(x) = —x +2 
iii. f(x) =x +1 
iv. f(x) =x-3 


v. f(x) = -3x +2 


vi. f(x) = 


a. Do the graphs of a function and its inverse always 
intersect? 


b. If the graphs of a function and its inverse intersect at 
one point, what is true about the coordinates of the 
point of intersection? 


c. Can the graphs of a function and its inverse intersect at 
more than one point? 
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Modeling Data Using Regression 


Prepare for this section by completing the following exercises. The answers can be 
found on page A6. 


3 
PS1. Find the slope and y-intercept of the graph of y = — ra + 4, 


PS2. Find the slope and y-intercept of the graph of 3x — 4y = 12. 
PS3. Find an equation of the line that has slope —0.45 and y-intercept (0, 2.3). 


PS4. If f(x) = 3x? + 4x — 1, find f(2). [1.3] 


PS5. Find the distance between P,(3, 5) and P3(3, f(3)), where f(x) = 2x + 5. [1.2/1.3] 


PS6. You are given P,(2, —1) and P,(4, 14). If f(x) = x° — 3, find 
f(x) — yl + | fx) — yp. [1.3] 


m= Linear Regression Models 


oe) The data in the table below show the population of selected states and the 

number of professional sports teams (Major League Baseball, National Foot- 
ball League, National Basketball Association, Women’s National Basketball Asso- 
ciation, National Hockey League) in those states. A scatter diagram of the data is 
shown in Figure 1.96 on page 96. 


Number of Professional Sports Teams for Selected States 


Arizona 5.9 5 Minnesota 5.1 ) 
California 36.1 17 New Jersey 8.7 3 
Colorado 4.7 4 New York 19.3 10 
Florida 17.8 11 North Carolina 9.7 3 
Illinois 12.8 5 Pennsylvania 12.4 7 
Indiana 6.3 3 Texas 22.9 9 
Michigan 10.1 5 Wisconsin 5.5 3 
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0 


5 10 15 20 25 30 35 P 
Population (in millions) 


Figure 1.96 


Although there is no one line that passes through every point, we could find 
an approximate linear model for these data. For instance, the line shown 
in Figure 1.97 in blue approximates the data better than the line shown in red. 
However, as Figure 1.98 shows, there are many other lines we could draw that 
seem to approximate the data. 


Number of teams 
Number of teams 


0 5 10 15 20 25 30 35 P 0 5 10 15 20 25 30 35 P 
Population (in millions) Population (in millions) 
Figure 1.97 Figure 1.98 


To find the line that “best” approximates the data, regression analysis is used. 
This type of analysis produces the linear function whose graph is called the line of 
best fit or the least-squares regression line.” 


Definition of the Least-Squares Regression Line 


The least-squares regression line is the line that minimizes the sum of the 
squares of the vertical deviations of all data points from the line. 


To help understand this definition, consider the data set 
S = {(1, 2), (2, 3), (3, 3),(4, 4), 6, 7)} 


as shown in Figure 1.99. As we will show later, the least-squares line for this data 
set is y = 1.1x + 0.5, also shown in Figure 1.99. If we evaluate this linear function 
at the x-coordinates of the data set S, we obtain the set of ordered pairs 
T = {(1, 1.6), (2, 2.7), (3, 3.8),(4, 4.9), (5, 6)}. The vertical deviations are the differ- 
ences between the y-coordinates in S and the y-coordinates in T. From the defini- 
tion, we must calculate the sum of the squares of these deviations. 


2=16F C27) +3 —387 +4 =490" 4 7 = 6)" = 27 


Because y = 1.1x + 0.5 is the least squares regression line, for no other line is the 
sum of the squares of the deviations less than 2.7. For instance, if we consider the 
equation y = 1.25x + 0.75, which is the equation of the line through the two 


The least-squares regression line is also called the least-squares line and the regression line. 
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points P,(1,2) and P,(5,7) of the data set, the sum of the squared deviations is 
larger than 2.7. See Figure 1.100. 


Q=2P +3 = 3.257 +(3—45" + 4=—5 70" +7 =77 = 5.375 


Figure 1.99 Figure 1.100 


The equations used to calculate a regression line are somewhat cumbersome. 
Fortunately, these equations are preprogrammed into most graphing 
calculators. We will now illustrate the technique for a TI-83/TI-83 Plus/TI-84 
Plus calculator using data set S given on page 96. 


Press | STAT |, Select CALC. 
Press| STAT |. Select EDIT. If necessary, delete any pea =e elec 
data in L1 and L2. Select 4, LinReg(ax+b). 


Press | ENTER]. Enter the given data. Press| ENTER |. Press | VARS |. 


faut GALE TESTS: 
Edit... 


2: SortAl 
3: SortD[ 
4: ClrList 
5: SetUpEditor 


EDIT Wass LinReg(ax+b) 
1:1-Var Stats 

2:1-Var Stats 

3:Med-—Med 

PB LinReg(ax+b) 

5: QuadReg 

6: CubicReg 

7vVQuartReg 


Select Y-VARS. 
Press | ENTER |. Select 1. Press | ENTER |. Press | ENTER |. View the results. 


VARS faGES LinReg(ax+b) Yi LinReg 
DBFunction... y=ax+b 


2: Parametric... H a=1.1 
bass 


r°=.8175675676 
r=.9041944302 


Continued > 
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If you followed the steps we 
gave on page 97 and stored 
the regression equation from 
Example 1 in Y1, then you 


can evaluate the regression 
equation using the following 
keystrokes: 


VARS |>| ENTER || ENTER 


( }6.3] ) || ENTER 


Functions and Graphs 


From the last screen, the equation of the regression line is y = 1.1x + 0.5. Your 
last screen may not look exactly like ours. The information provided on our 
screen requires that DiagnosticOn be enabled. This is accomplished using the 
following keystrokes: 


2ND}| CATALOG (Scroll to DiagnosticOn) ENTER | ENTER 


With DiagnosticOn enabled, in addition to the values for the regression 
equation, two other values, r? and r, are given. We will discuss these values 
later in this section. 

If you used the keystrokes we have shown here, the regression line will 
be stored in Y1. This is helpful if you wish to graph the regression line. 
However, if it is not necessary to graph the regression line, then instead 


of pressing | VARS | at step 4, just press | ENTER]. The result will be the last 


screen showing the results of the regression calculations. 


) Find the regression equation for the data on the population of a state 

and the number of professional sports teams in that state. How many 
sports teams are predicted for Indiana, whose population is approximately 
6.3 million? Round to the nearest whole number. 


Solution 


Using your calculator, enter the data from the 
table on page 95. Then have the calculator 
produce the values for the regression equation. 
Your results should be similar to those shown 
in Figure 1.101. The equation of the regression 
line is 


LinReg 
y=ax+b 
a=.4285944776 
b=1.000728509 


E=o7e 5055/7039 
r=.9341121833 


y = 0.4285944776x + 1.000728509 Figure 1.101 


To find the number of sports teams the regression equation predicts for 
Indiana, evaluate the regression equation for x = 6.3. 


y = 0.4285944776x + 1.000728509 
= 0.4285944776(6.3) + 1.000728509 
=~ 3.7008737 


The equation predicts that Indiana should have four sports teams. 
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= Correlation Coefficient 
ae) The scatter diagram of a state’s population and the corresponding number 
of professional sports teams is shown in Figure 1.102, along with the graph 

of the regression line. Note that the slope of the regression line is positive. This 
indicates that as a state’s population increases, the number of teams increases. 
Note also that for these data the value of r on the regression calculation screen 
was positive, r ~ 0.9341. 

Now consider the data in the table below, which shows the trade-in value of 
a 2003 Corvette for various odometer readings. The graph in Figure 1.103 shows 
the scatter diagram and the regression line. 


Figure 1.102 


Trade-in Value of 2003 Corvette Coupe, 
January 2006 


created assuming that the ee aed 
condition of the car was excellent. 25 29,100 
The only variable that changed 30 28,000 
was the odometer reading. 40 27,175 
= - 45 26,450 
95 24,225 


LinReg 
y=ax+b 
a="150.745614 
b=32869.07895 
r=.9635182628 


r=".9815896611 


Source: Kelley Blue Book website, January 2006. 


Figure 1.103 


In this case the slope of the regression line is negative. This means that as the 
odometer reading increases, the trade-in value of the car decreases. Note also that 


the value of r is negative, r ~ —0.9816. See Figure 1.104. 


Linear Correlation Coefficient 


Figure 1.104 
y Ya e YA YA Ya 
e 
s* *,* ee 
m e e - .,? 4 e 
ae e *. <5 : ‘ e pe . 
a e * %. & e e 
‘ °.° en ° 
e Pi ° *. 
e 
x x x x x 
rel r is close to 1. r is close to 0. r is close to —1. r=-1. 


If r #1 or r ¥ —1, then the data set cannot be modeled exactly by a straight 
line. The further the value of r is from 1 or —1 (the closer the value of r to zero), 
the more the ordered pairs of the data set deviate from a straight line. 
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The graphs below show the points of the data sets and the graphs of the 
regression lines for the state population/sports teams data and the odometer 
reading /trade-in data. Note the values of r and the closeness of the data points to 
the regression lines. 


30,000 


r = 0.9341 r = —0.9816 


A researcher calculates a regression line to determine the relationship between 
two variables. The researcher wants to know whether a change in one variable 
produces a predictable change in the second variable. The value of r’ tells the 
researcher the extent of that relationship. 


Coefficient of Determination 


For the population/sports team data, r* ~ 0.87. This means that approximately 
87% of the total variation in the dependent variable (number of teams) can be 
attributed to the state population. This also means that population alone does not 
predict with certainty the number of sports teams. Other factors, such as climate, 
are also involved in the number of sports teams. 


@ QUESTION Whatis the coefficient of determination for the odometer reading / 
trade-in value data (see page 99), and what is its significance? 


“a ™ Quadratic Regression Models 
ae a) 
ee, 
|. aoe _ To this point our focus has been linear regression equations. However, there may 
ey ‘. be a nonlinear relationship between two quantities. The scatter diagram to the left 
flee suggests that a quadratic function might be a better model of the data than a linear 
model. 


Nonlinear correlation 
between x and y. 


@ ANSWER 7’? ~ 0.964. This means that about 96.4% of the total variation in trade-in 
value can be attributed to the odometer reading. 


calculations, the value of r is not 
shown on a TI-83/T1-85 Flus/T1-84 

Plus graphing calculator. In such | 
| cases, the coefficient of 
determination is used to determine — 
_ how well the data fit the model. 
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“©) The data in the table below were collected on five successive Saturdays. 
They show the average number of cars entering a shopping center 
parking lot. The value of t is the number of minutes after 9:00 A.M. The value 
of N is the number of cars that entered the parking lot in the 10 minutes 
prior to the value of t. Find a regression model for this data. 


Average Number of Cars Entering a 
Shopping Center Parking Lot 


Solution 


1. Construct a scatter diagram for these 400 
data. Enter the data into your calculator 
as explained on page 97. 


From the scatter diagram, it appears that there is a nonlinear relationship 
between the variables. 


2. Find the regression equation. Try a quadratic regression model. For a 
TI-83/TI-83 Plus/T1-84 Plus calculator, press | STAT | ® 5 | ENTER ). 


QuadReg 
y=ax?+bx+c 
a=-.0124881369 
b=3.904433067 


c=-7.25 
Re=.9840995401 


3. Examine the coefficient of determination. The coefficient of determina- 
tion is approximately 0.984. Because this number is fairly close to 1, the 
regression equation y = —0.0124881369x? + 3.904433067x — 7.25 pro- 
vides a good model of the data. 

Continued > 
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LinReg 
y=ax+b 
a=.6575174825 
b=14Y.2727273 


r=.4193509866 
r=.6475731515 


Functions and Graphs 


The following calculator screen shows the scatter diagram and the © 
parabola that is the graph of the regression equation from page 101. 


400 


_ »)»)t 


‘xercise 32, page 107 


In Example 2, we could have calculated the linear regression model for the 
data. The results are shown at the left. Note that the coefficient of determination 
for this calculation is approximately 0.419. Because this number is less than the co- 
efficient of determination for the quadratic model, we choose a quadratic model 
of the data rather than a linear model. 

A final note: The regression line equation does not prove that the changes 
in the dependent variable are caused by the independent variable. For instance, 
suppose various cities throughout the United States were randomly selected 
and the numbers of gas stations (independent variable) and restaurants (de- 
pendent variable) were recorded in a table. If we calculated the regression 
equation for these data, we would find that r would be close to 1. However, this 
does not mean that gas stations cause restaurants to be built. The primary cause 
is that there are fewer gas stations and restaurants in cities with small popula- 
tions and greater numbers of gas stations and restaurants in cities with large 
populations. 


Ag \ Topics for Discussion 


1. What is the purpose of calculating the equation of a regression line? 


2. Discuss the implications of the following correlation coefficients: r= —1, 
r=0,andr=1. 


3. Discuss the coefficient of determination and what its value says about a 
data set. 


4. What are the implications of r* = 1 for a quadratic regression equation? 
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2» Exercise Set 1.7 


suggests a linear relationship between x and y, a nonlinear 
relationship between x and y, or no relationship between x 
and y. 


10 oY 2. Yh 
e.e © ® 
e 
ras e tov, = 
eee fd 1 4e 
e e Pa 
x x 
3. yk 4 vy 
te 
ee a* 
e ee 
by “ © ge e 
ee ee * 
° % e es 
e? 
x x 


In Exercises 5 and 6, determine for which scatter diagram, A 
or B, the coefficient of determination is closer to 1. 


5. Yt Ys 
if T e 
ee ‘ ee 
sete et — s e 
e *” 
e 
x x 
Figure A Figure B 
6. 4 Ya 
Te ; 
e e 
Ce oe : ole e 
e * 6 
e e ~ e e 
x x 
Figure A Figure B 


In Exercises 7 to 12, find the linear regression equation for 
the given set. 


7. {(2, 6), 3, 6), (4, 8), (6, 11), (8, 18)} 


8. {(2, —3), G, —4), 4, —9), 6, —10), (7, -12)} 
9. {(—3, 11.8), (—1, 9.5), (0, 8.6), (2, 8.7), (6, 5.4)} 


10. {(—7, —11.7), (-5, —9.8), (—3, —8.1), (1, 5.9), (2, —5.7)} 


11. {(1.3, —4.1), (2.6, —0.9), (5.4, 1.2), (6.2, 7.6), (7.5, 10.5)} 


12. {(—1.5, 8.1), (—0.5, 6.2), (3.0, —2.3), (5.4, —7.1), (6.1, —9.6)} 


In Exercises 13 to 16, find a quadratic model for the given 
data. 


13. {(1, —1), (2, 1), (4, 8), G, 14), (6, 25)} 
14. {(—2, —5), (-1, 0), (0, 1), (1, 4), ie 4)} 


15. {(1.5, —2.2), (2.2, —4.8), (3.4, -11.2), (5.1, —20.6), 
(6.3, —28.7)} 


16. {(—2, —1), (-1, —3.1), (0, —2.9), (1, 0.8), (2, 6.8), (3, 15.9)} 


17. ~~) ARCHEOLOGY The data below show the length 

of the humerus and the wingspan, in centimeters, 

of several pterosaurs, which are extinct flying reptiles of 

the order Pterosauria. (Source: Southwest Educational 
Development Laboratory.) 


Pterosaur Data 


24 600 20 500 

32 750 27 570 

22 430 15 300 

17 370 15 310 

13 270 9 240 
4.4 68 4.4 55 
3.2 53 2.9 50 
1.5 24 


a. Compute the linear regression equation for these data. 
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b. On the basis of this model, what is the projected with pure water having a pH of 7) on the growth of a 
wingspan of the pterosaur Quetzalcoatlus northropi, bacteria culture. The table below gives the measurements of 
which is thought to have been the largest of the pre- different cultures, in thousands of bacteria, after 8 hours. 


historic birds, if its humerus is 54 centimeters? Round 


y) 18. « \ SPORTS The data in the table below show the dis- 4 116 
tance, in feet, a ball travels for various swing 
: ‘ 5 120 
speeds, in miles per hour, of a bat. 

6 131 

7 136 

8 141 

9 151 

10 148 

11 163 


a. Find the linear regression equation for these data. 


b. Using the regression model, what is the expected 
number of bacteria when the pH is 7.5? Round to the 


a. Find the linear regression equation for these data. nearest thousand bacteria. 

b. Using the regression model, what is the expected dis- 21. « \) HEALTH The body mass index (BMI) of a person is a 
tance a ball will travel when the bat speed is 58 miles nd measure of the person’s ideal body weight. The 
per hour? Round to the nearest foot. table below shows the BMI for different weights for a 

person 5 feet 6 inches tall. (Source: San Diego Union- 
19. }~ Sports The table below shows the number of Tribune, May 31, 2000) 
strokes per minute that a rower makes and the 
speed of the boat in meters per second. BMI Data for Person 5’ 6” Tall 

eels SL | ae 110 7 160 25 
al i 120 19 170 27 
cus = 125 20 180 29 
oe + 135 21 190 30 
=o #0 140 22 200 32 
26 at 145 23 205 33 
sas at 150 24 215 34 


a. Find the linear regression equation for these data. : . ; 

a. Compute the linear regression equation for these data. 

b. Using the regression model, what is the expected 

speed of the boat when the rowing rate is 32 strokes 

per minute? Round to the nearest tenth of a meter per 
second. 


b. On the basis of the model, what is the estimated 
BMI for a person 5 feet 6 inches tall whose weight is 
158 pounds? 


20. «, BIOLOGY A medical researcher wanted to determine 22. é ) HEALTH The BMI (see Exercise 21) of a person 
ony the effect of pH (a measure of alkalinity or acidity, depends on height as well as weight. The table 
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below shows the changes in BMI for a 150-pound person Average Remaining Lifetime for Men 
as height (in inches) changes. (Source: San Diego Union- [Age | Years | [Age | Years | 
Tribune, May 31, 2000) 
0 73.6 65 15.9 
BMI Data for 150-Pound Person = See 2 a= 
ie Eee a 
60 29 71 21 
62 7 7 0 Based on the data in this table, is there a strong 
correlation between a man’s age and the average 
64 25 73 19 remaining lifetime for that man? Explain. 
66 24 74. 19 
25. « \) HEALTH SCIENCES The average remaining lifetime 
ad me a 18 o for women in the United States is given in the 
68 23 76 18 following table. (Source: National Institutes of Health.) 
un - Average Remaining Lifetime for Women 
a. Compute the linear regression equation for these data. 0 79.4 65 19.2 
15 65.1 75 12.1 
b. On the basis of the model, what is the estimated BMI 
for a 150-pound person who is 5 feet 8 inches tall? 35 45.7 


23. INDUSTRIAL ENGINEERING Permanent-magnet direct-current 
motors are used in a variety of industrial applications. For 
these motors to be effective, there must be a strong linear 
relationship between the current (in amps, A) supplied to 
the motor and the resulting torque (in newton-centimeters, 
N-cm) produced by the motor. A randomly selected motor 


a. Based on the data in this table, is there a strong 
correlation between a woman’s age and the 
average remaining lifetime for that woman? 


b. Compute the linear regression equation for these data. 


is chosen from a production line and tested, with the fol- c. On the basis of the model, what is the estimated 
lowing results. remaining lifetime of a woman of age 25? 
Direct-Current Motor Data at 12 Volts 26. é BIOLOGY The table below gives the body lengths, in 
centimeters, and the highest observed flying speeds, 
eee eed " a i cee . von a 
11.9 2.8 7.9 4.3 Horsefly 1.3 6.6 
5.6 5.6 14.5 9.5 Hummingbird 8.1 11.2 
14.2 49 127 8.3 Dragonfly 8.5 10.0 
7.9 7.0 10.6 4.7 Willow warbler 11 12.0 
Common pintail 56 22.8 
Based on the data in this table, is the chosen motor 
effective? Explain. Based on these data, what is the flying speed of a Whim- 
brel whose length is 41 centimeters? Round to the nearest 
24. ~~ HEALTH SCIENCES The average remaining lifetime meter per second. (Source: Based on data from Leiva, 
for men in the United States is given in the following Algebra 2: Explorations and Applications, p. 76, McDougall 


table. (Source: National Institutes of Health.) Littell, Boston; copyright 1997.) 
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27. 


28. 


29. 
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HEALTH The table below shows the number of calories 
burned in 1 hour when running at various speeds. 


10 1126 
10.9 1267 
5 563 
5.2 633 
6 704 
6.7 774 
7 809 
8 950 
8.6 985 
9 1056 
7.9 880 


a. Are the data positively or negatively correlated? 


b. How many calories does this model predict a person 
who runs at 9.5 mph for 1 hour will burn? Round to the 
nearest calorie. 


TRAFFIC SAFETY A traffic safety institute measured the 
braking distance, in feet, of a car traveling at certain 
speeds in miles per hour. The data from one of those tests 
are given in the following table. 


20 23.9 
30 33.7 
40 40.0 
50 41.7 
60 46.8 
70 48.9 
80 49.0 


a. Find the quadratic regression equation for these data. 


b. Using the regression model, what is the expected brak- 
ing distance when a car is traveling at 65 mph? Round 
to the nearest tenth of a foot. 


BIOLOGY The survival of certain larvae after hatching 
depends on the temperature (in degrees Celsius) of the 
surrounding environment. The following table shows the 
number of larvae that survive at various temperatures. 
Find a quadratic model for these data. 


Larvae Surviving for Various Temperatures 


20 40 26 68 
21 47 27 67 
22 52 28 64 
23 61 29 62 
24 64. 30 61 
25 64 


30. IVIETEOROLOGY The temperature at various times on a 


summer day at a resort in southern California is given in 
the following table. The variable t is the number of min- 
utes after 6:00 A.M., and the variable T is the temperature 
in degrees Fahrenheit. 


Temperatures at a Resort 


20 59 
40 65 
80 71 
120 78 
160 81 
200 83 


a. Find a quadratic model for these data. 


b. Use the model to predict the temperature at 1:00 P.M. 
Round to the nearest tenth of a degree. 


31. AUTOMOTIVE ENGINEERING The fuel efficiency, in miles 


per gallon, for a certain midsize car at various speeds, in 
miles per hour, is given in the table below. 


Fuel Efficiency of a Midsize Car 


25 29 55 31 
30 32 60 28 
35 33 65 24 
40 35 70 19 
45 34 75 17 
50 33 


a. Find a quadratic model for these data. 


b. Use the model to predict the fuel efficiency of this car 
when it is traveling at a speed of 50 mph. 


)) 22. 


BIOLOGY The data in the table at the right show the oxy- 
gen consumption, in milliliters per minute, of a bird flying 
level at various speeds in kilometers per hour. 


a. Find a quadratic model for these data. 
b. Use the model to predict the oxygen consumption of a 


bird flying at 40 kilometers per hour. Round to the 
nearest milliliter per minute. 
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Oxygen Consumption 


20 32 
25 27 
28 22 
35 21 
42 26 
50 34 


33. 


PHysics Galileo (1564-1642) studied acceleration due to 
gravity by allowing balls of various weights to roll down 
an incline. This allowed him to time the descent of a ball 
more accurately than by just dropping the ball. The data 
in the table show some possible results of such an experi- 
ment using balls of different masses. Time t is measured in 
seconds; distance s is measured in centimeters. 


Distance Traveled for Balls of Various Weights 


Science, 168). His paper dealt with the distance an extra- 
galactic nebula was from the Milky Way galaxy and the 
nebula’s velocity with respect to the Milky Way. The data 
are given in the table below. Distance is measured in mega- 
parsecs (1 megaparsec equals 1.918 x 10’ miles), and 
velocity (called the recession velocity) is measured in kilo- 
meters per second. A negative velocity means the nebula 
is moving toward the Milky Way; a positive velocity 
means the nebula is moving away from the Milky Way. 


Recession Velocities 


34. a 


2 2 5 3 5 
4 10 22 5 15 0.032 170 0.9 650 
6 22 49 7 30 0.034 290 0.9 150 
8 39 12 87 9 49 0.214 —130 0.9 500 
10 61 15 137 11 75 0.263 —70 1.0 920 
12 86 18 197 13 103 0.275 —185 LA 450 
14 120 15 137 0.275 —220 1.1 500 
16 156 0.45 200 14 500 
0.5 290 17 960 
a. Find a quadratic model for each of the balls. 0.5 270 2.0 500 
b. On the basis of a similar experiment, Galileo ue au = on 
concluded that if air resistance is excluded, 0.8 300 2.0 800 
all falling objects fall with the same acceleration. Ex- 0.9 —30 2.0 1090 


plain how one could make such a conclusion from the 
regression equations. 


ASTRONOMY In 1929, Edwin Hubble published a 
paper that revolutionized astronomy (“A Relation- 
ship Between Distance and Radial Velocity Among Extra- 
Galactic Nebulae,” Proceedings of the National Academy of 


a. Find the linear regression model for these data. 


b. On the basis of this model, what is the recession ve- 
locity of a nebula that is 1.5 megaparsecs from the 
Milky Way? 
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) data is called the median-median line. This 
line employs summary points calculated using the medians 
of subsets of the independent and dependent variables. The 
median of a data set is the middle number or the average of 
the two middle numbers for a data set arranged in numerical 
order. For instance, to find the median of {8, 12, 6, 7, 9}, first 
arrange the data in numerical order. 


6, 7,8,9, 12 


(a Ag. MEDIAN-IMIEDIAN LINE Another linear model of 


The median is 8, the number in the middle. To find the median 
of {15, 12, 20,9, 13,10}, arrange the numbers in numerical 
order. 


9,10, 12, 13, 15, 20 
The median is 12.5, the average of the two middle numbers. 


12+ 13 
Median = = 


12.5 


The median—median line is determined by dividing a data 
set into three equal groups. (If the set cannot be divided 
into three equal groups, the first and third groups should be 
equal. For instance, if there are 11 data points, divide the set 
into groups of 4, 3, and 4.) The slope of the median— 
median line is the slope of the line through the x-medians 
and y-medians of the first and third sets of points. The 
median—median line passes through the average of the 
x-and y-medians of all three sets. 

A graphing calculator can be used to find the equation of 
the median—median line. This line, along with the linear re- 
gression line, is shown in the next column for the data in the 
accompanying table. 


1. Find the equation of the median—median line for the data 
in Exercise 17 on page 103. 


2. Find the equation of the median—median line for the data 
in Exercise 18 on page 104. 


2, 3 

3 5 16 Regression line 

4 4 

5 7 

6 8 

7 9 

8 12 

9 | 12 5 

Median-median line 

10 14 
11 15 
12 14 


. Consider the data set {(1, 3), (2,5), (3,7), (4, 9), (6, 11), 


(6, 13), (7, 15), (8, 17)}. 
a. Find the equation of the linear regression line for these 
data. 


b. Find the equation of the median—median line for these 
data. 


c. What conclusion might you draw from the 
answers to a. and b.? 


. For this exercise, use the data in the table above. 


a. Calculate the equation of the median—median line and 
the linear regression line. 


b. Change the entry (12, 14) to (12, 1) and then recalculate 
the equations of the median—median line and the lin- 
ear regression line. 


c. Explain why there is more change in the linear 
regression line than in the median—median line. 


Graphing Piecewise Functions with a Graphing Calculator 


A graphing calculator can be used to graph piecewise functions by including as 
part of the function the interval on which each piece of the function 
is defined. The method is based on the fact that a graphing calculator “evalu- 
ates” inequalities. For purposes of this Exploration, we will use keystrokes for a 
TI-83/TI-83 Plus/TI-84 Plus calculator. 


3X 
X>Y 


-10 
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For instance, store 3 in X by pressing 3 | STOP || X,T,@,|| ENTER |. Now enter 
the inequality x > 4 by pressing | X,T,O,n||@ND| TEST 3 4 |ENTER|. Your screen 


should look like the one at the left. Note that the value of the inequality on the 
screen is 0. This occurs because the calculator replaced X by 3 and then deter- 
mined whether the inequality 3 > 4 was true or false. The calculator expresses the 
fact that the inequality is false by placing a zero on the screen. If we repeat the se- 
quence of steps above, except that we store 5 in X instead of 3, the calculator will 
determine that the inequality is true and place a 1 on the screen. 

This property of calculators is used to graph piecewise functions. Graphs 
of these functions work best when Dot mode rather than Connected mode is 
used. To switch to Dot mode, select |MODE|, use the arrow keys to highlight 


DOT |, and then press | ENTER |. 


Next we will graph the piecewise function defined by 
x, x=s=-2 
a eS x>-2 


Enter the function’ as Yi=X*(Xs-2)+X**(X>-2) and graph it in the standard view- 
ing window. Note that you are multiplying each piece of the function by its 
domain. The graph will appear as shown at the left. 

To understand how the graph is drawn, we will consider two values of x, —8 
and 2, and evaluate Yi for each of these values. 


Yi=X*(X<-2)+X°*(X>-2] 
= —8(-8 = —2) + (—8)?(—8 > —2) 
= —8(1) + 64(0) = -8 


* When x = —8, the value assigned to —8 = —2 
is 1; the value assigned to —8 > —2 is 0. 


Yi=X*(X<-2)+X°*(X>-2]) 
=2(2 = —-2) + 272 > —2) 
= 2(0) + 41) =4 * When x = 2, the value assigned to 2 = —2 
is 0; the value assigned to 2 > —2 is 1. 


In a similar manner, for any value of x, x = —2, the value assigned to (X<—e2) 
is 1 and the value assigned to (X>-2) is 0. Thus Yi=X*1+X°*0=X on that interval. 
This means that only the f(x) = x piece of the function is graphed. When x > —2, 
the value assigned to (X<-2) is 0 and the value assigned to (X>-2) is 1. Thus 
Yi=X*0+X°*1=X? on that interval. This means that only the f(x) = x? piece of the 
function is graphed on that interval. 


1. Graph: f(x) = { 


xw—x x<2 
—-x +4 x22 


x? 4 <2 
=X, ee 2 


2. Graph: f(x) = { 


x-—4Ax, x<1 
r—-xt+2, x=1 


—-x7+1, x<0 
xv-1, x=0 


3. Graph: f(x) -| 4. Graph: f(x) -| 


3Note that pressing |2ND| TEST will display the inequality menu. 
P & play q y 


1 


10 Chapter 1 Functions and Graphs 


Chapter 1 Summary 
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-1 Equations and Inequalities 


The integers are the set {..., —3, —2, -1,0,1, 2,3,...}. The 
positive integers are called natural numbers. The rational 


b 
are nonterminating and nonrepeating decimals. The real 
numbers are the set of rational and irrational numbers. 


numbers are {¢ a, b integers and b # of Irrational numbers 


The interval of real numbers (a, b) = {x|a < x < D}. 


A linear equation is one that can be written in the form 
ax +b =0,a#0. A quadratic equation is one that can be 
written in the form ax? + bx +c =0,a € 0. 


An inequality is a statement that contains the symbol <, =, 
>,or=. 
.2 A Two-Dimensional Coordinate System 
and Graphs 


The Distance Formula The distance d between the points 
represented by (xj, y;) and (x2, yz) is 


d V(x 


x)? 4 (42 1)” 


The midpoint of the line segment from P,(x,,¥,) to 
P(X, Yo) is 


Xt X Yr + Yn 
2 7 2 


The standard form of the equation of a circle with center at 
(h, k) and radius r is (x — h)? + (y-— ky =7’. 


.3 Introduction to Functions 


Definition of a Function A function is a set of ordered pairs 
in which no two ordered pairs that have the same first 
coordinate have different second coordinates. 


A graph is the graph of a function if and only if no vertical 
line intersects the graph at more than one point. If every 
horizontal line intersects the graph of a function at most 
once, then the graph is the graph of a one-to-one function. 


-4 Properties of Graphs 
The graph of an equation is symmetric with respect to 


the y-axis if the replacement of x with —x leaves the equation 
unaltered. 


the x-axis if the replacement of y with —y leaves the equation 
unaltered. 


the origin if the replacement of x with —x and y with —y 
leaves the equation unaltered. 


If fis a function and c is a positive constant, then the graph of 


y = f(x) +c is the graph of y = f(x) shifted up vertically c 
units 

y = f(x) — cis the graph of y = f(x) shifted down vertically 
c units 


y = f(x + c) is the graph of y = f(x) shifted left horizontally 
c units 


y = f(x — c) is the graph of y = f(x) shifted right horizontally 
c units 

The graph of 

y = —f(x) is the graph of y = f(x) reflected across the x-axis. 

y = f(—x) is the graph of y = f(x) reflected across the y-axis. 


Ifc > 1, then the graph of y = c - f(x) is a vertical stretching 
of the graph of y = f(x). 

If 0<c <1, then the graph of y =c- f(x) is a vertical 
compression of the graph of y = f(x). 


If c > 1, then the graph of y = f(cx) is a horizontal com- 
pression of the graph of y = f(x). 


If 0<c<1, then the graph of y = f(cx) is a horizontal 
stretching of the graph of y = f(x). 


1.5 The Algebra of Functions 


For all values of x for which both f(x) and g(x) are defined, 
we define the following functions. 


Sum (f + g(x) = f(x) + g(x) 
Difference (f — g)(x) = f(x) — g(x) 
Product = (f: g)(x) = f(x) - g(x) 
FY (4) — LO. 
Quotient ( 3 Joo a(x)’ 


The expression 


g(x) #0 


f(x +h) — f(x) 


h 
i #0 


is called the difference quotient of f. The difference quotient 
can be used to compute the average velocity of a moving 
object over a given time interval. 


For the functions f and g, the composition of the two func- 
tions is given by (f° g)(x) = f[g(x)] for all x in the domain 
of ¢ such that 9(x) is in the domain of f. 


1.6 Inverse Functions 


If f is a one-to-one function with domain X and range Y, and 
gis a function with domain Y and range X, then g is the in- 
verse function of fif and only if (f° ¢)(x) = x for all x in the 
domain of g and (g°f)(x) = x for all x in the domain of f. 
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e A function f has an inverse function if and only if it is a one- e The linear correlation coefficient r is a measure of how closely 
to-one function. The graph of a function f and the graph of the points of a data set can be modeled by a straight line. If 
its inverse function f~' are symmetric with respect to the r = —1, then the points of the data set can be modeled ex- 
line given by y = x. actly by a straight line with negative slope. If r = 1, then the 


data set can be modeled exactly by a straight line with posi- 
1.7 Modeling Data Using Regression bug ehe Hora daiees, at = 


= a ee 
e Regression analysis is used to find a mathematical model of * The coefficient of determination is r’. It measures the per- 
collected data. cent of the total variation in the dependent variable that is 


explained by the regression line. 

e The least-squares regression line is the line that minimizes 

the sum of the squares of the vertical deviations of all data 
points from the line. 


¢ Itis possible to find both linear and nonlinear mathematical 
models of data. 


Chapter 1 Assessing Concepts 


1. A function f has the property that for two real numbers a 6. Suppose f is a one-to-one function and f(—2) = 3. Find the 
and b, with a < b, f(a) > f(b). Which of the following are coordinates of an ordered pair on the graph of the inverse 
true statements? of f. 


a. fis a one-to-one function. 
7. Suppose (2, 3) are the coordinates of a point on the graph 


b. fis an increasing function. of y = f(x). Give the coordinates of a point on the graph of 
y = fix — 5). 
c. fis a decreasing function. 
8. Suppose (—3,5) are the coordinates of a point on the 
d. fhas an inverse function. graph of y = f(x). Give the coordinates of a point on 
the graph of y = f(x) + 1. 
e. f could be a linear function. 
9. Suppose (6, 4) are the coordinates of a point on the graph 
f. f could be a quadratic function. of y = f(x). Give the coordinates of a point on the graph of 
y = f2x). 


2. Let f(x) = 3x + 8 and g(x) = 2x + 4. Show that 
10. Suppose that the correlation coefficient for a linear regres- 


flg@] = sf] sion equation is —0.86. Does this information enable you 
Are f and g inverse functions? to determine anything about the slope of the regression 
line? 


3. If f(x) = f(x + 4) for all real numbers x, and f(2) = 3, find 
f(18). 


4. Use absolute value notation to describe the set of points 
that are less than 3 units from the point whose coordinate 
is —2 on the real number line. 


5. If a and b are two different numbers in the domain of a 


f(b) — fla) 
b-a ~ 


function f, explain the meaning of 
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Chapter 1 Review Exercises 


In Exercises 1 to 14, solve each equation or inequality. 


1.3 -—4z2=12 2. 4y —-3=6y +5 


3. 2x — 3(2 — 3x) = 14x 


4. 5 — 2(3m + 2) = 3(1 — m) 


5. y? — 3y — 18 =0 6. 227-92 +4=0 


7. 37° +0=1 8. 3s = 4 — 2s? 
9.3c-5=5c+7 

10. 7a > 5 — 2(3a — 4) 

11. x°-—x- 1220 12. 2x7 -—x<1 


13. [2x — 5| >3 14. |1 — 3x| <4 


In Exercises 15 to 18, use the Pythagorean Theorem, 
c? = a? + b’, to find the unknown. The letters a and b repre- 
sent the lengths of the legs of a right triangle, and c repre- 
sents the length of the hypotenuse. 


15. a=6,b =8. Find c. 16. a = 11, c = 20. Find b. 


17. b = 12,c = 13. Find a. 18. a=7,b = 14. Find c. 


In Exercises 19 and 20, find the distance between the points 
whose coordinates are given. 


19. (—3,2) (7,11) 20. (5,—4) (—3, —-8) 


In Exercises 21 and 22, find the midpoint of the line segment 
with the given endpoints. 


21. (2,8) (—3,12) 22. (—4,7) (8,—-11) 


In Exercises 23 and 24, complete the graph so that it is sym- 
metric with respect to a. the x-axis, b. the y-axis, and c. the 
origin. 


23. 24. YA 


In Exercises 25 to 32, determine whether the graph of 
each equation is symmetric with respect to the x-axis, 
the y-axis, or the origin. 


25.y=x-7 26.x=y' +3 

27. y= x? — 4x 28. yr =x? +4 
x2 y? 

2.5 +g) 30. xy = 8 

31. |y| = |x| 32. |x + y| =4 


In Exercises 33 and 34, determine the center and radius of the 
circle with the given equation. 


33. (x — 3)? + (y+ 4 =81 


34. x7 + y> + 10x + 4y + 20 =0 


In Exercises 35 and 36, find the equation in standard form of 
the a circle that satisfies the given conditions. 


35. Center C = (2, —3), radius r = 5 
36. Center C = (—5, 1), passing through (3, 1) 


37. If f(x) = 3x? + 4x — 5, find 


a. f(1) b. f(—3) c. f(t) 
d. f(x + h) e. 3f(t) f. f(3t) 
38. If g(x) = V64 — x, find 
a. 9(3) b. 9(—-5) c. 9(8) 
d. 9(—-x) e. 2¢(f) f. 9(2t) 
39. If f(x) = x? + 4x and g(x) = x — 8, find 
a. (f° g)(3) b. (g°f)(—3) 
c. (f° g)(x) d. (g°f )(x) 
40. If f(x) = 2x? + 7 and 9(x) = |x — 1|, find 
a. (fe g)(—5)  b. (ge f)(—5) 
c. (f° g)(x) d. (g°f )(x) 


41. If f(x) = 4x? — 3x — 1, find the difference quotient 


f(x + h) — f(x) 
h 


42. If g(x) = x° — x, find the difference quotient 


g(x + h) — g(x) 
h 


In Exercises 43 to 46, determine the domain of the function 
represented by the given equation. 


43. f(x) = —2x7 + 3 44. f(x) =V6-x 
45. f(x) = V25 — x? 46. f(x) => 3: 


In Exercises 47 to 52, sketch the graph of f. Find the interval(s) 
on which f is increasing, constant, or decreasing. 


47. f(x) = |x — 3| - 2 48. f(x) =x? —5 


49. f(x) = |x + 2| - |x -— 2| 50. f(x) = [x + 3] 


51. f(x) = = 3 52. f(x) = Vz 


In Exercises 53 to 58, sketch the graph of g. a. Find the 
domain and range of g. b. State whether g is even, odd, or 
neither. 


53. g(x) = —x° + 4 54. g(x) = —2x —4 


55. o(x) = |x — 2| + |x + 2 56. g(x) = V16 — x 


57. g(x) =x°- x 58. 9(x) = [x] 


In Exercises 59 and 60, use the given functions f and g to 


find f+ g, f — g, fg, and : State the domain of each. 
59. f(x) =x? -9, g(x) =x4+3 
60. f(x) =2° + 8, g(x) =x? - 2x44 


In Exercises 61 to 64, determine whether the given functions 
are inverses. 


x+5 
2, 


61. F(x) =2x-—5 G(x) = 


62. h(x) = Vx k(x) =x*, x=0 
+ 
63. (x) =~ 73 mix) = 
po) 2x 
es a a a 
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In Exercises 65 to 68, find the inverse of the function. Sketch 
the graph of the function and its inverse on the same set of 
coordinate axes. 


65. f(x) = 3x —4 66. g(x) = —2x + 3 


67. h(x) = Sr = 2 68. k(x) == 


69. HEIGHT OF A FALLING OBJECT The roadway of the Golden 
Gate Bridge is 220 feet above the water. The height h of a 
rock dropped from the bridge is a function of the time t it 
has been falling. If h is measured in feet and t is measured 
in seconds, then the function is given by 
h(t) = —16t? + 220. Use this function to find the time it 
will take the rock to hit the water. 


70. BRIDGE CABLES The suspension cables of the Golden Gate 
Bridge approximate the shape of a parabola. If h is the 
height of the cables above the roadway in feet and |x| is the 
distance in feet from the center of the bridge, then the 
parabolic shape of the cables is represented by 


1 2 4 
h(x) 8820~ T 25, 


2100 = x = 2100 


1125 ft a 4200 ft = 1125 ft _ 


a. Find the height of the cables 1050 feet from the center 
of the bridge. 


b. The towers that support the cables are 2100 feet from 
the center of the bridge. Find the height (above the 
roadway) of the towers that support the cables. 

71, f[ COMPUTER SCIENCE A test of an Internet service 
provider showed the following download times (in 
seconds) for files of various sizes (in kilobytes). 


Download Times 


10.5 0.20 110 2.01 
12.9 0.24 156 2.68 
15 0.27 163 2.87 
20 0.36 175 3.10 
60 1.09 200 3.64 
75 1.42 250 4.61 


a. Find a linear regression model for these data. 
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b. From the value of r, is a linear model of the data a. Find a quadratic regression model for these data. 
® a reasonable model? Explain. 
b. On the basis of this model, will the can ever empty? 
c. On the basis of the model, what is the expected down- 


load time for a file that is 100 kilobytes in size? c. Explain why there seems to be a contradiction 
between the model and reality in that we know 
72. (e) PHysics The rate at which water will escape from a the can will eventually run out of water. 


hole in the bottom of a can depends on a number of 
factors, including the height of the water, the size of 
the hole, and the diameter of the can. The table below 
shows the height (in millimeters) of water in a can after t 
seconds. 


Water Escaping a Ruptured Can 


0 180 60 93 
10 163 70 81 
20 147 80 70 
30 133 90 60 
40 118 100 50 
50 105 110 48 


»»» Quantitative Reasoning: Public Key Cryptography » 


As mentioned in the Chapter Opener, performing financial transactions over 
the Internet requires secure transmissions between two sites, the sender and the 
receiver. One method of creating secure transmissions is to use a modular 
function. 

A modular function is one that gives, in integer form, the remainder when one 
number is divided by another. We write a=b mod m to mean that a is the 
remainder when b is divided by m. Here are some examples. 


4=22 mod 6 because 22 + 6 = 3 remainder 4. 
1=37 mod 4 because 37 + 4 = 9 remainder 1. 


0=55mod11__ because 55 + 11 = 5 remainder 0. 


To encrypt a message means to 17 =17mod31_ because 17 + 31 = 0 remainder 17. 


tt code to ch th : . 
NEE BRE PENA ONES | QR1, Find the value of each expression. 


message so that it cannot be a. 15mod4 b. 37mod5_ e¢. 52 mod 321 


understood by an unauthorized . . 
Public key cryptography uses a modular function to encrypt a message—say, a 


person’s name or credit card number—-so that only the receiver of the message can 
PORN GA celcal Ce eae ien decrypt it. The message is decrypted by using the inverse of the modular function 
to its original form. that was used to encrypt the message. Inverse functions were discussed in 
Section 1.6. 


user. To decrypt a message means 


take note 


Numbers can be assigned to 
letters in many ways. One common 
method is to use the American 
Standard Code for Information 
Interchange (ASCII). This system 
assigns a number to every letter, 
number, and punctuation mark. For 
instance, “A” is 65 and “a” is 97. 

Computing powers of a 
modular function is difficult 
without a calculator. The program 
POWERMOD can be used for 
these calculations. This program, 
intended for use with a T1-83/ 
11-83 Plus/11-84 Plus calculator, 
can be found at our website 


college.hmco.com/info/aufmannCAT. 
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The unique feature of public key cryptography is that knowing the modular 
function (called the public key) used to encrypt a message does not allow one to 
easily determine the inverse modular function (called the private key) that is 
required to decrypt the message. For instance, Alice could give many people her 
public key to encrypt a message sent to her, but none of those people could 
decrypt a message written by another person and sent to Alice. 


QR2. You will need to do some research on public key cryptography to 
complete this exercise. Suppose a computer hacker wanted to decrypt 
a message that was encrypted using public key cryptography. What 
mathematical operation would the hacker need to be able to complete in 
order to find the inverse of the modular function that was used to 
encrypt the message? 


To encrypt a message, first assign a number to each letter of the alphabet. For 
instance, let A=10,B=11,C = 12,...,Z = 36. The word MATH becomes 
22102917. 

Once a message has been converted to numbers, it is divided into blocks. We 
will use a block of 4 numbers so that our message is now 2210|2917. Each block is 
encrypted using the public key. We will use a modulus of 3233, but in practice this 
number would be very large—at least 200 digits. The following are our encryption 
and decryption functions. 


Encryption function: E = M” mod 3233, where M is the message to be 
coded and E is the coded message. 
Decryption function: M = E*”° mod 3233, where E is the message to be 
decoded and M is the original message. 

Encrypt block 1: 


2210" mod 3233 = 1085 


Encrypt block 2: 
2917” mod 3233 = 904 


Instead of 2210|2917, the encrypted message 1085|0904 is sent (zeros are usually 
inserted to keep the blocks equal in length). 

The person receiving the message would use the decryption function to 
obtain the original message. 


Decrypt block 1: Decrypt block 2: 
1085°° mod 3233 = 2210  —0904*”? mod 3233 = 2917 
The decrypted message is 2210|2917, or MATH. 


QR3. Explain how public key cryptography could be used to ensure that an 
email you received was sent by a particular person and not just someone 
using that person’s computer. If you have difficulty with this assignment, 
research the topic digital signatures. 
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10. 


11. 


12. 


13. 


14. 


15. 


. Solve: 4x — 2(2 —x) =5 
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) Chapter 1 Test 


3(2x + 1) 


. Solve: 6 — 3x = 3 — 4(2 — 2x) 

. Solve: 2x* — 3x = 2 

. Solve: 3x? — x = 2 

. Solve: |4 — 5x| > 6 

. Find the distance between the points (—2, 5) and (4, —2). 


. Find the midpoint and the length of the line segment with 


endpoints (—2, 3) and (4, —1). 


. Determine the x- and y-intercepts of, and then graph, the 


equation x = 2y” — 4. 


. Graph the equation y = |x + 2| + 1. 


Find the center and radius of the circle that has the gen- 
eral form x* — 4x + y? + 2y —-4=0. 


Given f(x) = —V25 — x’, evaluate f(—3). 


Determine the domain of the function defined by 


f(x) = -Vx? — 16. 


Graph f(x) = —2|x — 2| + 1. Identify the intervals over 
which the function is increasing, constant, or decreasing. 


Use the graph of f(x) = |x| to graph y = —f(x + 2) — 1. 


Which of the following define odd functions? 
a. f(x) = x* — x? b. f(x) =x -—x 


c. f(x) =x-1 


16. Let f(x) =x?—1 and g(x) =x-2. Find (f+) and 
f 
& 
17. Find the difference quotient of the function 
fx) =x? +1 


18. Evaluate (f° g), where 
f(x) =x? -2x+1 and g(x) =Vx-2 
19. Find the inverse of the function given by the equation 


f(x) = 


x 
x+1 


20. CALORIE CONTENT The table below shows the percent of 
water and the number of calories in various canned soups 
to which 100 grams of water are added. 


Percent Water in Soups 


93.2 28 89.6 56 
92.3 26 90.5 36 
91.9 39 91.9 32 
89.5 56 91.7 32 


a. Find the equation of the linear regression line for these 
data. 


b. Using the linear model from a., find the expected num- 
ber of calories in a soup that is 89% water. 


Trigonometric Functions 


2.1 
2.2 
2.3 
2.4 
2.5 
2.6 
2.7 
2.8 


Angles and Arcs 

Right Triangle Trigonometry 

Trigonometric Functions of Any Angle 
Trigonometric Functions of Real Numbers 
Graphs of the Sine and Cosine Functions 
Graphs of the Other Trigonometric Functions 
Graphing Techniques 


Harmonic Motion—An Application of the 
Sine and Cosine Functions 


Applications of Trigonometric Functions 


In this chapter we introduce an important group of functions called the 


trigonometric functions. These functions are often used in applications involving 
relationships among the sides and angles of triangles. Exercise 59 on page 143 
illustrates this aspect of trigonometry. 

In the seventeenth century, a unit circle approach was used to create 
trigonometric functions of real numbers or circular functions. These functions enable us 
to solve a wider variety of application problems. For instance, in Exercise 63 on 
page 178, a trigonometric function of a real number is used to model a sound wave 
and find the frequency of the sound wave. 

An application that involves finding the time it takes for the music produced by 
two sound tracks to repeat is given in the Quantitative Reasoning exercises on 


page 214. 


Tracks 


Electric Bass 


it SSG 


RW 
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Length 
ular Speed 


vy 


Figure 2.1 


Vertex 


Figure 2.2 


Angles and Arcs 


A point P ona line separates the line into two parts, each of which is called a half- 
line. The union of point P and the half-line formed by P that includes point A 
is called a ray, and it is represented as PA. The e point P is the endpoint of ray PA. 


Figure 2.1 shows the ray PA and a second ray QR. 

In geometry, an angle is defined simply as the union of two rays that have a 
common endpoint. In trigonometry and many advanced mathematics courses, it 
is beneficial to define an angle in terms of a rotation. 


Definition of an Angle 


An angle is formed by rotating a given ray about its endpoint to some 
terminal position. The original ray is the initial side of the angle, and the 
second ray is the terminal side of the angle. The common endpoint is the 
vertex of the angle. 


There are several methods used to name an angle. One way is to employ 
Greek letters. For example, the angle shown in Figure 2.2 can be designated as a or 
as Za. It also can be named ZO, ZAOB, or ZBOA. If you name an angle by using 
three points, such as ZAOB, it is traditional to list the vertex point between the 
other two points. 

Angles formed by a counterclockwise rotation are considered positive angles, 
and angles formed by a clockwise rotation are considered negative angles. See 
Figure 2.3. 


A 
ao 
B 
Positive angle Negative angle 
Figure 2.3 


= Degree Measure 


Tie measure of an angle is determined by the amount of rotation of ie ae side. 
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Definition of Degree 


il 
One degree is the measure of an angle formed by rotating a ray 360 ofa 


complete revolution. The symbol for degree is °. 


The angle shown in Figure 2.4 has a measure of 1°. The angle B shown in 
Figure 2.5 has a measure of 30°. We will use the notation B = 30° to denote that the 
measure of angle 6 is 30°. The protractor shown in Figure 2.6 can be used to meas- 


Figure 2.4 ; : ; 

ure an angle in degrees or to draw an angle with a given degree measure. 
r= 360 of a revolution 
B =30° 
Figure 2.5 
Figure 2.6 
Protractor for measuring angles in degrees 
Angles are often classified according to their measure. 
© 180° angles are straight angles. See Figure 2.7a. 
© 90° angles are right angles. See Figure 2.7b. 
© Angles that have a measure greater than 0° but less than 90° are acute angles. 
See Figure 2.7c. 
© Angles that have a measure greater than 90° but less than 180° are obtuse angles. 
See Figure 2.7d. 
B 
B B 
@ 
ae 6 ee : Z 
B O A O A O A ) A 
a. Straight angle (a = 180°) b. Right angle (6 = 90°) c. Acute angle (0° < @ < 90°) d. Obtuse angle (90° < 6 < 180°) 


Figure 2.7 
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Figure 2.8 
An angle in standard position 


180° 


@=125° 


55° 
180° o° 


Figure 2.11 


An angle superimposed in a Cartesian coordinate system is in standard 
position if its vertex is at the origin and its initial side is on the positive x-axis. See 
Figure 2.8. 

Two positive angles are complementary angles (Figure 2.9a) if the sum of the 
measures of the angles is 90°. Each angle is the complement of the other angle. Two 
positive angles are supplementary angles (Figure 2.9b) if the sum of the measures of 
the angles is 180°. Each angle is the supplement of the other angle. 


B 
a B/K~ 
a. Complementary angles b. Supplementary angles 
a+ B =90° a + B = 180° 
Figure 2.9 


For each angle, find the measure (if possible) of its complement and of its 
supplement. 


a. 6=40° b. 6 =125° 


Solution 


a. Figure 2.10 shows 26 = 40° in standard position. The measure of its 
complement is 90° — 40° = 50°. The measure of its supplement is 
180° — 40° = 140°. 


b. Figure 2.11 shows 26 = 125° in standard position. Angle @ does not have 
a complement because there is no positive number x such that 


x° + 125° = 90° 
The measure of its supplement is 180° — 125° = 55°. 


@ QUESTION Are the two acute angles of any right triangle complementary 
angles? Explain. 


Some angles have a measure greater than 360°. See Figure 2.12a and 
Figure 2.12b. The angle shown in Figure 2.12¢ has a measure less than —360°, 


@ ANSWER Yes. The sum of the measures of the angles of any triangle is 180°. The right 
angle has a measure of 90°. Thus the sum of the measures of the two acute 
angles must be 180° — 90° = 90°. 


180° 


RY 


180° 0° 


270° 


Figure 2.14 


270° 
Figure 2.15 
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because it is formed by a clockwise rotation of more than one revolution of 
the initial side. 


Cu 


a. 720° b. 450° c. —990° 
Figure 2.12 


If the terminal side of an angle in standard position lies on a coordinate axis, 
then the angle is classified as a quadrantal angle. For example, the 90° angle, the 
180° angle, and the 270° angle shown in Figure 2.13 are all quadrantal angles. 

If the terminal side of an angle in standard position does not lie on a coordi- 
nate axis, then the angle is classified according to the quadrant that contains the 
terminal side. For example, Zf in Figure 2.14 is a Quadrant III angle. 

Angles in standard position that have the same terminal sides are coterminal 
angles. Every angle has an unlimited number of coterminal angles. Figure 2.15 
shows Z@ and two of its coterminal angles, labeled 21 and 22. 


Measures of Coterminal Angles 


This theorem states that the measures of any two coterminal angles differ by 
an integer multiple of 360°. For instance, in Figure 2.15, 6 = 430°, 


Z1 = 430° + (—1) - 360° = 70°, and 
Z2 = 430° + (—2) - 360° = —290° 


If we add positive multiples of 360° to 430°, we find that the angles with measures 
790°, 1150°, 1510°, ... are also coterminal with 26. 


Assume the following angles are in standard position. Determine the 
measure of the positive angle with measure less than 360° that is coterminal 
with the given angle and then classify the angle by quadrant. 


a. a= 550° b. B= —225° c. y= 1105° 
Continued > 
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Y=1105° 


Figure 2.16 


25° 


Trigonometric Functions 


Solution 


a. Because 550° = 190° + 360°, Za is coterminal with an angle that has a 
measure of 190°. Za@ is a Quadrant III angle. See Figure 2.16a. 


b. Because —225° = 135° + (—1) - 360°, ZB is coterminal with an angle 
that has a measure of 135°. 7B is a Quadrant II angle. See Figure 2.16b. 


5 
c. 1105° + 360° = 355° Thus Zy is an angle formed by three complete 
: ; 5 ; 5 
counterclockwise rotations, plus 79 of a rotation. To convert 75 


2 
of a rotation to degrees, multiply 7 times 360°. 


5 
are ° — 95° 
79 360 5 


Thus 1105° = 25° + 3 - 360°. Hence Zy is coterminal with an angle that 
has a measure of 25°. Zy is a Quadrant | angle. See Figure 2.16c. 


There are two popular methods for representing a fractional part of a degree. 
One is the decimal degree method. For example, the measure 29.76° is a decimal 
degree. It means 


29° plus 76 hundredths of 1° 


A second method of measurement is known as the DMS (Degree, Minute, 
Second) method. In the DMS method, a degree is subdivided into 60 equal parts, 
each of which is called a minute, denoted by '. Thus 1° = 60’. Furthermore, a 
minute is subdivided into 60 equal parts, each of which is called a second, denoted 
by ". Thus 1’ = 60” and 1° = 3600”. The fractions 

1° mM i 
er er M4 S600" = 


are another way of expressing the relationships among degrees, minutes, and 
seconds. Each of the fractions is known as a unit fraction or a conversion factor. 


yu change the units used to express the numerical value. The following illus- 
trates the process of multiplying by conversion factors to write 126°12’27” as a 
decimal degree. 


126°12'27" = 126° + 12’ + 27" 


ig 1° 
= 126° + 12’ + 27"| —— 
126° + 12 ( ; | 27 (a5) 


= 126° + 0.2° + 0.0075° = 126.2075° 
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Many graphing calculators can be used to convert a decimal degree measure 
to its equivalent DMS measure, and vice versa. For instance, Figure 2.17 
shows that 31.57° is equivalent to 31°34'12”. On a TI-83/TI-83 Plus /TI-84 
Plus graphing calculator, the degree symbol, °, and the DMS function are in 
the ANGLE menu. 


31°34'12" 
31°34'12" 


Figure 2.17 Figure 2.18 


To convert a DMS measure to its equivalent decimal degree measure, enter 


the DMS measure and press | ENTER |. The calculator screen in Figure 2.18 
shows that 31°34'12" is equivalent to 31.57°. A TI-83/TI-83 Plus/TI-84 Plus 
calculator needs to be in degree mode to produce the results displayed in 
Figures 2.17 and 2.18. On a TI-83/TI-83 Plus/TI-84 Plus calculator, the degree 
symbol, °, and the minute symbol, ', are both in the ANGLE menu; however, 


the second symbol, ”, is entered by pressing | ALPHA} +. 


B 
<< ™ Radian Measure 
A 


Another commonly used angle measurement is the radian. To define a radian, first 
consider a circle of radius r and two radii OA and OB. The angle 6 formed by the 
two radii is a central angle. The portion of the circle between A and B is an arc of 
the circle and is written AB. We say that AB subtends the angle 6. The length of AB 


Figure 2.19 is s (see Figure 2.19). 
Caloulis connect Definition of a Radian 
One radian is the measure of the central angle © 
subtended by an arc of length r on a circle of radius r. s=r 
See Figure 2.20. i 
Figure 2.20 


Central angle 6 has a 
measure of 1 radian. 
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Figure 2.22 


Central angle 6 has a 
measure of 3 radians. 


Trigonometric Functions 


Figure 2.21 shows a protractor that can be used to measure angles in radians or to 
construct angles given in radian measure. 


Figure 2.21 


Protractor for measuring angles in radians 


Definition of Radian Measure 


Given an arc of length s on a circle of radius r, the measure of the central 


angle subtended by the arc is 6 = . radians. 


As an example, consider that an arc of length 15 centimeters on a circle with a 
radius of 5 centimeters subtends an angle of 3 radians, as shown in Figure 2.22. The 
same result can be found by dividing 15 centimeters by 5 centimeters. 

To find the measure in radians of any central angle 6, divide the length s of the 
arc that subtends 6 by the length of the radius of the circle. Using the formula for 
radian measure, we find that an arc of length 12 centimeters on a circle of radius 
8 centimeters subtends a central angle 6 whose measure is 

12 centimeters 


s ; . 3 ; 
@ = —radians = ; radians = — radians 
Yr 8 centimeters 2 


Note that the centimeter units are not part of the final result. The radian measure 
of a central angle formed by an arc of length 12 miles on a circle of radius 8 miles 


3 = 7 
would be the same, > radians. If an angle has a measure of t radians, where t is a 


real number, then the measure of the angle is often stated as t instead of t radians. 


For instance, if an angle @ has a measure of 2 radians, we can simply write @ = 2 
instead of @ = 2 radians. There will be no confusion concerning whether an angle 
measure is in degrees or radians, because the degree symbol is always used. for 
angle measurements that are in degrees. 

Recall that the circumference of a circle is given by the equation C = 2zr. 
The radian measure of the central angle 6 subtended by the circumference is 
= am = 2r. In degree measure, the central angle 6 subtended by the circumfer- 
ence is 360°. Thus we have the relationship 360° = 27 radians. Dividing each side 
of the equation by 2 gives 180° = 7 radians. From this last equation, we can 
establish the following conversion factors. 
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Radian-Degree Conversion 


A calculator shows that 


1 radian ~ 57.29577951° 


and 


1° = 0.017453293 radian 


EXAMPLE Convert from Degrees to Radians 
Convert each angle in degrees to radians. 
a. 60° b. 315° c. —150° 


Solution 


a radians 


180° 
degree units in the numerator cancel with the degree units in the denominator. 


Multiply each degree measure by ( and simplify. In each case, the 


o — zno( Tradians\ 607 _ es 
a. 60 60 ( 180° 180 radians 3 radians 
o. axce) Mradians)\ 315m 3 Rg 
b. 315 315 ( 180° 130 radians ri radians 


_anqe — —eqo( T@tadians\ — (150 7 Bs ee a 
Cc. 150 150 j Emcins ( 180 radians 6 radians 


Convert each angle in radians to degrees. 


a. = radians b. 1 radian Cc. _ radians 
Solution 
180° 


Multiply each radian measure by and simplify. In each case, the 


a radians 
radian units in the numerator cancel with the radian units in the denominator. 


». 3 radians — (2% tadians\(__180°_) _ 3-180? _ 
a aaa 4 gf tadians 4 
180° 180° 
b. 1Lradian = (1 j = = 57.3° 
radian = ( radian (— : . 
« 2 radians — ( 2% tadians)/_ 180°) _ _5-180°_ 
; 2 2 @ radians 2 
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Table 2.1 Table 2.1 lists the degree and radian measures of selected angles. Figure 2.23 
& & 
| Degrees | Radians | illustrates each angle listed in the table as measured from the positive x-axis. 
0 0 o & 
Qn 90°, 5 
25 60°, = 
30 17/6 seas a 
45 1/4 , 4 4 
0 OT o © 
60 1/3 ear 30", 
90 a/2 
120 21/3 180°, 0°, 0 
135 37/4 
150 57/6 ono, 7t 390, 
180 7 6 
2950, 5E 315; 7 
210 71/6 ae. eis oh 
225 5/4 3 o70, 3 = 
2 
240 4n/3 Figure 2.23 
270 37/2 Degree and radian measures of selected angles 
& 8 
300 52/3 
315 77/4 
330 1127/6 
360 ln A graphing calculator can convert degree measure to radian measure, and 


vice versa. For example, the calculator display in Figure 2.24 shows that 100° 
is approximately 1.74533 radians. The calculator must be in radian mode to 
convert from degrees to radians. The display in Figure 2.25 shows that 2.2 
radians is approximately 126.051°. The calculator must be in degree mode 
to convert from radians to degrees. 

On a TI-83/TI-83 Plus/TI-84 Plus calculator, the symbol for radian 
measure is 7, and it is in the ANGLE menu. 


Figure 2.24 © Arcs and Arc Length 


Consider a circle of radius r. By solving the formula 6 = - for s, we have an equa- 


tion for arc length. 


Arc Length Formula 


Figure 2.25 
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Find the length of an arc that subtends a central angle of 120° in a circle of 
radius 10 centimeters. 


Solution 


The formula s = r@ requires that 6 be expressed in radians. We first convert 

120° to radian measure and then use the formula s = 10. 

mradians\ — 27 
180° 3 


The formula 3 = £6 is valid only 


when @ is expressed in radians. 


2 
6 = 120° = 120 radians = = 


2 20 
s=rd=(10 centimeters) (2) = — centimeters 


A pulley with a radius of 10 inches uses a belt to drive a pulley with a 
radius of 6 inches. Find the angle through which the smaller pulley turns 
as the 10-inch pulley makes one revolution. State your answer in radians 
and also in degrees. 


Solution 


Use the formula s = r@. As the 10-inch pulley turns through an angle 6,, 

a point on the rim of that pulley moves s; inches, where s; = 106). See 
Figure 2.27. At the same time, the 6-inch pulley turns through an angle of 6, 
and a point on the rim of that pulley moves s; inches, where s; = 66>. 
Assuming that the belt does not slip on the pulleys, we have s; = s). Thus 


100, = 60> 

10(277) = 66, * Solve for 6. when 0, = 27 radians. 
10 
3 t= 05 


10 
The 6-inch pulley turns through an angle of 37 radians, or 600°. 


Figure 2.27 


© Linear and Angular Speed 


A ride at an amusement park has an inner ring of swings and an outer ring of 
swings. During each complete revolution, the swings in the outer ring travel a 
greater distance than the swings in the inner ring. We can say that the swings in 
the outer ring have a greater linear speed than the swings in the inner ring. Inter- 
estingly enough, all of the swings complete the same number of revolutions 
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during any given ride. We say that all of the swings have the same angular speed. 
In the following definitions, v denotes linear speed and w (omega) denotes angu- 
lar speed. 


Definition of Linear and Angular Speed of a Point Moving 


on a Circular Path 


A point moves on a circular path with radius r at a constant rate of 0 
radians per unit of time ft. Its linear speed is 


S 
OS 
t 


where s is the distance the point travels, given by s = r@. The point’s 
angular speed is 


Some common units of angular speed are revolutions per second, revolutions 
per minute, radians per second, and radians per minute. 


A hard disk in a computer rotates at 3600 revolutions per minute. Find the 
angular speed of the disk in radians per second. 


Solution 


As a point on the disk rotates 1 revolution, the angle through which the 


: . . 27radians_. . 
point moves is 27 radians. Thus ———-———_ will be the conversion factor 
1 revolution 
we will use to convert from revolutions to radians. To convert from minutes 
. 1 minute 
to seconds, use the conversion factor —. 
60 seconds 
3600 revolutions/minute goin EOS eoeaiens nue 
_ revokatio Liminat 
1 minute 1 revelation / \ 60 seconds 
= 1207 radians/second + Exact answer 
= 377 radians/second - Approximate answer 


We can establish an important relationship between linear speed and angular 
speed. We start with the linear speed formula and then substitute r@ for s, as 
shown below. 
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Thus the linear speed of a point moving on a circular path is the product of 
the radius of the circle and the angular speed of the point. 


The Linear Speed-Angular Speed Relationship 


The equation v = rw gives the linear speed of a point moving ona circular path in 
terms of distance r from the center of the circle and the angular speed w, provided 
w is in radians per unit of time. 


EXAMPLE & Find a Linear Speed 


A wind machine is used to generate electricity. The wind machine has 
propeller blades that are 12 feet in length (see Figure 2.28). If the propeller 
is rotating at 3 revolutions per second, what is the linear speed in feet per 
second of the tips of the blades? 


Solution 


Convert the angular speed w = 3 revolutions per second into radians per 
second, and then use the formula v = rw. 


3 revolutions 3 revolutiens \/ 27 radians 67 radians 
o> = = 
1 second 1 second 1 revolution 1 second 
Thus 
v = rw = (12 feet) ce 
1 second 


= 727 feet per second ~ 226 feet per second 


Figure 2.28 


Ay, ® Topics for Discussion 


1. The measure of a radian differs depending on the length of the radius of the 
circle used. Do you agree? Explain. 


What are the necessary conditions for an angle to be in standard position? 
Is the supplement of an obtuse angle an acute angle? 


4. Doall acute angles have a positive measure? 
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Exercise Set 2.1 


In Exercises 1 to 12, find the measure (if possible) of the com- oa 


7 T 
plement and the supplement of each angle. 46. as 47. ra 48. o 
1,16" )) 2. 87° 3. 70°15! 
37 lla lla 
4, 22°43/ 5. 56°33'15" 6. 19°42'05” ae ane Bae 
7 67 5a Aq 
731 8. 0.5 927 — =— = 
ri 52 5 53 1D 54 5 
7 20 7 . : 
10. — 11. — 12; — In Exercises 55 to 60, convert radians to degrees or degrees 
3 ) 6 to radians. Round answers to the nearest hundredth. 
55. 1.5 56. —2.3 57. 133° 


In Exercises 13 to 18, determine the measure of the positive 

angle with measure less than 360° that is coterminal with the 58. 427° 59. 8.25 60. —90° 

given angle and then classify the angle by quadrant. Assume 

the angles are in standard position. 

In Exercises 61 to 64, find the measure in radians and 


ee »» ee 8 Ba=—0 degrees of the central angle of a circle subtended by the given 
arc. Round approximate answers to the nearest hundredth. 
16. a = —872° 17. a = 2456° 18. a = —3789° 
61. r = 2 inches, s = 8 inches 
Ga In Exercises 19 to 24, use a calculator to convert each 2. 7=7 ee se 
=| decimal degree measure to its equivalent DMS measure. 
19. 24.56° 20. 110.24° 21. 64.158° 63. r = 5.2 centimeters, s = 12.4 centimeters 
22. 18.96° 23. 3.402° 24, 224.282° 64. + = 35.8 meters, s = 84.3 meters 
[a5]) In Exercises 25 to 30, use a calculator to convert each DMS In Exercises 65 to 68, find the length of an arc that subtends 
measure to its equivalent decimal degree measure. a central angle with the given measure in a circle with the 
= , ee given radius. Round answers to the nearest hundredth. 
25. 25°25'12” 26. 63°29'42”" 27. 183°33'36 
: ae 
28. 141°6'9" 29. 211°46'48" 30. 19°12'18" Be a 
In Exercises 31 to 42, convert the degree measure to exact 66. r = 3 feet, 0 = Ti 
radian measure. 2 
31. 30° )) 32. —45° 33. 90° 67. r = 25 centimeters, 0 = 42° 
34, 15° 35. 165° 36. 315° y) 68. r = 5 meters, 0 = 144° 
37. 420° 38. 630° 39. 585° 1 
69. Find the number of radians in ly revolutions. 
40. 135° 41, —9° 42. —110° 


3 
. . 70. Find the number of radians in — revolution. 
In Exercises 43 to 54, convert the radian measure to exact 8 


degree measure. 
71. ANGULAR ROTATION OF TWO PULLEYS A pulley with a radius 


43. = y) 44. 7 45. of 14 inches uses a belt to drive a pulley with a radius of 


yz. 


73. 


)) 74. 


75. 
76. 


77. 


78. 


79. 


)) 80. 


81. 


28 inches. The 14-inch pulley turns through an angle of 
150°. Find the angle through which the 28-inch pulley 
turns. 


ANGULAR ROTATION OF TWO PULLEYS A pulley with a 
diameter of 1.2 meters uses a belt to drive a pulley with 
a diameter of 0.8 meter. The 1.2-meter pulley turns through 
an angle of 240°. Find the angle through which the 
0.8-meter pulley turns. 


ANGULAR SPEED Find the angular speed, in radians per 
second, of the second hand on a clock. 


ANGULAR SPEED Find the angular speed, in radians 
per second, of a point on the equator of the earth. 


ANGULAR SPEED A wheel is rotating at 50 revolutions per 
minute. Find the angular speed in radians per second. 


ANGULAR SPEED A wheel is rotating at 200 revolutions 
per minute. Find the angular speed in radians per second. 


ANGULAR SPEED The turntable of a record player turns 
at 33; revolutions per minute. Find the angular speed in 
radians per second. 


ANGULAR SPEED A car with a wheel of radius 14 inches is 
moving with a speed of 55 mph. Find the angular speed of 
the wheel in radians per second. 


LINEAR SPEED OF A CAR Each tire on a car has a radius of 
15 inches. The tires are rotating at 450 revolutions per 
minute. Find the speed of the automobile to the nearest 
mile per hour. 


LINEAR SPEED OF A TRUCK Each tire on a truck has a ra- 
dius of 18 inches. The tires are rotating at 500 revolutions 
per minute. Find the speed of the truck to the nearest mile 
per hour. 


BICYCLE GEARS The chain wheel of Emma’s bicycle has a ra- 
dius of 3.5 inches. The rear gear has a radius of 1.75 inches, 
and the back tire has a radius of 12 inches. If Emma pedals 
for 150 revolutions of the chain wheel, how far will she 
travel? Round to the nearest foot. 


1.75 in. 


GF NS 
Radius 
3.5 in. 


Radius 
12 in. 
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82. ROTATION VERSUS LIFT DISTANCE 
A winch with a 6-inch radius is 
used to lift a container. The 
winch is designed so that as it is 
rotated, the cable stays in contact 
with the surface of the winch. 
That is, the cable does not wrap 
on top of itself. 


Radius 
6 in. 


a. Find the distance the con- 
tainer is lifted as the winch 
is rotated through an angle 


5 
of = radians. 


b. Determine the angle, in radians, through which the 
winch must be rotated to lift the container a distance of 
2 feet. 


83. AMUSEMENT PARK RIDE A ride at an amusement park 
consists of two circular rings of swings. At full speed the 
swings in the inner ring travel on a circular path with a 
radius of 32 feet and the swings in the outer ring travel on 
a circular path with a radius of 38 feet. Each swing makes 
one complete revolution every 3.75 seconds. How much 
greater, in miles per hour, is the linear speed of the swings 
in the outer ring than the linear speed of the swings in the 
inner ring? Round to the nearest tenth of a mile per hour. 


84. HORSE RACING The semicircular turns of a horse race track 
each have a radius of 200 feet. During the first turn of a race, 
the lead horse is running near the inside rail on a path with 
a 202.0-foot radius, at a constant rate of 24.4 feet per second. 
A second horse is rounding the same turn on a path with 
a 206.5-foot radius. At what constant rate does the second 
horse need to run to keep pace with the lead horse during 
this turn? Round to the nearest tenth of a foot per second. 


85. ASTRONOMY At a time when Earth was 93,000,000 miles 
from the sun, you observed through a tinted glass that the 
diameter of the sun occupied an arc of 31’. Determine, to 
the nearest ten thousand miles, the diameter of the sun. 


(Hint: Because the radius of arc AB is large and its central 
angle is small, the length of the diameter of the sun is 
approximately the length of the arc AB.) 


132 


86. 


87. 


88. 
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ANGLE OF ROTATION AND DISTANCE The minute hand on 
the clock atop city hall measures 6 feet 3 inches from its tip 
to its axle. 


a. Through what angle (in radians) does the minute hand 
pass between 9:12 A.M. and 9:48 A.M.? 


b. What distance, to the nearest tenth of a foot, does the 
tip of the minute hand travel during this period? 


VELOCITY OF THE 
HUBBLE SPACE TELE- 
scoPpE On April 25, 
1990, the Hubble 
Space Telescope (HST) 
was deployed into a 
circular orbit 625 kilo- 
meters above the sur- 
face of the earth. The 
HST completes an 
Earth orbit every 1.61 
hours. 


a. Find the angular velocity, with respect to the center of 
Earth, of the HST. Round your answer to the nearest 
0.1 radian per hour. 


b. Find the linear velocity of the HST. (Hint: The radius 
of Earth is about 6370 kilometers.) Round your answer 
to the nearest 100 kilometers per hour. 


ESTIMATING THE RADIUS OF EARTH Eratosthenes, the fifth 
librarian of Alexandria (230 B.C.), was able to estimate the 
radius of Earth from the following data: The distance be- 
tween the Egyptian cities of Alexandria and Syrene was 
5000 stadia (520 miles). Syrene was located directly south of 
Alexandria. One summer, at noon, the sun was directly over- 
head at Syrene, whereas at the same time in Alexandria, 
the sun was at a 7.5° angle from the zenith. 
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89. 


90. 


91. 


92. 


Eratosthenes reasoned that because the sun is far away, 
the rays of sunlight that reach Earth must be nearly 
parallel. From this assumption he concluded that the 
measure of AOS in the accompanying figure must be 7.5°. 
Use this information to estimate the radius (to the nearest 


10 miles) of Earth. 
VeELociTy COMPARISONS Assume that the bicycle in 
the figure is moving forward at a constant rate. 
Point A is on the edge of the 30-inch rear tire, and point B 
is on the edge of the 20-inch front tire. 


a. Which point (A or B) has the greater angular velocity? 
b. Which point (A or B) has the greater linear velocity? 


Given that s, r, 0, t, v, and w are as defined in Section 2.1, 
determine which of the following formulas are valid. 


s ré 

s=r7r0 r=— v= 
0 t 

0 

v=To v= o=— 
t t 


NAUTICAL MILES AND STATUTE MILES A nautical mile is 
the length of an arc, on Earth’s equator, that subtends a 1’ 
central angle. The equatorial radius of Earth is about 3960 
statute miles. 


a. Convert 1 nautical mile to statute miles. Round to the 
nearest hundredth of a statute mile. 


b. Determine what percent (to the nearest 1 percent) of 
Earth’s circumference is covered by a trip from 
Los Angeles, California to Honolulu, Hawaii (a distance 
of 2217 nautical miles). 


PHOTOGRAPHY The field of view for a camera with a 
200-millimeter lens is 12°. A photographer takes a photo- 
graph of a large building that is 485 feet in front of the 
camera. What is the approximate width, to the nearest 
foot, of the building that will appear in the photograph? 
(Hint: If the radius of an arc AB is large and its central 
angle is small, then the length of the line segment AB is 
approximately the length of the arc AB.) 


»» » Connecting Concepts 
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A sector of a circle is the region bounded by radii OA and OB 
and the intercepted arc AB. See the following figure. The 
area of the sector is given by B 


1 
2 
[ y 


where r is the radius of the circle and 
0 is the measure of the central angle 
in radians. 


In Exercises 93 to 96, find the area, to the nearest square unit, 
of the sector of a circle with the given radius and central angle. 


93. r = 5 inches, 06 = = radians 


94. r = 2.8 feet, 0 = a radians 


95. r = 120 centimeters, 6 = 0.65 radian 
96. r = 30 feet, 0 = 62° 


Latitude describes the position of a point on Earth’s surface 
in relation to the equator. A point on the equator has a lati- 


tude of 0°. The north pole has a latitude of 90°. The radius of 
Earth is approximately 3960 miles. 


EARTH 
radius ~ 3960 miles 


Latitude north 


Longitude east 


97. GEOGRAPHY The city of Miami has a latitude of 25°47'N. 
How far north, to the nearest 10 miles, is it from the equa- 
tor? Use 3960 miles as the radius of Earth. 


98. GEOGRAPHY New York City has a latitude of 40°45'N. 
How far north, to the nearest 10 miles, is it from the equa- 
tor? Use 3960 miles as the radius of Earth. 


1. CURRENCY CONVERSION You are traveling in a foreign 
country. You discover that the currency used consists of 
lollars, mollars, nollars, and tollars. 


5 lollars = 1 mollar 
3 mollars = 5 nollars 
4nollars = 7 tollars 
The fare for a taxi is 14 tollars. 
a. How much is the fare in mollars? (Hint: Make use of 


conversion factors to convert from tollars to mollars.) 


b. If you have only mollars and lollars, how many of each 
could you use to pay the fare? 


c. 2 Explain how you knew which of the following 
-) conversion factors should be used in the conver- 
sion in a. 


4 nollars 7 tollars 
7 tollars 4 nollars 


d. If you wish to convert x degrees to radians, you need to 
multiply x by which of the following conversion factors? 


ia @ 


2. SPACE SHUTTLE The rotational period of Earth is 23.933 
hours. A space shuttle revolves around Earth’s equator 
every 2.231 hours. Both are rotating in the same direction. 
At the present time, the space shuttle is directly above the 
Galapagos Islands. How long will it take for the space 
shuttle to circle Earth and return to a position directly 
above the Galapagos Islands? 


Galapagos 
Islands 
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Right Triangle Trigonometry 


Prepare for this section by completing the following exercises. The answers can be 
found on page AQ. 


il 
PS1. Rationalize the denominator of —. 


V3 


2 
PS2. Rationalize the denominator of ——. 


ee 
. . a 
PS3. Simplify: a + (+) 


PS4. Simplify: (+) (~ o) 


2 
PS5. Solve — = . for x. Round your answer to the nearest hundredth. [1.1] 


2 
V3 x 
PS6. Solve i = 8 for x. Round your answer to the nearest hundredth. [1.1] 


=" The Six Trigonometric Functions 


The study of trigonometry, which means “triangle measurement,” began more than 
2000 years ago, partially as a means of solving surveying problems. Early trigonom- 
etry used the length of a line segment between two points of a circle as the value of 
a trigonometric function. In the sixteenth century, right triangles were used to define 
a trigonometric function. We will use a modification of this approach. 

When working with right triangles, it is convenient to refer to the side oppo- 
site an angle or the side adjacent to (next to) an angle. Figure 2.29 shows the sides 
opposite and adjacent to the angle 0. Figure 2.30 shows the sides opposite and ad- 
jacent to the angle B. In both cases, the hypotenuse remains the same. 


B . 
Hypotenuse Opposite Hypotenuse Adjacent 
side side 
w) [| 
Adjacent side Opposite side 
Adjacent and opposite sides of 20 Adjacent and opposite sides of 2B 
Figure 2.29 Figure 2.30 


Six ratios can be formed by using two lengths of the three sides of a right 
triangle. Each ratio defines a value of a trigonometric function of a given acute 
angle 6. The functions are sine (sin), cosine (cos), tangent (tan), cosecant (csc), 
secant (sec), and cotangent (cot). 


hyp 


4 
Figure 2.31 
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Definitions of Trigonometric Functions of an Acute Angle 


Let 6 be an acute angle of a right triangle. See Figure 2.29. The values of the 
six trigonometric functions of 6 are 


length of opposite side length of adjacent side 
jae ree re ie ee COS 0 ree a ae 
length of hypotenuse length of hypotenuse 
eae length of SEResie pide ie length of BSIgcEne ee 
length of adjacent side length of opposite side 
length of hypotenuse length of hypotenuse 
sec f ; Exe () = aR 
length of adjacent side length of opposite side 


We will write opp, adj, and hyp as abbreviations for the length of the opposite side, 
adjacent side, and hypotenuse, respectively. 


Find the values of the six trigonometric functions of 6 for the triangle given 
in Figure 2.31. 
Solution 
Use the Pythagorean Theorem to find the length of the hypotenuse. 
hyp = V3? + 4 = V25=5 
From the definitions of the trigonometric functions, 


opp 3 en _ adj _ 4 


sin 9 = —— = 


hyp 


Given the value of one trigonometric function of the acute angle 9, it is possi- 
ble to find the value of any of the remaining trigonometric functions of 0. 


D 
Given that @ is an acute angle and cos 6 = 3° find tan 0. 


Continued > 
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Solution 


Sketch a right triangle with one leg of length 5 units and a hypotenuse of 
length 8 units. Label as 6 the acute angle that has the leg of length 5 units as 
its adjacent side (see Figure 2.32). Use the Pythagorean Theorem to find the 
length of the opposite side. 


ae (opp)? + 5 = 8° 
(opp)? + 25 = 64 
0 / (opp)* = 39 
5 opp = V39 
Figure 2.32 opp _ \/39 


Therefore, tan 0 = ad) 5 


__)) Try Exercise 18, page 142 


© Trigonometric Functions of Special Angles 


In Example 1, the lengths of the legs of the triangle were given, and you were 
asked to find the values of the six trigonometric functions of the angle 6. Often 
we will want to find the value of a trigonometric function when we are given the 
measure of an angle rather than the measure of the sides of a triangle. For most 
angles, advanced mathematical methods are required to evaluate a trigonometric 
function. For some special angles, however, the value of a trigonometric function 
can be found by geometric methods. These special acute angles are 30°, 45°, 
and 60°. 

First, we will find the values of the six trigonometric functions of 45°. (This 
discussion is based on angles measured in degrees. Radian measure could have 
Figure 2.33 been used without changing the results.) Figure 2.33 shows a right triangle with 

angles 45°, 45°, and 90°. Because 2A = ZB, the lengths of the sides opposite these 
angles are equal. Let the length of each equal side be denoted by a. From the 
Pythagorean Theorem, 


P=0"+a7=20 


r=V20e2=V2a 
The values of the six trigonometric functions of 45° are 
in 45° a 1 V2 cos 45° a 1 V2 
sin 45° = === a = = 
V2a V2 2 2a V2 2 
tan 45° =— =1 cot45° = =1 
a a 
2 = v2 5 
sec 45° = V0 = V2 csc 45° = i f=V2 


The values of the trigonometric functions of the special angles 30° and 60° 
can be found by drawing an equilateral triangle and bisecting one of the angles, 
Figure 2.34 as Figure 2.34 shows. The angle bisector also bisects one of the sides. Thus the 
length of the side opposite the 30° angle is one-half the length of the hypotenuse 
of triangle OAB. 
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Let a denote the length of the hypotenuse. Then the length of the side oppo- 
site the 30° angle is oe The length of the side adjacent to the 30° angle, h, is found 
by using the Pythagorean Theorem. 


2 
C= (<) +) 


2 


2 a 2 
=—+h 
aa 
2 2 
on =i - Subtract = from each side. 
4 4 
V3a 
= * Solve for h. 
2 
The values of the six trigonometric functions of 30° are 
| 2 
sin 30° = ate =— cos 30° = V3a/2 = v3 
a 2 a 2 
a/2 1 V3 V3a/2 
tan 30° = === t30° = = V3 
or V3a/2 V3.3 = a/2 
a 2 2 V3 


a 
= g9°= —_ =2 
V3a/2 V3.3 a/2 


The values of the trigonometric functions of 60° can be found by again using 


sec 30° = 


3 
Figure 2.34. The length of the side opposite the 60° angle is = and the length 
of the side adjacent to the 60° angle is os The values of the trigonometric func- 


tions of 60° are 


sin 60° = V3a/2 = 2 cos 60° = aie = 2 
a ed a = 

V3a/2 a/2 1 V3 
tan 60° = = V3 t 60° = —=—- = —= = 
si a/2 V3 60 Vaaj2 V3 8 

a a 2 2V3 

60° = —- = 2 60° = = = 

= a/2 = V3a/2 V3 S 


Table 2.2 summarizes the values of the trigonometric functions of the special 
angles 30° (7/6), 45° (77/4), and 60° (77/3). 


Table 2.2. Trigonometric Functions of Special Angles 


Memorizing the values given in 
7 1 V3 V3 2V3 
Table 2.2 will prove to be extremely 30°; 6 a > 3 2 37 V3 
useful in the remaining 
V2 V2 
trigonometry sections. 45°; 7 = 7 1 V2 V2 1 
V3 1 2V3 V3 
60°; = — = V3 — 2 = 
3 2 2 3 
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@ QUESTION What is the measure, in degrees, of the acute angle @ for which 
sin 0 = cos 0, tan 6 = cot 0, and sec 6 = csc 6? 


Find the exact value of sin? 45° + cos? 60°. 


Note: sin? 9 = (sin 6)(sin 6) = (sin 6)* and cos” 6 = (cos 6)(cos 6) = (cos 6)’. 


Solution 
Substitute the values of sin 45° and cos 60° and simplify. 
vi V3 5 Vev (172.2 .3 
= in’ 45° + cos” 60° = =f =—+—= 
3 3 sin’ 45 cos’ 60 5 5 mi mi ‘1 
Dee ae . 2 
sin 45 = ape cos 45 eae 
Wiarererena eel eaae : ‘ 
2 2 From the definition of the sine and cosecant functions, 


(sin 6)(csc 0) = OPP. SDs 1 or (sin 6)(csc 6) = 1 


hyp opp 
By rewriting the last equation, we find 
1 1 
in d= — _ and csc 6 = ——, provided sin 0 ¥ 0 
csc 0 sin 0 


The sine and cosecant functions are called reciprocal functions. The cosine and 
secant are also reciprocal functions, as are the tangent and cotangent functions. 
Table 2.3 shows each trigonometric function and its reciprocal. These relationships 
hold for all values of @ for which both of the functions are defined. 


Table 2.3. Trigonometric Functions and Their 


Reciprocals 
: 1 1 1 
sin 9 = — cos 9 = — tan 9 = —— 
csc 0 sec 0 cot 0 
1 
csc 6 = —— sec 0 = cot 6 = —— 
sin 0 cos 0 tan 0 


The values of the trigonometric functions of the special angles 30°, 45°, and 
60° shown in Table 2.2 are exact values. If an angle is not one of these special 
angles, then a graphing calculator often is used to approximate the value of 
a trigonometric function. For instance, to find sin 52.4° on a TI-83/TI-83 
Plus/TI-84 Plus calculator, first check that the calculator is in degree mode. 


Then use the sine function key | SIN | to key in sin(52.4) and press | ENTER |. 
See Figure 2.35. 


@ ANSWER 45° 


Horizontal 
Angle of eee & 
elevation 


> 


j Angle of depression 


Line of 
sight 


Figure 2.37 


Figure 2.38 
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To find sec 1.25, first check that the calculator is in radian mode. A TI-83/ 
TI-83 Plus/TI-84 Plus calculator does not have a secant function key, but 
because the secant function is the reciprocal of the cosine function, we can 
evaluate sec 1.25 by evaluating 1/(cos 1.25). See Figure 2.36. 


Select Degree in Select Radian in 
the Mode menu. the Mode menu. 


0123456789 


 sin(52.4) 
Con 7922896434 


3.171357694 


Figure 2.35 Figure 2.36 


When you evaluate a trigonometric function with a calculator, be sure the 
calculator is in the correct mode. Many errors are made because the correct 
mode has not been selected. 


= Applications Involving Right Triangles 


Some applications concern an observer looking at an object. In these applications, 
angles of elevation or angles of depression are formed by a line of sight and a hor- 
izontal line. If the object being observed is above the observer, the acute angle 
formed by the line of sight and the horizontal line is an angle of elevation. If the 
object being observed is below the observer, the acute angle formed by the line of 
sight and the horizontal line is an angle of depression. See Figure 2.37. 


From a point 115 feet from the base of a redwood tree, the angle of elevation 
to the top of the tree is 64.3°. Find the height of the tree to the nearest foot. 


Solution 


From Figure 2.38, the length of the adjacent side of the angle is known 

(115 feet). Because we need to determine the height of the tree (length of the 
opposite side), we use the tangent function. Let represent the length of 
the opposite side. 


o_ opp _ 
tan 64.3° = = = —_ 
sad adj 115 
h = 115 tan 64.3° = 238.952 « Use a calculator to 


evaluate tan 64.3°. 


The height of the tree is approximately 239 feet. 
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in a number v 
decimal point. 
For example, the approximate 
number: 
502 has 3 significant digits. 
3700 has 2 significant digits. 
47.0 has 3 significant digits. 
0.0023 has 2 significant digits. 
0.00840 has 3 significant 
digits. 


Figure 2.39 


Because the cotangent function involves the sides adjacent to and opposite an 
angle, we could have solved Example 4 by using the cotangent function. The so- 
lution would have been 


cot 64.3° 238.952 feet 

The accuracy of a calculator is sometimes beyond the limits of measure- 
ment. In Example 4 the distance from the base of the tree was given as 
115 feet (three significant digits), whereas the height of the tree was shown 
to be 238.952 feet (six significant digits). When using approximate numbers, we 
will use the conventions given below for calculating with trigonometric functions. 


A Rounding Convention: Significant Digits for 
Trigonometric Calculations 


DME (Distance Measuring Equipment) is standard avionic equipment on a 
commercial airplane. This equipment measures the distance from a plane to 
a radar station. If the distance from a plane to a radar station is 160 miles 
and the angle of depression is 33°, find the number of ground miles from a 
point directly below the plane to the radar station. 


Solution 


From Figure 2.39, the length of the hypotenuse is known (160 miles). The 
length of the side opposite the angle of 57° is unknown. The sine function 
involves the hypotenuse and the opposite side, x, of the 57°angle. 

me 

160 

x = 160 sin 57° ~ 134.1873 


sin 57° = 


Rounded to two significant digits, the plane is 130 ground miles from the 
radar station. 
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An observer notes that the angle of elevation from point A to the top of a 
space shuttle is 27.2°. From a point 17.5 meters further from the space 
shuttle, the angle of elevation is 23.9°. Find the height of the space shuttle. 


Solution 


From Figure 2.40, let x denote the distance from point A to the base of the 
space shuttle, and let y denote the height of the space shuttle. Then 


oy y 
1 27.29 = — 2 23.9° = 
(1) tan 2 and (2) tan 23.9 x4 175 
. . ee. . as 
Solving Equation (1) for x, x ian 7 cot 27.2°, and substituting 
Figure 2.40 into Equation (2), we have 
° y 
23.9° = 
ane ~ peat eee 17S 
y = (tan 23.9°)(y cot 27.2° + 17.5) + Solve for y. 


e 


y — y tan 23.9° cot 27.2° = (tan 23.9°)(17.5) 


y(1 — tan 23.9° cot 27.2°) = (tan 23.9°)(17.5) 


convention stated on page 140, = (ane 1) = 56.2993 


1 — tan 23.9° cot 27.2° 


This ensures better accuracy for 


the final result. Using the rounding 


we round off only the last result. 


To three significant digits, the height of the space shuttle is 56.3 meters. 


Ag \ Topics for Discussion 
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3 
1. If 6is an acute angle of a right triangle for which cos 6 = 37 then it must be 


5 
the case that sin 6 = = Do you agree? Explain. 


A tutor claims that tan 30° = cot 60°. Do you agree? 
Does sin 26 = 2 sin 6? Explain. 
4. How many significant digits are in each of the following measurements? 


a. 0.0042 inches b. 5.03 inches c. 62.00 inches 
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Exercise Set 2.2 


Trigonometric Functions 


In Exercises 1 to 12, find the values of the six trigonometric 
functions of 6 for the right triangle with the given sides. 


1. 2. 
5 3 
3. 4. a 
7 4 3 
5; )) «. 
J 5 
5 
Z\ 
/\ 7 
7. 8. 
aa el 
> a Ce) 
9. 10. \ 
6 0 3 f) 
rs 0.8 1 


oa 


11. 12. 
C) \2 (7) ‘ 


6 


In Exercises 13 to 15, let 6 be an acute angle of a right 


triangle for which sin 6 = =. Find 


13. tan 6 14. sec 0 15. cos 0 


In Exercises 16 to 18, let @ be an acute angle of a right trian- 


4 
gle for which tan 9 = 3" Find 


16. sin 6 17. cot 0 


)) 18. sec 0 


In Exercises 19 to 21, let 6 be an acute angle of a right 


1 
triangle for which sec B = > Find 


19. cos B 20. cot B 21. csc B 


In Exercises 22 to 24, let @ be an acute angle of a right tri- 


2 
angle for which cos 6 = a Find 


22. sin 0 23. sec 0 24. tan 0 


In Exercises 25 to 38, find the exact value of each 
expression. 


25. sin 45° + cos 45° 26. csc 45° — sec 45° 
27. sin 30° cos 60° — tan 45° 28. csc 60° sec 30° + cot 45° 
29. sin 30° cos 60° + tan 45° 


30. sec 30° cos 30° — tan 60° cot 60° 


31. sin} + cos & 32. ao = sec 

33. sin + tan )) 34. sin 5 cos 7 tan 7 
35. sec 7 cos ; tan _ 

36. cos i tan - + 2 tan 7 37. 2. csc 7 sec 5 cos ; 


38. 3 tan 7 + sec = sin - 


In Exercises 39 to 50, use a calculator to find the value 
= of the trigonometric function to four decimal places. 


39. tan 32° 40. sec 88° 41. cos 63°20’ 


42. cot 55°50’ 43. cos 34.7° 44. tan 81.3° 


45. 


48. 


51. 


52. 


53. 


54. 


sec 5.9° 46. sin = 47. tan = 

37r ; 
sec = 49. csc 1.2 50. sin 0.45 
VERTICAL HEIGHT FROM SLANT HEIGHT A 12-foot ladder is 


resting against a wall and makes an angle of 52° with the 
ground. Find the height to which the ladder will reach on 
the wall. 


DISTANCE ACROSS A MARSH Find the distance AB across 
the marsh shown in the accompanying figure. 


WIDTH OF A RAMP A skateboarder wishes to build a jump 
ramp that is inclined at a 19° angle and that has a maxi- 
mum height of 32.0 inches. Find the horizontal width x of 
the ramp. 


TIME OF CLOSEST APPROACH At 3:00 P.M., a boat is 
12.5 miles due west of a radar station and traveling at 
11 mph in a direction that is 57.3° south of an east-west line. 
At what time will the boat be closest to the radar station? 


2.2 
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55. PLACEMENT OF A LIGHT For best illumination of a piece 


57. 


)) 58. 


59. 


of art, a lighting specialist for an art gallery recom- 
mends that a ceiling-mounted light be 6 feet from the 
piece of art and that the angle of depression of the light 
be 38°. How far from a wall should the light be placed 
so that the recommendations of the specialist are met? 
Notice that the art extends outward 4 inches from the 
wall. 


. HEIGHT OF THE EIFFEL TOWER The angle of elevation from 


a point 116 meters from the base of the Eiffel Tower to the 
top of the tower is 68.9°. Find the approximate height of 
the tower. 


DISTANCE OF A DESCENT An airplane traveling at 240 mph 
is descending at an angle of depression of 6°. How many 
miles will the plane descend in 4 minutes? 


TIME OF A DESCENT A submarine traveling at 9.0 mph is 
descending at an angle of depression of 5°. How many 
minutes, to the nearest tenth, does it take the submarine to 
reach a depth of 80 feet? 


HEIGHT OF A BUILDING A surveyor determines that the 
angle of elevation from a transit to the top of a building is 
27.8°. The transit is positioned 5.5 feet above ground level 
and 131 feet from the building. Find the height of the 
building to the nearest tenth of a foot. 


ELE 
HEHE 

Transit 
\ 27.8° 131 ft | EHE 
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60. 


61. 


62. 
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WIDTH OF A LAKE The angle of depression to one side of a 
lake, measured from a balloon 2500 feet above the lake 
as shown in the accompanying figure, is 43°. The angle 
of depression to the opposite side of the lake is 27°. Find 
the width of the lake. 


ASTRONOMY The moon Europa rotates in a nearly 
circular orbit around Jupiter. The orbital radius of 
Europa is approximately 670,900 kilometers. During a 
revolution of Europa around Jupiter, an astronomer 
found that the maximum value of the angle 6 formed 
by Europa, Earth, and Jupiter was 0.056°. Find the dis- 
tance d between Earth and Jupiter at the time the as- 
tronomer found the maximum value of 6. Round to the 
nearest million kilometers. 


Europa 


7 P= 670,900 km 
\ . 


Not drawn to scale. 


ASTRONOMY Venus rotates in a nearly circular orbit 
around the sun. The largest angle formed by Venus, 
Earth, and the sun is 46.5°. The distance from Earth to 
the sun is approximately 149,000,000 kilometers. See the 
following figure. What is the orbital radius r of Venus? 
Round to the nearest million kilometers. 
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63. 


64. 


65. 


ne 

_-46.5° ! 
| 149,000,000 km 
a 


4 


AREA OF AN ISOSCELES TRIANGLE Consider the following 
isosceles triangle. The length of each of the two equal 
sides of the triangle is a, and each of the base angles has 
a measure of 6. Verify that the area of the triangle is 
A =a’ sin @cos 6. 


AREA OF A HEXAGON Find the 
area of the hexagon. (Hint: The area 
consists of six isosceles triangles. 
Use the formula from Exercise 63 
to compute the area of one of the 
triangles and multiply by 6.) 


HEIGHT OF A PYRAMID The angle of elevation to the top of 
the Egyptian pyramid of Cheops is 36.4°, measured from 
a point 350 feet from the base of the pyramid. The angle of 
elevation from the base of a face of the pyramid is 51.9°. 
Find the height of the Cheops pyramid. 


51.9° 
36.4° 


H— 350 ft | 
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)) 66. HEIGHT OF A BUILDING Two buildings are 240 feet apart. connected by a skybridge at the forty-first floor. Note the 
The angle of elevation from the top of the shorter building information given in the accompanying figure. 

to the top of the other building is 22°. If the shorter build- 
ing is 80 feet high, how high is the taller building? 


a. Determine the height of the skybridge. 


67. HEIGHT OF THE WASHINGTON MONUMENT From a point A Ba Deer ne ie feng arene ekyeridee: 


on a line from the base of the Washington Monument, the 
angle of elevation to the top of the monument is 42.0°. 
From a point 100 feet away from A and on the same line, 
the angle to the top is 37.8°. Find the height, to the nearest 
foot, of the Washington Monument. 


= AB=412 feet 
Z CAB = 53.6° 
= ABisat ground level 
Sis 4 = e 
DS A 42.0° 8 ZCAD=15.5 
A 
100 ft 


70. AN EIFFEL TOWER REPLICA Use the information in the 
accompanying figure to estimate the height of the Eiffel 
Tower replica that stands in front of the Paris Las Vegas 
68. HEIGHT OF A TOWER The angle of elevation from a point A Hotel in Las Vegas, Nevada. 
to the top of a tower is 32.1°. From point B, which is on 
the same line but 55.5 feet closer to the tower, the angle of 
elevation is 36.7°. Find the height of the tower. 


Street level — 
65.5° 


235 feet 


69. THE PETRONAS TOWERS The Petronas Towers in Kuala 
Lumpur, Malaysia, are the world’s tallest twin towers. 
Each tower is 1483 feet in height. The towers are 
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Connecting Concepts ) 


71, A circle is inscribed in a regular hexagon with each side 
6.0 meters long. Find the radius of the circle. 
72. Show that the area A of the triangle given in the figure is 
1 
A= > ab sin 0. 
a c 
0) 
b 
73. FIND A MAXIMUM LENGTH Find the length of the longest 74, FIND A MAxiMUM LENGTH In Exercise 73, suppose that the 
piece of wood that can be slid around the corner of the hall is 8 feet high. Find the length of the longest piece of 
hallway in the figure in the column at right. Round to the wood that can be taken around the corner. Round to the 
nearest tenth of a foot. nearest tenth of a foot. 
1. a. PERIMETER OF A REGULAR n-GON Show that the 2. a. AREA OF A REGULAR n-GON Show that the area A of 
perimeter P of a regular n-sided polygon (n-gon) in- a regular n-gon inscribed in a circle of radius 1 is 
80° 360° 
scribed in a circle of radius 1 is P = 2n sin a. A= 2 sin — 
b. Let P,, denote the perimeter of a regular n-gon in- b. Let A, denote the area of a regular n-gon in- 
scribed in a circle of radius 1. Use the result from scribed in a circle of radius 1. Use the result from 
a. to complete the following table. a. to complete the following table. 
2 10 | 50 | 100 | 1000 | 10,000 = 10 | 50 | 100 | 1000 | 10,000 
Write a few sentences explaining why P,, approaches 277 Write a few sentences explaining why A, approaches 7 


as 1 increases without bound. as 1 increases without bound. 


= O 


Figure 2.41 


Figure 2.42 
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Trigonometric Functions of Any Angle 


Prepare for this section by completing the following exercises. The answers can be 
found on page AQ. 


3 2V5 
PS1. Find the reciprocal of — ri PS2. Find the reciprocal of oe 
PS3. Evaluate: |120 _ 180| [1.1] PS4. Simplify: 2a — = 
PS5. Simplify: Sn - = PS6. Simplify: V(—3)? + (—5)? [1.2] 


© Trigonometric Functions of Any Angle 


The applications of trigonometry would be quite limited if all angles had to be 
acute angles. Fortunately, this is not the case. In this section we extend the defini- 
tion of a trigonometric function to include any angle. 

Consider angle @ in Figure 2.41 in standard position and a point P(x, y) on the 
terminal side of the angle. We define the trigonometric functions of any angle 
according to the following definitions. 


Definitions of the Trigonometric Functions of Any Angle 


Let P(x, y) be any point, except the origin, on the terminal side of an 
angle 6 in standard position. Let r = d(O, P), the distance from the origin 
to P. The six trigonometric functions of @ are 

np =U 


sin 0 = — cos 6 = tan 9 = 


Sis «is 


Ged=—, we gePosS—, LAW Gro=— 7 


elk als 


where r = Vx? + y’. 


The value of a trigonometric function is independent of the point chosen on 
the terminal side of the angle. Consider any two points on the terminal side of an 
angle @ in standard position, as shown in Figure 2.42. The right triangles formed 
are similar triangles, so the ratios of the corresponding sides are equal. Thus, 


# id t 


b= ob b b 
for example, a = 7 Because tan 6 = = = ae we have tan 0 = a Therefore, the 


value of the tangent function is independent of the point chosen on the terminal 
side of the angle. By a similar argument, we can show that the value of any 
trigonometric function is independent of the point chosen on the terminal side of 
the angle. 
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Figure 2.44 


Trigonometric Functions 


Any point in a rectangular coordinate system (except the origin) can deter- 


mine an angle in standard position. For example, P(—4,3) in Figure 2.43 is a 
point in the second quadrant and determines an angle @ in standard position with 


r= V(-4P + 3 = 5. 


ys 


Figure 2.43 


The values of the trigonometric functions of # as shown in Figure 2.43 are 


; 3 _4_ 4 _ oe . 
= doa a 5 aay a mn 

5 5 5 —4 4 
a ee og: oe 


Find the exact value of each of the six trigonometric functions of an angle @ 
in standard position whose terminal side contains the point P(—3, —2). 
Solution 


The angle is sketched in Figure 2.44. Find r by using the equation 
r= Vx? + y?, where x = —3 and y = —2. 


r= V(-3) + (-2P = V9 +4=V13 


Now use the definitions of the trigonometric functions. 


sin 0 = = _ _2V13 os 6 = ae = X ite ee 
13 13 /13 13 —3 3 
g-VB__V2B g-V¥B__VB pi a 
7 —2 2 a = 3 =2° 3 


© Trigonometric Functions of Quadrantal Angles 


Recall that a quadrantal angle is an angle whose terminal side coincides with the 
x- or y-axis. The value of a trigonometric function of a quadrantal angle can be 
found by choosing any point on the terminal side of the angle and then applying 
the definition of that trigonometric function. 
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y The terminal side of 0° coincides with the positive x-axis. Let P(x, 0),x > 0, be 
a point on the x-axis, as shown in Figure 2.45. Then y = 0 and r = x. The values of 
P(x, 0) the six trigonometric functions of 0° are 
Es 
0 x x 0 
sin 0° = — =0 cos 0° = — =—=1 tan 0° = — =0 
r r x x 
Figure 2.45 x 


csc 0° is undefined. sec 0° = 7 = zi =1 cot 0° is undefined. 


@ QUESTION Why are csc 0° and cot 0° undefined? 


In like manner, the values of the trigonometric functions of the other quad- 
rantal angles can be found. The results are shown in Table 2.4. 


Table 2.4 Values of Trigonometric Functions of Quadrantal Angles 


0° 0 1 0 undefined 1 undefined 
90° 1 0 undefined 1 undefined 0 

yh 180° 0 —1 0 undefined =ll undefined 
270° —1 0 undefined il undefined 0 


* = Signs of Trigonometric Functions 


The sign of a trigonometric function depends on the quadrant in which the termi- 
P(x, y) nal side of the angle lies. For example, if @ is an angle whose terminal side lies in 
Quadrant III and P(x, y) is on the terminal side of 6, then both x and y are nega- 


x y 
Figure 2.46 tive, and therefore ¥ and — are positive. See Figure 2.46. Because tan @ = = 
x y 


x te 
oR and cot 6 = —, the values of the tangent and cotangent functions are positive for 
2 
any Quadrant III angle. The values of the other four trigonometric functions of 
Sine and All . 
cosecant functions any Quadrant III angle are all negative. 
ee Roane Table 2.5 lists the signs of the six trigonometric functions in each quadrant. 


Figure 2.47 is a graphical display of the contents of Table 2.5. 


RY 


niapeeotand ae Table 2.5 Signs of the Trigonometric Functions 


cotangent secant 
positive positive 


sin @ and csc 6 positive positive negative negative 
Figure 2.47 cos 6 and sec 0 positive negative negative positive 
tan 6 and cot 6 positive negative positive negative 


@ ANSWER P(x, 0) is a point on the terminal side of a 0° angle in standard position. Thus 


csc 0° = a which is undefined. Similarly, cot 0° = a which is undefined. 
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hence nonnegative. 


7 
Given tan 6 = a and sin 6 < 0, find cos @ and csc 0. 
Solution 
y A 
ot The terminal side of angle 6 must lie in Quadrant IV; that is the only 
quadrant in which sin 6 and tan @ are both negative. Because 
7 
tang=-—=4 (1) 
5 x 
and the terminal side of 6 is in Quadrant IV, we know that y must be 
negative and x must be positive. Thus Equation (1) is true for y = —7 and 
x =5.Nowr = V5? + (—7)? = V74. See Figure 2.48. Hence 
x 5 5V74 
cos 86 =— = = 
ro V74 74 
and 
i is _r_ VA VA 
In this section ris a distance and csc 6 _7 ey 
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In the next example we are asked to evaluate two trigonometric functions of 
the angle 0. A key step is to use our knowledge about trigonometric functions and 
their signs to determine that @ is a Quadrant IV angle. 


used time and time again in the 


remaining trigonometry sections. 


important concept that will be 


= The Reference Angle 


We will often find it convenient to evaluate trigonometric functions by making use 
of the concept of a reference angle. 


Definition of a Reference Angle 


Given 29 in standard position, its reference angle 6’ is the acute angle 
formed by the terminal side of 26 and the x-axis. 


Figure 2.49 shows 29 and its reference angle 6’ for four cases. In every case the 
reference angle 6’ is formed by the terminal side of 26 and the x-axis (never the 
y-axis). The process of determining the measure of 20’ varies according to which 
quadrant contains the terminal side of 26. 


yr 
a=0 
If 0°<@< 90°, 
then 0’ =0. 


A TI-83/TI-83 Plus/TI-84 
Plus graphing calculator 
program is available to 
compute the measure of the 


reference angle for a given 
angle. This program, 
REFANG, can be found on 
our website at 
college.hmco.com/info / 
aufmannCAT 
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y A y 4 Y 4 
6 we (7) f) 
x x Ds Je x 
6" 
If 90° < 8 < 180°, If 180° < 8< 270°, If 270° < 8 < 360°, 


then 6’ = 180° -@. 
Figure 2.49 


then 6’ =@ — 180°. then 0’ = 360° — 0. 


Find the measure of the reference angle 0’ for each angle. 


b. 6 = 345° j=. ea 


a. @=120° 


Solution 


For any angle in standard position, the measure of its reference angle is the 
measure of the acute angle formed by its terminal side and the x-axis. 


a. b. yh 
6 =345° 
A 9’=15° x 
9 = 180° — 120° = 60° 6’ = 360° — 345° = 15° 
c yt d. yt 
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The following theorem states an important relationship that exists between 
sin 6 and sin 6’, where 6” is the reference angle for angle 0. 


Reference Angle Theorem 


also valid if the sine function is 


replaced by any other trigonometric 


ea In the following example, we illustrate how to evaluate a trigonometric func- 


tion of 6 by first evaluating the trigonometric function of 6’. 


Determine the exact value of each function. 


a. sin 210° b. cos 405° C: tan 2 


Solution 


a. We know that sin 210° is negative (the sign chart is given in Table 2.5 on 
page 149). The reference angle for 6 = 210° is 0’ = 30°. By the Reference 
Angle Theorem, we know that sin 210° equals either 

1 


1 
sin 30° = = or —sin 30° = =>, 


4 
Thus sin 210° = “3° 


b. Because 6 = 405° is a Quadrant I angle, we know that cos 405° > 0. The 
reference angle for 6 = 405° is 6’ = 45°. By the reference angle theorem, 
cos 405° equals either 


V2 V2 


45° = — —cos 45° = —— 
cos 5 or cos 5 
2 
Thus cos 405° = = 
5a 


c. B 0= 
ecause 3 


5 
is a Quadrant IV angle, tan = < 0. The 


5 a 
reference angle for 6 = 4 is 0’ = i Hence tan = equals either 


tan = V3 or “tan = —V3 
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Ag \ Topics for Discussion 


1. Is every reference angle an acute angle? Explain. 


2. If 6’ is the reference angle for the angle 6, then sin @ = sin 6’. Do you agree? 
Explain. 


3. Ifsin @ <0 and cos 6 > 0, then the terminal side of the angle @ lies in which 
quadrant? 


19 
4. Explain how to find the measure of the reference angle 6’ for the angle 6 = 5 ™ 


Exercise Set 2.3 


In Exercises 1 to 8, find the value of each of the six trigono- 


metric functions for the angle whose terminal side passes 29. csc 6 = V2, = < 6 < 77; find cot 6. 
through the given point. 
thle) en Sanaaee) )) 30. sec = 73, Fg < 2m: find sin 0. 
4. P(—3,5) 5. P(-8,-5) \pp 6. P(-6,-9) 
7. P(—5, 0) 8. P(0, 2) 31. sind = —Fand cos @ > 0; find tan 0. 


In Exercises 9 to 20, evaluate the trignometric function of the 32. tan @ = 1 and sin @ < 0; find cos 6. 


quadrantal angle, or state that the function is undefined. 


1 ae 
9. sin 180° 10. cos 270° 11. tan 180° 33. cos @ = >and tan @ = V3; find csc 0. 
12. sec 90° 13. csc 90° 14. cot 90° V2 
34. tan @ = 1 and sin @ = a find sec 0. 
15 cos = 16. sine 17. tan— 
2 2 ~ 1 V3 
35. cos 0 = ——and sin 6 = —; find cot 0. 
. 7 2 2. 
18 cot7 19. sin 5 20. cos 7 


2V3 dg 
In Exercises 21 to 26, let 0 be an angle in standard position. 36. sec 6 = 3 and sin 0 = “97 find cot @. 


State the quadrant in which the terminal side of 6 lies. 


21. sind >0, cosé>0 22. tand<0, sin@<0 In Exercises 37 to 48, find the measure of the reference angle 
0’ for the gi le 0. 
23. cosd>0, tand <0 24. sind <0, cosd@>0O eee eee 
37. 0 = 160° ')) 38. 6 = 255° 39. 9 = 351° 
25. sind <0, cosd<0 26. tanéd <0, cosé<0O 
11 
40. 6 = 48° eee 42.0=—-6 
In Exercises 27 to 36, find the exact value of each expression. 
; 1 z ae 8 18 . 
27. sin @ = a 180° < @ < 270°; find tan @. 43. 0= = 44.0= ot 45. 6 = 1406 


28. cot 6 = —1, 90° < @ < 180°; find cos 6. 46. 6 = 840° 47. 0 = —475° 48. 6 = —650° 
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In Exercises 49 to 60, use the Reference Angle Theorem to 
find the exact value of each trigonometric function. 


49. sin 225° )) 50. cos 300° 51. tan 405° 
4 7 
52. sec 150° 53. csc (4 *) 54. cot (Z "| 
55. cos 2 56. tan ( *) 57. sec 765° 
58. csc (—510°) 59. cot 540° 60. cos 570° 


In Exercises 61 to 72, use a calculator to approximate 
the given trigonometric function to six significant 
~ digits. 


61. sin 127° 62. sin (—257°) 63. cos (—116°) 
64. cot 398° 65. sec 578° 66. sec 740° 
: 7 30 or 
67. sin ( Z) 68. cos 7 69. csc 5 
70. tan (—4.12) 71. sec (—4.45) 72. csc 0.34 


Trigonometric Functions 


In Exercises 73 to 80, find (without using a calculator) the 
exact value of each expression. 


73. sin 210° — cos 330° tan 330° 
74. tan 225° + sin 240° cos 60° 


75. sin? 30° + cos? 30° 


7 

76. cos 7 sin m7 — tan — 
77. sin (=) tan ( =) 
78 71 i Atr 

. COS ri an 3 
5a 5a 

. sin? | — } + cos? | — 
79 sin (7) cos (®2) 


80. tan? (=) — sec? 


In Exercises 81 to 86, find two values of 0, 0° = @ < 360°, that 
satisfy the given trigonometric equation. 


1 
81. sin 9 = 82. tand = —V3 
83. cos = - “2 84. tanéd = 1 
85. csc 0 = —V2 86. cot@é = -1 


In Exercises 87 to 92, find two values of 6, 0 <= 0 < 27, that 
satisfy the given trigonometric equation. 


1 
87. tan@d = —-1 88. cos 0 aie 
= ae 
89. ae ae 90. mee 
3 3 
3 1 
91. sgn? 


92. = 
cos 5 


If P(x, y) is a point on the terminal side of an acute angle 6 


in standard position and r= Vx + y’, then sin 0 = + and 


cos 0= = Using these definitions, we find that 


2. 2 x2 2 x + 2 
cos? 0+ sin’ = (2) + (Y) =% += a 
r ror r 


Hence cos’ 6 + sin’ 6 = 1 for all acute angles 6. This impor- 
tant identity is actually true for all angles 0. We will show 
this later. In the meantime, use the definitions of the trigono- 
metric functions to prove that the equations are identities for 
the acute angle 0 in Exercises 93 to 96. 


93. 1 + tan’? 6 = sec” 6 94. cot?6 + 1=csc?6 


95. cos (90° — 6) = sin @ 96. sin (90° — 6) = cos @ 
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a: Ag FIND SUMS OR PRODUCTS Determine the following 
) sums or products. Do not use a calculator. (Hint: 
The Reference Angle Theorem may be helpful.) Explain to 

a classmate how you know you are correct. 


a. cos 0° + cos 1° + cos 2° + «++ + cos 178° + cos 179° + cos 180° 


b. sin 0° + sin 1° + sin 2° + --- + sin 358° + sin 359° + sin 360° 


c. cot 1° + cot 2° + cot 3° + +++ + cot 177° + cot 178° + cot 179° 
d. (cos 1°)(cos 2°)(cos 3°) -+- (cos 177°)(cos 178°)(cos 179°) 


e. cos? 1° + cos? 2° + cos? 3° + «++ + cos* 357° + cos? 358° + cos? 359° 


Trigonometric Functions of 
Real Numbers 


PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be 
found on page A10. 


PS1. Determine whether the point (0, 1) is a point on the circle defined by x? + y? = 1. 
[1.1/1.2] 


1 
PS2. Determine whether the point (+ 8) is a point on the circle defined by 


ety? =1. [1.1/1.2] 


23 
PS3. Determine whether the point (2 8) is a point on the circle defined by 
ety? =1. [1.1/1.2] 


PS4. Determine the circumference of a circle with a radius of 1. [2.1] 
PS5. Determine whether f(x) = x* — 3 is an even function, an odd function, or neither. [1.4] 


PS6. Determine whether f(x) = x° — x? is an even function, an odd function, or 
neither. [1.4] 


© The Wrapping Function 


In the seventeenth century, applications of trigonometry were extended to prob- 
lems in physics and engineering. These kinds of problems required trigonometric 
functions whose domains were sets of real numbers rather than sets of angles. 
This extension of the definitions of trigonometric functions to include real num- 
bers was accomplished by using a correspondence between an angle and the 
length of an arc on a unit circle. 
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Consider a circle given by the equation x* + y* = 1, called a unit circle, and a 
vertical coordinate line / tangent to the unit circle at (1, 0). We define a function W 
that pairs a real number t¢ on the coordinate line with a point P(x, y) on the unit 
circle. This function W is called the wrapping function because it is analogous to 
wrapping a line around a circle. 

As shown in Figure 2.50, the positive part of the coordinate line is wrapped 
around the unit circle in a counterclockwise direction. The negative part of the 
coordinate line is wrapped around the circle in a clockwise direction. The wrap- 
ping function is defined by the equation W(t) = P(x, y), where t is a real number 
and P(x, y) is the point on the unit circle that yt 
corresponds to t. PC, y) 

Through the wrapping function, each 
real number t defines an arc AP that sub- 
Figure 2.50 tends a central angle with a measure of 0 
radians. The length of the arc AP is t (see Fig- 
ure 2.51). From the equation s = ré for the arc 
length of a circle, we have (with t = s) t = ré. 
For a unit circle, r = 1, and the equation be- 
comes t = 6. Thus na unit cir » the menc- 


Figure 2.51 


Evaluate w(Z) . 


Solution 


The point = on line / is shown in Figure 2.52. From the wrapping 
function, w(=) is the point P on the unit circle for which arc AP subtends 


TT 
an angle 6, the measure of which is 3 radians. The coordinates of P can be 


determined from the definitions of cos @ and sin 6 given in Section 2.3 and 
from Table 2.2, page 137. 


nep= sane 
r r 
tae a a of 
Figure 2.52 a f * sin oY oe j= 
te V3 _ Sow 
ia y cos = Zi sin = 


2 2 
1 3 1 V3 
From these equations, * = 5 and y = se Therefore, w(2) = ( Le h 


Figure 2.53 


YA 


7 


P(x, y) = (cos t, sin t) 
t 


‘A(A, 0) x 


x =cost,y = sint 


Figure 2.54 


Figure 2.55 
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To determine w(), recall that the circumference of a unit circle is 27. One- 


T 


1 
fourth the circumference is Zz (27) = = (see Figure 2.53). Thus w( 5 = P(0, 1). 


Note from the last two examples that for the given real number t, cos t = x 
and sint = y. That is, for a real number ¢ and W(t) = P(x, y), the value of the 
cosine of t is the x-coordinate of P, and the value of the sine of t is the y-coordinate 
of P. See Figure 2.54. 


@ QUESTION What is the point defined by w(=)p 


©" Trigonometric Functions of Real Numbers 


The following definition makes use of the wrapping function W(t) to define 
trigonometric functions of real numbers. 


Definitions of the Trigonometric Functions of Real Numbers 


Let W be the wrapping function, t be a real number, and W(t) = P(x, y). Then 


sint = y COSTE tant=<, x #0 
il 1 a 
GCr=——=, Vel gera—=, LAW Crr——, Vel 
Y) - u 


Trigonometric functions of real numbers are frequently called circular functions to 
distinguish them from trigonometric functions of angles. 

The trigonometric functions of real numbers (or circular functions) look remark- 
ably like the trigonometric functions defined in the last section. The difference 
between the two is that of domain: In one case, the domains are sets of real num- 
bers; in the other case, the domains are sets of angle measurements. However, there 
are similarities between the two functions. 

Consider an angle 6 (measured in radians) in standard position, as shown in 
Figure 2.55. Let P(x, y) and P’(x', y') be two points on the terminal side of 0, 
where x* + y* =1 and (x’)’ + (y')? =r’. Let t be the length of the arc from 
A(1, 0) to P(x, y). Then 


4 , 
angst = = cing 
f 1 
Thus the value of the sine function of 6, measured in radians, is equal to the 
value of the sine of the real number t. Similar arguments can be given to show cor- 


@ ANSWER 


V2 v2 
2’ 2 
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responding results for the other five trigonometric functions. With this in mind, 


Find the exact value of each function. 


a = b in ms c. tan mes d Seg 
‘ cos | cs 6 ‘ A A 3 


Solution 


The value of a trigonometric function at the real number f is its value at an 
angle of f radians. Using Table 2.2 on page 137, we have 


a cos mle = v2 
' 4 2 
77 7 i la. 7 
b. sin{ — = sin = « Reference angle for ——— is — 
( 6 6 2 . 6 6 
and sin t > 0 in Quadrant Il. 
5a 7 57. 7 
c. tan ( Z tan r 4 ¢ Reference angle for = ee 
and tan t < 0 in Quadrant Il. 
57 7 
d. sec a = sec = =2 « Reference angle for om is 4 


and sec t > 0 in Quadrant IV. 


In Example 3 we evaluate a trigonometric function of a real number to solve 
an application. 


The Millennium Wheel, in London, is the world’s largest Ferris wheel. It 
has a diameter of 450 feet. When the Millennium Wheel is in uniform 
motion, it completes one revolution every 30 minutes. The height h, in feet 
above the Thames River, of a person riding on the Millennium Wheel can 
be estimated by 


T 
h(t) = 255 — 225 cos( Zt) 


where f is the time in minutes since the person started the ride. 
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a. How high is the person at the start of the ride (t = 0)? 


b. How high is the person after 18.0 minutes? Round to the nearest foot. 


Solution 
a. h(0) = 255 — 225 cos( 2 0} b. (18.0) = 255 — 225 cos( 2 180) 
= 255 — 225 = 255 — (—182) 
= 30 = 437 
At the start of the ride, the After 18.0 minutes, the person is 
person is 30 feet above about 437 feet above the Thames. 
the Thames. 


») Try Exercise 82, page 167 


The Millennium Wheel, on the banks of é : a : 
ihe Thames River Londun. © Properties of Trigonometric Functions of Real Numbers 


The domain and range of the trigonometric functions of real numbers can be found 
from the definitions of these functions. If t is any real number and P(x, y) is the point 

= => corresponding to W(t), then by definition cos t = x and sin t = y. Thus the domain 
of the sine and cosine functions is the set of real numbers. 


Domainandi Range Because the radius of the unit circle is 1, we have 


See page 32. 
=x s1 and =bs y= 1 


Therefore, with x = cos t and y = sin t, we have 
-1lscost=1 and —1<ssint<1 


The range of the cosine and sine functions is [—1, 1]. 
Using the definitions of tangent and secant, 


1 
ate = and sect = — 
x x 


The domain of the tangent function is all real numbers t except those for which the 
3 

x-coordinate of W(t) is zero. The x-coordinate is zero when t = + i t= - 
(2n + 1)a 

2 
Thus the domain of the tangent function is the set of all real numbers t except 

2n + 1)a7 

- ae where n is an integer. The range of the tangent function is all 

real numbers. 

Similar methods can be used to find the domain and range of the cotan- 
gent, secant, and cosecant functions. The results are summarized in Table 2.6 on the 
next page. 


5a 
t= +—, and in general when t= , where n is an_ integer. 
a 8 g 
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Trigonometric Functions 


Figure 2.56 


TO REVIEW 


<= => 


Odd and Even Functions 
See page 56. 


Table 2.6 Domain and Range of the Trigonometric Functions of Real 
Numbers (n is an integer) 


y=sint {t|-2 <t< oo} {y|-1<y<=1} 

y = cost {t|-00 <t < oo} {y|-1<y<1} 
(2n + 1)a 

y = tant nasi 7 ase aa {y|-~ <y < o} 

y =csct {t]-0 <t<0,t An} {yly=1,y =< —-1} 
(2n + 1)r 

y = sect aaa a {yly=lLys-} 

y =cott {t]-0 <t<0,tA#nm} {y|-2 <y < o} 


Consider the points t and —t on the coordinate line / tangent to the unit circle 
at the point (1, 0). The points W(t) and W(—#) are symmetric with respect to the 
x-axis. Therefore, if P,(x,y) are the coordinates of W(t), then P,(x, —y) are the 
coordinates of W(—t). See Figure 2.56. 

From the definitions of the trigonometric functions, we have 


sint=y and_ sin(—t) = —-y and cost=x and cos(—t)=x 


Substituting sin t for y and cos t for x yields 


sin(—t) = —sint and cos(—t) = cost 
Thus the sine is an odd function and the cosine is an even function. Because 
csc t = — and sec t = —, it follows that 

csc(—t) = —csct and sec(—t) = sect 


These equations show that the cosecant is an odd function and the secant is an 
even function. 


From the definition of the tangent function, we have tant = z and 
tan(—t) = = Substituting tant for = yields tan(—t) = —tant. Because 


1 
cott = a it follows that cot(—t) = —cott. Thus the tangent and cotangent 
an 


functions are odd functions. 


Even and Odd Trigonometric Functions 
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Is f(x) = x — tan x an even function, an odd function, or neither? 


Solution 


Find f(—x) and compare it to f(x). 


f(—x) = (—x) — tan(—x) = —x + tanx * tan(—x) = —tan x 
= —(x — tan x) 
= f(x) 


The function f(x) = x — tan x is an odd function. 


We encounter many recurring patterns in everyday life. For instance, the time 
of day repeats every 24 hours. If f(t) represents the present time of day, then 
24 hours later the time of day will be exactly the same. Using mathematical nota- 
tion, we can express this concept as 


f(t + 24) = f(t) 


The function f is said to be periodic in that it repeats itself over and over. The 
period of f is 24 hours, the time it takes to complete one full cycle. 


Definition of a Periodic Function 


A function f is periodic if there exists a positive constant p such that 


fle +p) =f) 


for all t in the domain of f. The smallest such positive number p for which f 
is periodic is called the period of f. 


The unit circle can be used to show that the sine and cosine functions are 
periodic functions. First note that the circumference of the unit circle is 27. 
Thus, if we start at any point P(x,y) = P(cost,sint) on the unit circle and 
travel a distance of 27 units around the circumference, we will be back at point P. 
Hence (cos(f + 27r), sin(t + 27)) = (cos t, sin t). Equating the first componenets 
gives us cos(t + 27) =cost and equating the second components yields 
sin(t + 27) = sint. 

The following equations illustrate that the secant and cosecant functions are 
also periodic functions. 


1 
sec(t + 27) = = = sect 
( ") cos(t + 27) cost 
1 
esc(t + 27) = =csct 


sin(t + 2m) sint 
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Period of the Sine, Cosine, Secant, and Cosecant Functions 


Ya 
P(x, Y) Although it is true that tan(t + 27) = tan t, the period of the tangent function 

t is not 277. Recall that the period of a function is the smallest value of p for which 
f(t + p) =f(t). Examine Figure 2.57, which shows that if you start at any point 
P(x, y) on the unit circle and travel a distance of 7 units around the circumference, 
you will arrive at the point (—x, —y). By definition, 


Q(-x, -y) tant = x and tan(t + 7) = a tan t 
x = Es 
Figure 2.57 ee 
Thus we know that tan(t + 7) = tan t for all t. A similar argument can be used to 
show that cot(t + 7) = cot t for all t. 


Period of the Tangent and Cotangent Functions 


The following theorem illustrates the repetitive nature of each of the trigono- 
metric functions of a real number. 


Periodic Properties of the Trigonometric Functions of a 
Real Number 
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©" Trigonometric Identities 


Recall that any equation that is true for every number in the domain of the equa- 
tion is an identity. The statement 


1 
csct =——, sint #0 
sin t 


is an identity because the two expressions produce the same result for all values 
of t for which both functions are defined. 

The ratio identities are obtained by writing the tangent and cotangent func- 
tions in terms of the sine and cosine functions. 


y _ sint : 
tant = — = — and cot t = — = —— *x = cos tand y= sint 
x cost y sint 


The Pythagorean identities are based on the equation of a unit circle, 
x* + y* = 1, and on the definitions of the sine and cosine functions. 


r+y=1 
cos’t + sir’? t =1 - Replace x by cos tand y by sin t. 


Dividing each term of cos*t + sin’ t = 1 by cos’ t, we have 


cos*f sin’ t 1 er 
= * cos 
cos?t cos?t  cos’t 
in 
1+ tan’ t = sec?t et ond 
cos t 


Dividing each term of cos*t + sin’ t = 1 by sin’ t, we have 


cos*t sin’ t d. adie 
= e sin 
sir’ t sin?t sin’ t 
cot?# + 1 =csc’t ee agnes 
sin t 


Here is a summary of the Fundamental Trigonometric Identities: 


Fundamental Trigonometric Identities 
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Chapter 2 


= (csc? t)(sec* t) 
we could have written the answer 
to Example 6 in terms of the 


cosecant and secant functions. 


Trigonometric Functions 


Use the Unit Cc ‘ircle to \ an de ntity 
Use the unit circle and the definitions of the trigonometric functions to show 
that sin ({ + 7) = —sint. 


Solution 


Sketch the unit circle and let P be the point on the unit circle such that 
W(t) = P(x, y), as shown in Figure 2.58. Draw a diameter from P and label 
the endpoint Q. For any line through the 
origin, if P(x, y) is a point on the line, 
then Q(—x, —y) is also a point on the 
line. Because line segment PQ is a 
diameter, the length of the arc from 

P to Qis 7. Thus the length of the arc 
from A through P to Qist + a. 
Therefore, W(t + 7) = Q(—x, —y). From 
the definition of sin t, we have 


YA 


P(x, y) 
t+ 


Q(-x, -y) 


sint=y and sin(t+ m)=~-y 


Figure 2.58 
Thus sin (¢ + am) = —sint. 


Using identities and basic algebra concepts, we can rewrite trigonometric 
expressions in different forms. 


nometric Expr 


Write the expression z, asa single term. 


mo 
sin’t cos 


Solution 


Express each fraction in terms of a common denominator. The common 
denominator is sin’ t cos’ f. 


1 1 1 cost 1 sin’ t 
sin’?t cos?t sin?t cos?t cost sin’t 
cos’ t + sin’ t 1 ' 5 
=| <200 0 2 = ae 2 * cos’ t+ sin’ t= 1 
sin’ t cos* t sin’ t cos* t 
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T 4 a . 
For ca <t< 7, write tant in terms of sin t. 


Solution 


. sin t 4 a5 
Write tan t = on Now solve cos*t + sin’ t = 1 for cost. 


cos*t + sin? t = 1 
cos’?t = 1 — sin’ t 


cost = +V1 — sin? t 


Because <t< 7,cos t is negative. Therefore, cost = —V1 — sin’ t. 
Thus 


sin t sint 7 
tant = =— ~-—<t<7 


cos t V1 — sin’ t 2 


Ag \ Topics for Discussion 
1. Is W(t) a number? Explain. 


2. Explain why the equation cos’ t + sin’ t = 1 is called a Pythagorean 
identity. 


3. Is f(x) = cos’ x an even function or an odd function? Explain how you made 
your decision. 


4. Explain how to make use of a unit circle to show that sin(—t) = —sin t. 
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Exercise Set 2.4 


Trigonometric Functions 


In Exercises 1 to 12, evaluate W(t) for each given t. 


7 7 70 
<i e— —— :=— 
1. t 6 2 Fi 3 6 
Aq 5a 7 
4.¢=— 5. f= — 6. f=-— 
3 3 6 
11 
(= — 8. +=0 9.t=7 
6 
_ 7 
Mito. :=-F W¢=-= 12. t=-7 


In Exercises 13 to 22, find the exact value of each function. 


lla 2Qar 
13. tan (42) 14. cot (2) 


2) )) 16. se( 2) 


15. cos 
7 
17. csc (- 2) 18. tan (127) 
7 
19. sin (=) 20. cos (2) 
7 5 
(- 72) 22. sin (- =) 


-| In Exercises 23 to 32, use a calculator to find an ap- 
proximate value of each function. Round your answers 
to the nearest ten-thousandth. 


21. sec 


23. sin 1.22 24. cos 4.22 

25. csc (—1.05) 26. sin (—0.55) 
lla QT 

27. tan (42) 28. cos (2) 

29. cos (- 2) 30. csc 8.2 

31. sec 1.55 32. cot 2.11 


In Exercises 33 to 40, use the unit circle to estimate the 
following values to the nearest tenth. 


Yh 


Unit Circle 
33. a. sin 2 b. cos 2 
34. a. sin3 b. cos 3 
35. a. sin 5.4 b. cos 5.4 
36. a. sin 4.1 b. cos 4.1 


37. All real numbers ft between 0 and 27 for which sin t = 0.4 
38. All real numbers t between 0 and 27 for which cos t = 0.8 


39. All real numbers t between 0 and 27 for which 
sint = —0.3 


40. All real numbers t between 0 and 27 for which 
cos tf = —0.7 


In Exercises 41 to 48, determine whether the function is even, 
odd, or neither. 


41. f(x) = —4sinx 42. f(x) = —2cosx 


43. G(x) = sinx + cos x ») 44. F(x) = tanx + sinx 


sin x 


45. S(x) = 


47. v(x) = 2 sinx cos x 


,x #0 


46. 


48 
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cos xX 


. C(x) = ,x #0 


. w(x) = xtanx 


In Exercises 49 to 54, state the period of each function. 


49. f(t) = sint 
51. f(t) = tant 


53. f(t) = sect 


50 


52 


54 


. f(t) = cost 
. f(t) = cott 
. f(t) = esc t 


In Exercises 55 to 60, use the unit circle to verify each 


identity. 
55. cos (—t) = cost 


57. cos (tf + m) = —cost 


59. sin (t — 7) = —sint 


58 


60 


)) 56. tan(¢ — 7) = tant 


. sin (—ft) = —sint 


. sec (—t) = sect 


In Exercises 61 to 76, use trigonometric identities to write 
each expression in terms of a single trigonometric function 
or a constant. Answers may vary. 


61. tant cost 


csc t 
cot t 


63. 


65. 1 — sec’ t 


67. tant — 


69. 


1 1 
71. 


1— cost 


tant + cott 
tan t 


73. 


75. sin? t(1 + cot? t) 


1+ cost 


62. 
64. 
66. 


68. 
70. 
)) 72 
74. 


76. 


cot t sin t 


sec t 
tan t 


1 — csc’ t 


csc’ t 
cot t 


— cott 


1 — sin’ t 
cot? t 


1 1 


“{—sint | 1+ sint 


csct — sint 
csc t 


cos? t(1 + tan? f) 


77. Write sin t in terms of cos t,0<t< - 


\¥ 3 
y) 78. Write tant in terms of sec t, = <t< 27. 


T 
79. Write csc t in terms of cot t, = <t<7. 


. ’ 37 
80. Write sec t in terms of tant, 7< t < >" 


81. PATH OF A SATELLITE A satellite is launched into space 


from Cape Canaveral. The directed distance, in miles, that 
the satellite is north or south of the equator is 


aT 
d(t) = 197 —t 
(t) s70 cos( Zt) 


where t is the number of minutes since liftoff. A negative 
d value indicates that the satellite is south of the equator. 


1970 sai 


Equator 


What distance, to the nearest 10 miles, is the satellite north 
of the equator 24 minutes after liftoff? 


)) 82. AveRAGE HIGH TEMPERATURE The average high tempera- 


ture T, in degrees Fahrenheit, for Fairbanks, Alaska, is 
given by 


T(t) 41 cos 7 ) + 36 
where ft is the number of months after January 5. Use 
the formula to estimate (to the nearest tenth of a degree 
Fahrenheit) the average high temperature in Fairbanks for 
March 5 and July 20. 


In Exercises 83 to 94, perform the indicated operation and 
simplify. 


1 1 
83. cos f — —— 84. tan tf + —— 
cos t tan t 
1 1 
85. cot f + —— 86. sint — — 
cot ft sin t 
87. (1 — sint)’ 88. (1 — cos t)’ 
89. (sin t — cos t)?? 90. (sin ft + cos t)?? 
91. (1 — sin f)(1 + sin t) 92. (1 — cos £)(1 + cos t) 
93. sin t ead 4 1—sint 1 
1+ cost sin t cos t tant + sect 
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In Exercises 95 to 100, factor the expression. 


95. cos’ t — sin’ t 96. sec? t — csc" t 


97. tan? t — tant — 6 98. cos*t + 3cost — 4 


»» » Connecting Concepts 


Trigonometric Functions 


99. 2sin’t — sint — 1 100. 4cos*t + 4cost + 1 


In Exercises 101 to 104, use trigonometric identities to find 
the value of the function. 


101. Given csc t = V2,0<t< = find cos t. 


L 3 
102. Given cos t = 3° ot t < 27, find sin t. 


2 


1 
103. Given sint = ae = <t< 7, find tant. 
104. Given cot t = T<t< = find cos ft. 


In Exercises 105 to 108, simplify the first expression to the 
second expression. 
sin’ t + cos*t_ 


105. ——_,~—_; csc’ t 
sin’ t 


sin? t + cos*t- 


106. ;sec’ t 


cos? t 
107. (cos t — 1)(cos t + 1); —sin? t 


108. (sect — 1)(sect + 1); tan? t 


A: Ag, VISUAL INSIGHT 
OF 


Unit circle 


OD=cosd DC=sing 


Make use of the above circle and similar triangles 
to explain why 


a. ABisequaltotangd  b. EF is equal to cot ¢ 


c. OB is equal to sec d. OF is equal to csc 


2. Consider a square as shown. Start at the point (1, 0) and 
travel counterclockwise around the square for a distance t 
(t = 0). 


Ya 
(41,1) 01) (11) 

1,0) (1,0) * 
eel) Ga (1) 


Let WSQ(t) = P(x, y) be the point on the square deter- 
mined by traveling counterclockwise a distance of t units 
from (1, 0). For instance, 
WSQ(0.5) = (1, 0.5) 
WSQ(1.75) = (0.25, 1) 
Find WSQ(4.2) and WSQ(6.4). We define the square sine of 


t, denoted by ssin t, to be the y-value of point P. The 
square cosine of t, denoted by scos t, is defined to be 
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the x-value of point P. For example, Find each of the following. 
in 0.4 = 0.4 4=1 
an —e a. ssin 3.2 b. scos 4.4 c. stan 5.5 
scos 1.2 = 0.8 scos 5.3 = —0.7 
The square tangent of t, denoted by stan t, is defined as d. ssin11.2 @. scos—5.2—f,._ stan —6.5 
ssin t 
stant = ; scos t #0 
os t 


Graphs of the Sine and 
Cosine Functions 


PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be 
found on page A10. 


‘ . oT 
Estimate, to the nearest tenth, sin a [2.4] 


5) 5a 
Estimate, to the nearest tenth, cos re [2.4] 


PS3. Explain how to use the graph of y = f(x) to produce the graph of y = —f(x). [1.4] 


PS4. Explain how to use the graph of y = f(x) to produce the graph of y = f(2x). [1.4] 


PS5. Simplify: el 


PS6. Simplify: 2m 


=" The Graph of the Sine Function 


The trigonometric functions can be graphed on a rectangular coordinate system 
by plotting the points whose coordinates belong to the function. We begin with 
the graph of the sine function. 

Table 2.7 lists some ordered pairs (x, y) of the graph of y = sin x for0 = x = 27. 


Table 2.7. Ordered Pairs of the Graph of y = sin x 


7 7 7 20 5a 77 Ar 30 5a lla 

0 = 7 Q7 
6 3 2 2 6 6 3 2: 3 6 
1 1 1 1 

0 = v3 1 v3 _ 0 v3 il v3 0 
2 2 2 2 2 2 2: 2: 
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In Figure 2.59, the points from the table are plotted and a smooth curve is drawn 
through the points. We could use decimal approximations for 7 on the x-axis, but it 
is more convenient to simply label the tick marks on the x-axis in terms of 7. Note: 


The y-value 8 =~ 0.87. 


RY 


y=sinx,0OSx=27 


Figure 2.59 


Because the domain of the sine function is the real numbers and the period is 
27, the graph of y = sin x is drawn by repeating the portion shown in Figure 2.59. 
Any part of the graph that corresponds to one period (277) is one cycle of the graph 
of y = sin x (see Figure 2.60). 


The Graph of y= sin x 


The maximum value M reached by sin x is 1, and the minimum value m is —1. 
The amplitude of the graph of y = sin x is given by 


1 
Amplitude = a (M — m) 


@ QUESTION What is the amplitude of y = sin x? 


Recall that the graph of y = a - f(x) is obtained by stretching (\a| > 1) or shrink- 
ing (0 < |a| < 1) the graph of y = f(x). Figure 2.61 shows the graph of y = 3 sin x 


@ ANSWER Amplitude (Ml m) = (-1)] >) 1 
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that was drawn by stretching the graph of y = sin x. The amplitude of y = 3 sin x 
is 3 because 


Amplitude = >(M —m)= 13 —(-3)] =3 


Note that for y = sinx and y = 3sinx, the yh aeES 
amplitude of the graph is the coefficient of | feet 


sin x. This suggests the following theorem. 


height. It may not be equaltothe Figure 2.61 
maximum height. For example, the 
graph of y= 4 + sin x has a Astininnide oti = sink 
maximum height of 5 and an 


amplitude of 1. 


MPLE 1 Graph y= asin x 


Graph: y = —2 sin x 


Solution 
yt The amplitude of y = —2 sin x is 2. The graph of y = —f(x) is a reflection 
Yosinn across the x-axis of y = f(x). Thus the graph of y = —2 sin x is a reflection 
1+ across the x-axis of y = 2 sin x. See the following figure. 


vA 


= L y=2sinx 
x 
Qn Pal 7 


N - 
y=sin 2x x 
cles 
Figure 2.62 y=-2sin x 


The graphs of y = sin x and y = sin 2x are shown in Figure 2.62. Because one 
cycle of the graph of y = sin 2x is completed in an interval of length 7, the period 
of y = sin 2x is 7. 


The graphs of y = sinx and y = sin > are shown in Figure 2.63. Because 


one cycle of the graph of y = sin _ is completed in an interval of length 47, the 


x 
Figure 2.63 period of y = sin > is 47. 
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Generalizing the last two examples, one cycle of y = sin bx, b > 0, is com- 
pleted as bx varies from 0 to 27. Therefore, 


0<bx =27 


Z 
The length of the interval, , is the period of y = sin bx. Now we consider the 


case when the coefficient of x is negative. If b > 0, then using the fact that the sine 
function is an odd function, we have y = sin(—bx) = —sin bx, and thus the period 
Qa 


is still 
is stl 


. This gives the following theorem. 


Period of y= sin bx 


Table 2.8 gives the amplitude and period of several sine functions. 


Table 2.8 
. é . x Oe 
y = asin bx y = 3 sin(—2x) y sin3 y 2 sin i 
al [3| = 3 ll=s |-2] = 2 
call alae OT ag om ot 
(b| 7° ia. °" 3/4. 3 


Graph: y = sin 7x 
Solution 


2 
Amplitude =1 Period = = = =2 -b=n 


y = sin 7x 


Figure 2.64 


Ry 


The graph is sketched in Figure 2.64. 


Figure 2.65 shows the graph of y = a sin bx for botha and b positive. Note from 
the graph the following properties of the function y = a sin bx. 
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ys © The amplitude is a. 
2 
© The period is 7 ; 


2 2 
© ForOS=xs ae the zeros are 0, as and ale 


b b 


7 : 7 
© The maximum value is a when x = — 


2b 


=asi _ : 37 
P= says © The minimum value is —a when x = a 


Figure 2.65 b 


© Ifa <0, the graph is reflected across the x-axis. 


1 
Graph: y = ar sin > 


3 
Solution 
~ 1 1 Qa 1 
af Ampli =|->|=7 | Period =——> = ‘b= 
plitude | 5 | 5 eriod 1/3 67 3 
Th in the interval 0 < x < 6mare 0,—— =3 uae 677, so the 
ros in the inter <x< — = ~~ =6n, 
€ Zeros e interva x=67 7/3 TI, 173 T, 
il 
pee Ds Fe graph has x-intercepts at (0, 0), (37, 0), and (677, 0). Because —s, < 0, the graph 
2 3 
1 
Figure 2.66 is the graph of y = > sin A reflected across the x-axis, as shown in Figure 2.66. 


= The Graph of the Cosine Function 


Table 2.9 lists some ordered pairs (x, y) of the graph of y = cos x for0 = x = 27. 


Table 2.9 Ordered Pairs of the Graph of y = cos x 


7 T 7 20 5a 77 Ar 37 5a lla 
0 T 27 
6 3 2 3 6 6 3 2 3 6 
We Belg Ic 8) ce 8) 2h] ce | BE | |g 
2 2 2: 2 2 2 2 2 


In Figure 2.67 on page 174, the points from the table are plotted and a smooth 
curve is drawn through the points. 
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Yh 
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a 
a 
a 
N 
a 
wo 
a 
al 
a 
= 
heres 
a 

N 

a 
RY 


alas 
a 


-1+4+ 


y=cosx,0Sx=27 


Figure 2.67 


Because the domain of y = cos x is the real numbers and the period is 27, the 
graph of y = cos x is drawn by repeating the portion shown in Figure 2.67. Any 
part of the graph corresponding to one period (27) is one cycle of y = cos x (see 
Figure 2.68). 


The Graph of y= cos x 


Basic Properties 


Ae) oe 
EL RPT 


The following two theorems concerning cosine functions can be developed 
using methods that are analogous to those we used to determine the amplitude 
and period of a sine function. 


Amplitude of y = acos x 


Period of y= cos bx 


= mes 
y 3 


Figure 2.69 


y =acos bx 


Figure 2.70 
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Table 2.10 gives the amplitude and period of some cosine functions. 


Table 2.10 
2x 
y = acos bx y = 2 cos 3x y= —3c08 
al |2| = 2 |-3| = 3 
2m 2m Pit 
ib] a aja" 


2 
Graph: y = cos a x 


Solution 


; _ . 4g 20 om 2a 
Amplitude = 1 Period = bl 2n/3 3 3 


The graph is shown in Figure 2.69. 


Figure 2.70 shows the graph of y = a cos bx for botha and b positive. Note from 
the graph the following properties of the function y = a cos bx. 


© The amplitude is a. 


2: 
© The period is = ‘ 
27 7 37 
rT] <x =<=—,th — —. 
For0 =x b , the zeros are ob and Ob 


© The maximum value is a when x = 0. 
© The minimum value is —a when x = a 


© Ifa <0, then the graph is reflected across the x-axis. 


Cosine Function 


Graph: y = —2 cos = 


Solution 


2 
Amplitude = |-2|=2 Period = n/a =8 ‘bat 
Continued > 


Chapter 2 


1X 
=--—2 — 
y cos | 


Figure 2.71 


Trigonometric Functions 


y= cos x 
kee | 


Figure 2.72 


5 
The zeros in the interval 0 = x = 8 are a a 2 and a tag 6, so the graph 


has x-intercepts at (2, 0) and (6, 0). Because —2 < 0, the graph is the graph of 


1X ; ‘ 
y =2cos - reflected across the x-axis, as shown in Figure 2.71. 


Graph y = |cos x|, where 0 < x < 27. 


Solution 


Because |cos x| = 0, the graph of y = |cos x| is drawn by reflecting the 
negative portion of the graph of y = cos x across the x-axis. The graph is 
the one shown in purple and light blue in Figure 2.72. 


The graph at the right shows one Vs 
cycle of the graph of a sine or 
cosine function. Find an equation 
for the graph. 


RY 


Solution 


Because the graph obtains its maximum value at x = 0, start with an 
equation of the form y = a cos bx. The graph completes one cycle in 6 units. 


2 
Thus the period is 6. Use the equation 6 = <* to determine b. 


[b| 
29 
[b| 
6|b| = 2a + Multiply each side by |b]. 
|p| = a . Divide each side by 6. 
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We can use either A or == as the b value. The graph has a maximum 


height of 2 and a minimum height of —2. Thus the amplitude is a = 2. 


Substituting 2 for a and 7 for bin y = acos bx produces y = 2 cos no 


Ag sa Topics for Discussion 


Is the graph of f(x) = |sin x| the same as the graph of y = sin|x|? Explain. 
Explain how the graph of y = cos 2x differs from the graph of y = cos x. 


Does the graph of y = sin(—2x) have the same period as the graph of 
y = sin 2x? Explain. 


4. The function h(x) = a sin bt has an amplitude of 3 and a period of 4. What are 
the possible values of a? What are the possible values of b? 


) Exercise Set 2.5 


In Exercises 1 to 18, state the amplitude and period of the In Exercises 19 to 56, graph one full period of the function 
function defined by each equation. defined by each equation. 
: I. iL > 3 
1. y=2sinx 2.y=—3 sinx 19. y => sinx 20. y = 7 cos x 
2 3 
3. y = sin 2x 4. y = sin 21. y =3cosx )) 22. y= -Fsinx 
1 7 
5. y= 7 sin 2x 6. y=2sin 23. y = —-; cos x 24. y=3sinx 
7 pa a 84 a ein 25. y = —4sinx 26. y = —5 cosx 
2 2 2 
27. y = cos 3x 28. y = sin 4x 
9. y=—cosx 10. y = —3 cos x 3x 
2 29. y= sin 30. y = cos 7x 
11 y = cos— 12. y = cos 3x 
. = 4 . = _ T = 37 
31. y = cos x )) 82. y= sin x 
_ TX _ il 
13. y = 2cos > 14. y = 5 cos 2nx 33. y = sin 2nx )) 34. y = cos3ax 
2 _ x _ 3x 
15. y= ~3.cos = 16. y = = cos 4x 35. y = 4cos 36. y= 2cos 7 


17. y =4.7 sin 0.8ct 18. y = 2.3 cos 0.0057 a7 yS—tede 38. y = -= cos 2. 
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1 
39. y = 2 sin 7x )) 40. y= sin 
64s ee 3a te 
Y= FOS “Y= cos 
2 
43. y = 4sin— Ty ee 
3 2 
ieee 
45. y = 2cos 2x 46. y = | sin 2.5x 
47. y = —2sin 1.5x pp 4s = —3 cos 5x 
ay : Ly i 
49. y = |2 sin— 50. y = |= sin 3x 
Ly i Y= 5 
51. y = |—2cos 3x| Ce eee 
y= cos 3x -Y=|-Z 0085 
_ x ek 
53, y= -fpsin 3 >) 54. y= —[Ssin> 
55. y = —|3 cos m| 56. y = — 2.cos 7 


In Exercises 57 to 62, one cycle of the graph of a sine or 
cosine function is shown. Find an equation of each graph. 


57. 58. 


y YA 


RY 


RY 


63. 


64. 


65. 


66. 


67. 


(MODEL A SOUND WAVE The following oscilloscope screen 
displays the signal generated by the sound of a tuning 
fork during a time span of 8 milliseconds. 


, ere 
tava 


a. Write an equation of the form V = a sin bt that models 
the signal, where V is in volts and t is in milliseconds. 


=o '¥ 


b. The frequency of a sound wave is defined as the 
reciprocal of the period of the sound wave. What is the 
frequency of the sound wave that produced the signal 
shown above? State your answer in cycles per 
millisecond. 


(MODEL A SOUND WAVE The following oscilloscope screen 
displays the signal generated by the sound of a tuning 
fork during a time span of 5 milliseconds. 


2.5V 


-2.5V 


a. Write an equation of the form V = a sin bt that models 
the signal, where V is in volts and t is in milliseconds. 


b. What is the frequency of the sound wave that pro- 


duced the signal shown above? (Hint: See Exercise 63b). 
State your answer in cycles per millisecond. 


2 
Sketch the graph of y = 2 sin at 37 Sx = 67. 


3 
Sketch the graph of y = —3 cos ae -2n7 =x S40. 


Sketch the graphs of 
y= 2.cos > and y.=2cosx 


on the same set of axes for —27 = x S 47. 


2.5 


68. Sketch the graphs of 


y,=sin3ax and y= sin > 


on the same set of axes for —2 Sx S 4. 


In Exercises 69 to 72, use a graphing utility to graph 
each function. 


di 1 
69. y= | xsinx 70. y= x + sinx 


71. y = —x cos x 72. y = —x + cosx 
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73. Graph y = e*"*, where e ~ 2.71828. What is the max- 
imum value of e*"*? What is the minimum value of 
e""*? Ts the function defined by y = e*"* a periodic func- 


tion? If so, what is the period? 


e°**? Is the function defined by y = e°** a periodic func- 
tion? If so, what is the period? 


In Exercises 75 to 77, write an equation for a sine function 
using the given information. 


75. Amplitude = 2; period = 37 
76. Amplitude = 4; period = 2 


77. Amplitude = 2.5; period = 3.2 


In Exercises 78 to 80, write an equation for a cosine function 
using the given information. 


78. Amplitude = 3; period = = 


79. Amplitude = 3; period = 2.5 


80. Amplitude = 4.2; period = 1 


1. wu”  CEPHEID VARIABLE STARS AND THE 
Ag y PERIOD-LUMINOSITY RELATIONSHIP A 
variable star is a star whose brightness increases and de- 
creases in a periodic fashion. Variable stars known as 
Cepheid variables have very regular periods. The light curve 
below is for the star Delta Cephei. It shows how Delta 
Cephei’s brightness varies every 5.4 days. 


as 


Delta Cephei Light Curve 


w 


+—— 5.4 days ——1 


Apparent magnitude 
a 
oO 


- 
on 


Time (days) 


a. During the first decade of the 1900s, the astronomer 
Henrietta Leavitt (1868-1921) discovered the period- 
luminosity relationship for Cepheid variable stars. Write 
a few sentences that describe this relationship. 


b. What is the major application of Leavitt’s discovery? 
(Note: The Internet is a good source of information on 
the period-luminosity relationship.) 
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= _ 
Vertical Asymptote 
See page 38. 


Trigonometric Functions 


Graphs of the Other Trigonometric 
Functions 


PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be 
found on page A11. 


PS1. Estimate, to the nearest tenth, tan - [2.2] 


PS2. Estimate, to the nearest tenth, cot i [2.2] 


PS3. Explain how to use the graph of y = f(x) to produce the graph of y = 2f(x). [1.4] 
PS4. Explain how to use the graph of y = f(x) to produce the graph of y = f(x — 2) + 3. [1.4] 


7 


T 


Fa 


© The Graph of the Tangent Function 


Table 2.11 lists some ordered pairs (x, y) of the graph of y = tan x for0 =x < 7 


Table 2.11 Ordered Pairs of the Graph of y = tan x,0=x< 2 


a] = a z = a a 
12 6 4 3 12 2 
0 =~ 0.27 8 = 0.58 1 V3 ~ 1.73 = 3.7 | undefined 


In Figure 2.73, the points from the table are plotted and a smooth curve is drawn 


through the points. Notice that as x increases on 0 2), y = tan x increases on 
[0, °). The y values increase slowly at first and then more rapidly as x > = from 
the left. The line given by x = > is a vertical asymptote of the graph. 


Because the tangent function is an odd function, its graph is symmetric with 
respect to the origin. We have used this property to produce the graph of y = tan x 


7 7 . 
for “5 <x< a shown in Figure 2.74. 
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Ys 


I } J I 
l l l 
4+ ay 
| | Vertical asymptote | ! 
| ly 7 | 
! I x=-> | 
2+ I I 2 2+ I 
| I I 
| I | 
l l ! 
ar 7. m3 = x x * 
4 2 2 4 4 2 
! I I 
2+ I | 2+ | 
! ! ! 
L /\ ! L /\ 
Vertical asymptote Vertical asymptote 
a x=5 =a) x=5 
| | | 
7 7 7 
y = tanx,0O=x=— y = tan x, <x< 
“ 2 . 2 
Figure 2.73 Figure 2.74 


Recall from Section 2.4 that the period of y = tanx is 7. Thus a complete 
graph of y = tan x can be produced by replicating the graph in Figure 2.74 to the 
right and left, as shown in Figure 2.75. 


Domain: All real numbers except odd multiples of 
Range: All real numbers 


Period: 7 


se SeSSS55][ qb 


Figure 2.76 


I I yh I I 
| | I | 
| | Bar | | 
| | | I 
| | | | 
| | | | 
| | Dae | | 
I I | I 
I I I | 
I | I I 
— ; 1 -—— —+— 
_3t ae aie we ie wT 3 
D Q 7s A 3 D 
if } iT if 
| i) /) pt | | 
I I I | 
! I I ! 
I | | | 
| i) onal | | 
| | | | 
I I I I 
Figure 2.75 
i i= tanie 
| I 
| I 
I \ 
| 
| 
| y=ytanx 
| 
| I 
x 


seocae et |/ a+ 


ay 


Symmetry: With respect to the origin 


x-intercepts: At multiples of 7 


Vertical asymptotes: At odd multiples of = 


Key points: (z + kar, i) and (-2 + ka, -1) 


when k is an integer. 


Because the tangent function is unbounded, it has no amplitude. The graph of 
y =atanx can be drawn by stretching ({a| > 1) or shrinking (|a| < 1) the graph 
of y = tan x. Figure 2.76 shows the graph of three tangent functions. Because the 


point Z 1} is on the graph of y = tan x, we can see that the point (z, a) must 


be on the graph of y = a tan x. 
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1 
Graph one period of the function y = = tan x. 


Solution 
1 
The graph of y = 3 tan x can be produced by shrinking the graph of y = tan x 
1 
toward the x-axis by a factor of cy The point (z i) is on the graph of 


T 
ne: 


1 1 
y = tan x. Thus we know that ( ri ;) is on the graph of y = 3 tan x. 


=-------Niat—-—--------- 


The period of y = tan x is 7, and the graph completes one cycle on the interval 


= <x< az The period of y = tan bx (b > 0) is - The graph of y = tan bx 


completes one cycle on the interval (-Z. =) 


Period of y = tan bx 


@ QUESTION What is the period of the graph of y = tan 7x? 


f 
x 


I 
| 
| 
| 
I 
I 
I 
| 
| 
| 
b 


7 
y =atanbx, -—~<x< 


2b 
Figure 2.77 


aus 
2b 
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Figure 2.77 shows one cycle of the graph of y = a tan bx for both a and b posi- 
tive. Note from the graph the following properties of the function y = a tan bx. 


© The period is a 

= x =0Oisa zero. 

© The graph through (——, —a} and {— 
e graph passes throug a’ aja '" ; 


© Ifa <0, the graph is reflected across the x-axis. 


In Example 2 we graph a function of the form y = a tan bx. 


Graph one period of the function y = 2 tan = 


Solution 
1 
The function y = 2 tan = is of the form y = a tan bx, witha = 2 and b = >" 


The period is given by al oa = 27. Thus one period of the graph will 


T 
1/2 
be displayed on any interval of length 27. In the graph below, we have chosen 
to sketch the function over the interval —a < x < a. The graph 


T 7 T 
passes through (-Z -) (-25 -2) 97 -2) and 
T 7 7 . _ 
(z. a) Fae 2) (Z 4 2) The function has a zero at x = 0, so the 


graph has an x-intercept at (0, 0). 
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The Graph of the Cotangent Function 
A graph of the cotangent function y = cot x is shown in Figure 2.78. Notice that 
its graph is similar to the graph of y = tan x in that it has a period of 7 and is 
symmetric with respect to the origin. 
Pp Domain: All real numbers except multiples of 7 
Range: All real numbers 
2 
| | | Period: 7 
= a q + < z Symmetry: With respect to the origin 
! 4 4 I I 
I I I 
ay } x-intercepts: At odd multiples of = 
I I I 
I I I 
a I Vertical asymptotes: At multiples of 7 
Figure 2.78 


y=2cot x 


Figure 2.79 


RY 


~ 
> 
Le 
‘cs 
> 

-------s|a 


y = acot bx, 0 <x < + 


Figure 2.80 


RY 


Key points: (z + kar, 1) and (-2 + ka, -1) 


where k is an integer 


The graph of y = a cot x is drawn by stretching (|a| > 1) or shrinking (|a| < 1) 
the graph of y = cotx. The graph is reflected across the x-axis when a < 0. 
Figure 2.79 shows the graphs of two cotangent functions. 
T 


The period of y = cot x is 7, and the period of y = cot bx is | 


. One cycle of 


the graph of y = cot bx is completed on the interval (0, =) 


T 


The period of y = cot bx is | 


Figure 2.80 shows one cycle of the graph of y = a cot bx for both a and b posi- 
tive. Note from the graph the following properties of the function y = a cot bx. 
The period is 7 


7. 
x == isa zero. 
2b 


7 37 
The graph passes through (z. a) and (=, -c) 


If a < 0, the graph is reflected across the x-axis. 
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In Example 3 we graph a function of the form y = a cot bx. 


Graph one period of the function y = 2 cot = 


Solution 


1 
The function y = 2 cot : is of the form y = a cot bx, witha = 2 and b = 5° 
Me 
1/3 


be displayed on any interval of length 3. In the graph below, we have 
chosen to sketch the function over the interval 0 < x < 3. The graph 


7 7 37 
passes through (z. 7 laity 2) ( a, 2) and 


3 3 9 
re = = CUE. —2)= ve -2). The graph has an x-intercept at 
7 7 3 


2b 21/3) 2 


The period is given by a = 3a. Thus one period of the graph will 


x= 


| The Graph of the Cosecant Function 


1 . : 
Because csc x = ——, the value of csc x is the reciprocal of the value of sin x. 
in x 


Therefore, csc x is undefined when sin x = 0 or when x = kz, where k is an inte- 
ger. The graph of y = csc x has vertical asymptotes at ka. Because y = csc x has pe- 
riod 27, the graph will be repeated along the x-axis every 27 units. A graph of 
y = csc x is shown in Figure 2.81 on page 186. 

The graph of y = sin x is also shown in Figure 2.81. Note the relationships 
among the x-intercepts of y = sin x and the asymptotes of y = csc x. 
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y=cscx 

fal Domain: All real numbers except multiples of 7 

I I | | | 

Range: {y|y = 1,y = —1} 

2+ | y=sinx | ; 

2 ee ee eee Ce Period: 27 
on ye ae. ea a 
<< a z oe = Aa = x s Za 2 Symmetry: With respect to the origin 

Sed x-intercepts: None 

I I | | | : 

! ! ! ! | Vertical asymptotes: At multiples of 7 

—-4+ 
Reciprocal relationship: If (x, y), y ~ 0, is a point on 
Figure 2.81 the graph of y = sin x, then (x, 1/y) is a correspond- 
ing point on the graph of y = csc x. 
Yt Figure 2.82 shows one cycle of the graph of y = a csc bx for both a and b posi- 
tive. Note from the graph the following properties of the function y = a csc bx. 
a, 
2 
The period is = 
: er ae ae The vertical asymptotes of y = a csc bx are located at the zeros of y = a sin bx. 
2% b 6% +b - ar 
The graph passes through | —,a] and | —, —a }. 
al erapn P 6 (Z (2 

If a < 0, then the graph is reflected across the x-axis. 


on One procedure for graphing y = a csc bx is to begin by graphing y = a sin bx. 
y = acsc bx, 0 <x <> ~ For instance, in Figure 2.83, we have used the graph of y = 2 sin 4x to produce the 
graph of y = 2 csc 4x. Observe that 


Figure 2.82 
The vertical asymptotes of the graph of the cosecant function pass through the 
x-intercepts of the graph of the sine function. 
take note The maximum values of the sine function are the relative minimum values of 


the cosecant function, and the minimum values of the sine function are the 
relative maximum values of the cosecant function. 


The maximum value of a function 


is its largest range value. The 


minimum value of a function is its y=2csc 4x 
Yr | I I I 
smallest range value. at I ; } I I 
| Amaximum on! | | 
The value f(a) is called a relative ul | the sine function | | 
. ‘ : is a relative | | 
maximum of a function f, provided 27 we < | minimum onthe | /-°< | | 
I sae | I I 
: 4 it Fun 1 / 
fla) io greater than or equal to the \ eee! / \! Lf 
values of f near x = a. The value of Wn X ™ 3m 4 Sn 3 7x i x 
. ; oe J 8 4 8 2 8 4 8 I 
f(b) is called a relative minimum of 1 1 eas 1 | 
25 | < A minimum on | 
a function f, provided f(b) is less | y=2sin 4x | | the sine function | 
| | is a relative | | 
than or equal to the values of f \gt I | maximum on the | | 
| cosecant function. | 


near x = b. 


Figure 2.83 
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TX 


2 


Graph one complete period of y = 2 csc 


Solution 


WX 
Graph one period of y = 2 sin a. and draw vertical asymptotes through the 
x-intercepts. Use the asymptotes as guides to draw the cosecant function. 


: . WX : —_ 
The maximum values of y = 2 sin > are the relative minimum values of 


x x . 
= 2 csc a and the minimum values of y = 2 sin a are the relative 
Y 2 Y 2 


TX 
maximum values of y = 2 csc —. 


a ere ee eae. ae ee 


=" The Graph of the Secant Function 


ul : : 
Because sec x = ——, the value of sec x is the reciprocal of the value of cos x. 
cos x 
: ' wa ‘ 
Therefore, sec x is undefined when cos x = 0 or when x = =, + ka, k an integer. 


The graph of y = sec x has vertical asymptotes at a + ka. Because y = sec x has 


period 27, the graph will be replicated along the x-axis every 27 units. A graph of 
y = sec x is shown in Figure 2.84 on page 188. 

The graph of y = cos x is also shown in Figure 2.84. Note the relationships 
among the x-intercepts of y = cos x and the asymptotes of y = sec x. 


188 Chapter 2 Trigonometric Functions 


y=sec x 
1 oyk ot l l Domain: All real numbers except odd 
4+ : 7 
multiples of ay 
Dp pe 
>< a Range: {y|y = 1,y = —1} 
ees 7 [ Nees ‘ oe 7 rae ne > Period: 27 
sil Symmetry: With respect to the y-axis 
x-intercepts: None 
A) ae 7 
Vertical asymptotes: At odd multiples of mi 
Figure 2.84 
Reciprocal relationship: If (x, y), y 4 0,isa 
point on the graph of y = cos x, then (x, 1/y) 
is a corresponding point on the graph of 
oy) = See 26, 

The procedure for graphing y = a sec bx is analogous to the procedure used to 
graph cosecant functions. First graph y = a cos bx to determine its x-intercepts and 
its maximum and minimum points. 

The vertical asymptotes of the graph of the secant function pass through the 
x-intercepts of the graph of the cosine function. 
The maximum values of the cosine function are the relative minimum values of 
the secant function, and the minimum values of the cosine function are the rel- 
Yt ative maximum values of the secant function. 
ad 

Figure 2.85 shows one cycle of the graph of y = a sec bx for both a and b posi- 

tive. Note from the graph the following properties of the function y = a sec bx. 
T T 3m 2n cs 


2 
The period is a 


The vertical asymptotes of y = asec bx are located at the x-intercepts of 


y =acos bx. 
7 21 
(opp eae 2 The graph passes through (0, a), yr ty and rae 
Figure 2.85 If a < 0, then the graph is reflected across the x-axis. 
EXAMPLE 5 


Graph: y = —3 sec > 
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Solution 


RY 


| 

| 

| 

| 

y=-3cos + | 
| 

} | 
| 

| | 


Figure 2.86 


First sketch the graph of y = —3 cos a and draw vertical asymptotes 


through the x-intercepts. Now sketch the graph of y = —3 sec i using the 


asymptotes as guides for the graph, as shown in Figure 2.86. 


Ag \ Topics for Discussion 


1. Explain how you could use the graph of y = sin x to produce the graph of 


y= csex, 


2. Explain how to determine the period of y = tan bx. 


3. What is the amplitude of the function y = cot 3? Explain. 


4. Explain how to determine the location of the vertical asymptotes for the graph 


of y = 2 tan bx. 


Exercise Set 2.6 


1. For what values of x is y = tan x undefined? 
2. For what values of x is y = cot x undefined? 
3. For what values of x is y = sec x undefined? 


4. For what values of x is y = csc x undefined? 


In Exercises 5 to 22, state the period of each function. 


5. y =secx 6. y = cotx 7. y =tanx 
x 1 
8. y =cscx 9. y= 2 en 10. y = = cot 2x 
x 
11. y = csc 3x 12. y = csc 
2 
13. y = —tan 3x 14. y= -3 cot 
15. y = —3 sec — 16. y = —— ese 2x 
-¥ = —3 sec] -y 7° 


17. y = cot 7x 18. y = cot 


19. y = 0.5 tan (=:) 20. y = 1.6 cot (=:) 


7 T 
21. y =2. — 22. y = 4. —t 
y 2acse (TE ) y sssee(A ) 


In Exercises 23 to 42, sketch one full period of the graph of 
each function. 


1 
23. y =3tanx >) 24. y= G tanx 
3 
25. y = = cotx 26. y = 4cotx 
3 
27. y = 2secx 28. y = 7 secx 
1 
29. y = csc x 30. y = 2cscx 
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31. y = 2tan > )) 32. y = —3 tan 3x 
x YW 1 
33. y = —3 cot )) 34. y = 5 cot 2x 
x 3 
.y = —2esc = .y= 
35. y csc 3 36. y 5 csc 3x 
1 2 
37. y => sec 2x 38. y= ~3sec= 
7X 
39. y= —2 >) 40. y = —_ 
y sec 7X ») 0. y = 3csc 5 
1 TX 
41. y =3 tan 27x 42. y = —— cot — 
2 2 
43. Graph y = 2 csc 3x from —27 to 27. 
)) 44. Graph y = sec 5 from —47 to 47. 
45. Graph y = 3 sec 7x from —2 to 4. 
In Exercises 57 to 60, graph each equation. 
46. Graph y = csc = from —4 to 4. 
2 
57. y = tan |x| 58. y = sec |x| 
47. = = . 
Graph y = 2 cot 2x from —7 to 7 69, 7 = lee 60. leat x 
1 x faa) . F 
48. Graph y 5 tan 5 from —47 to 47. 61. |“ RockeT LAUNCH An observer is 1.4 miles from the 


==, launch pad of a rocket. The rocket is launched upward 


as shown in th ing fi ; 
49. Graph y = 3 tan 7x from —2 to 2. inn eta aa 


50. Graph y = cot = from —4 to 4. 


In Exercises 51 to 56, each blue graph displays one cycle of 
the graph of a trigonometric function. Find an equation of 
each blue graph. 


51. yy 52. Observer 
I AL 
I 
I 
i} | 

I 
a. Write the height l, in miles, of the rocket as a function of 
. the angle of elevation x. 

mh 2 ot * 

3 3 b. Write the distance d, in miles, from the observer to the 

at | rocket as a function of angle x. 

c. Graph both functions in the same viewing window with 
Xmin = 0, Xmax = 77/2, Ymin = 0, and Ymax = 20. 
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d. Describe the relationship between the graphs in c. a. Write the distance d, in miles, between the tower and the 
helicopter as a function of x. 
62. AVIATION A helicopter maintains an elevation of 3.5 miles 
and is flying toward a control tower. The angle of elevation b. Find d when x = 1 and x = 1.2. Round to the nearest 
from the tower to the helicopter is x radians. hundredth of a mile. 


» » Connecting Concepts ) 


In Exercises 63 to 70, write an equation of the form y = tan bx, 67. Cotangent, period 2 68. Tangent, period 0.5 
y = cot bx, y = sec bx, or y = csc bx that satisfies the given 
conditions. 69. Cosecant, period 1.5 70. Secant, period 3 
og 7 40 
63. Tangent, period a 64. Cotangent, period = 
3 5 
65. Secant, period = 66. Cosecant, period os 


A TECHNOLOGY QUESTION A student’s calcu- 
\ lator shows the display at the right. Note that 
the domain values 4.7123 and 4.7124 are close together, 
but the range values are over 100,000 units apart. Explain 
how this is possible. 


2. SOLUTIONS OF A TRIGONOMETRIC EQUATION How 
' dy : 
many solutions does tan =~ 0 have on the interval 


—1 =x = 1? Explain. 
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= _ 
Translations of Graphs 
See page 58. 


Trigonometric Functions 


Graphing Techniques 


Prepare for this section by completing the following exercises. The answers can be 
found on page A112. 


PS1. Find the amplitude and period of the graph of y = 2 sin 2x. [2.5] 


2 
PS2. Find the amplitude and period of the graph of y = 3 cos [2.5] 


PS3. Find the amplitude and period of the graph of y = —4 sin 27x. [2.5] 
PS4. What is the maximum value of f(x) = 2 sin x? [2.5] 
PS5. What is the minimum value of f(x) = 3 cos 2x? [2.5] 


PS6. Is the graph of f(x) = cos x symmetric with respect to the origin or with respect to 
the y-axis? [2.5] 


© Translations of Trigonometric Functions 


Recall that the graph of y = f(x) + cis a vertical translation of the graph of y = f(x). 
For c > 0, the graph of y = f(x) — cis the graph of y = f(x) shifted c units down; 
the graph of y = f(x) + c is the graph of y = f(x) shifted c units up. The graph in 
Figure 2.87 is a graph of the equation y = 2 sin 7x — 3, which is a vertical transla- 
tion of y = 2sin 7x down 3 units. Note that subtracting 3 from y = 2 sin 7x 
changes neither its amplitude nor its period. 

Also, the graph of y = f(x +c) is a horizontal translation of the graph of 
y = f(x). Forc > 0, the graph of y = f(x — c) is the graph of y = f(x) shifted c units 
to the right; the graph of y = f(x + c) is the graph of y = f(x) shifted c units to the 


left. The graph in Figure 2.88 is a graph of the equation y = 2 sin( = =) which 


is the graph of y = 2 sin x translated re units to the right. Note that neither the 


period nor the amplitude is affected. The horizontal shift of the graph of a trigono- 
metric function is called its phase shift. 


ut Yt 
y=2sin mx 


RY 


y=2sinx 


y=2sin (x- 4) 


y=2sinnx-3 


Figure 2.87 Figure 2.88 


Ya 


Figure 2.89 


RY 
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Because one cycle of y = a sin x is completed for 0 = x = 27, one cycle of the 
graph of y = asin(bx + c), where b > 0, is completed for 0 = bx + c = 27. Solv- 
ing this inequality for x, we have 

0S kt +22 
—¢= bx = -c + 2a 
21 


o£, 2a 
b b 


Sx 


b 
The number — is the phase shift for y = a sin(bx + c). The graph of the equa- 


tion y = asin(bx + c) is the graph of y = asin bx shifted = units horizontally. 


Similar arguments apply to the remaining trigonometric functions. 


The Graphs of 


y a Translation 


Graph: y = 3 cos(2 + 2) 


Solution 


_a/3 _ 
2 


The phase shift is — ' = = . The graph of the equation 


y=3 cos(2 + =) is the graph of y = 3 cos 2x shifted a units to the left, 


as shown in Figure 2.89. 


@ ANSWER a 
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yr 


Figure 2.90 


RY 


Figure 2.91 


Trigonometric Functions 


The Graphs of 


Graph one period of the function y = 2 cot(3x — 2). 


Solution 
The phase shift is 


The graph of y = 2 cot(3x — 2) is the graph of y = 2 cot(3x) shifted 


5 unit to the right, as shown in Figure 2.90. 


In Example 3 we use both a horizontal translation and a vertical translation to 
graph a function of the form y = a sin(bx + c) + d. 


1 
Graph: y = a sin( ri 2 
Solution 


—7/A4 
The phase shift is — ; i zi = 7 . The vertical shift is 2 units down. 


1 1 
The graph of y = a sin( = =) — 2is the graph of y = sin x shifted ve 


units to the right and 2 units down, as shown in Figure 2.91. 


In Example 4 we use both a horizontal translation and a vertical translation to 
graph a function of the form y = a cos(bx + c) + d. 
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y=-2 cos mee) +1 


Graph: y = —2 co( + 2) +1 


Solution 


1 
The phase shift is — ; == = a The vertical shift is 1 unit up. The 
T 


graph of y = —2 com + 2) + lis the graph of y = —2 cos mx shifted 


unit to the left and 1 unit up, as shown in Figure 2.92. 


y=-2 cosmx 


Figure 2.92 


The following application involves a function of the form y = cos(bx + c) + d. 


1 
"| The function bp(t) = 32 coo( 22 t—- 2) + 112,0 =t = 20, gives the 


blood pressure, in millimeters of mercury (mm Hg), of a patient during 
a 20-second interval. 


a. Find the phase shift and the period of bp. 
b. Graph one period of bp. 


c. What are the patient’s maximum (systolic) and minimum (diastolic) blood 
pressure readings during the given time interval? 


d. What is the patient’s pulse rate in beats per minute? 


Solution 


a. Phase shift = = = 


2a 
[lon 
3 


10 
b. The graph of bp is the graph of y, = 32 cos( $221) shifted one tenth of a 


T 


3 in the graph at the 


10 
unit to the right, shown by y2 = 32 coo( $22 = 


top of the next page, and 112 units upward. 
Continued > 
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= 
Dp 
o 


= 
N 
So 
1 
t 


Blood pressure in mm Hg 
fo) 
o 


Time in seconds 


1 
c. The function y, = 32 coo( 22 = =) has a maximum of 32 and a 


minimum of —32. Thus the patient’s maximum blood pressure is 
32 + 112 = 144 mm Hg, and the patient’s minimum blood pressure is 
32> 112. = 80 mm Fig. 


d. From a. we know that the patient has 1 heartbeat every 0.6 second. 
Therefore, during the given time interval, the patient has a pulse rate of 


¢ on (3 seconds 


0.6 seeorrd 


: = 100 heartbeats per minute 
1 minute 


The translation techniques used to graph sine and cosine functions can also 
be used to graph secant and cosecant functions. 


cant Function 


y=2 csc (2x—m) 


\ 


Graph: y = 2 csc(2x — 7) 


Solution 


The phase shift is — ; == a = > . The graph of the equation 


RY 


y = 2 csc(2x — 7) is the graph of y = 2 csc 2x shifted 7. units to the 


auReEE right. Sketch the graph of the equation y = 2 sin 2x shifted 5 units to the 


right. Use this graph to draw the graph of y = 2 csc(2x — 77), as shown in 
Figure 2.93. 


Figure 2.93 


ry 3 
y y=sin x — cos x 


Figure 2.94 
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= Addition of Ordinates 


Given two functions g and h, the sum of the functions is the function f defined by 
f(x) = g(x) + h(x). The graph of the sum f can be obtained by graphing g and h 
separately and then geometrically adding the y-coordinates of each function for a 
given value of x. It is convenient, when we are drawing the graph of the sum of 
two functions, to pick zeros of the functions. 


= 


Functions 


Graph: y = x + cos x 


Solution 


Graph g(x) = x and h(x) = cos x on the same coordinate grid. Then add the 
y-coordinates geometrically point by point. The figure below shows the 
results of adding, by using a ruler, 


the y-coordinates of the two vA 
functions for selected values of x. ee est COLA os MS 
Notice that when I(x) = cosx =0, 27 
the graph of y intersects the graph 
of g(x) = x. on + 
3n | 
2 
™ 
ni h(x) = cos x 
2 
1 


In Example 8 we graph y =sinx — cosx by geometrically adding the 
y values of selected points on the graphs of g(x) = sin x and h(x) = —cos x. 


Graph y = sinx — cos x for0 =x = 27. 


Solution 


Graph g(x) = sin x and h(x) = —cos x on the same coordinate grid. For 
selected values of x, add g(x) and h(x) geometrically. Now draw a smooth 
curve through the points. See Figure 2.94. 
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= Damping Factor 


1 1 
The factor a" in f(x) = a cos x is referred to as the damping factor. In the next 


example we analyze the role of the damping factor. 


EXAMPLE Graph the Product of Two Functions 


1 
| Graph f(x) = Tt COs x, x = 0, and analyze the role of the damping 


factor. 


Figure 2.95 
Solution 


Figure 2.95 shows that the graph of f intersects 


1 
© the graph ofy = —x forx = 0,27,47,... « Because cos x = 1 for 
4 pe 
x=2n7 
1 
© the graph ofy = —q* forx = 7,37,57,... « Because cos x = —1 for 
x=(2n-1)7 
: 1 3 #5 
© the x-axis for x = > Tr, 3 5 Was « Because cos x = 0 for 
an = 1 


Figure 2.95 also shows that the graph of f lies on or between the lines 


1 1 
Y=" and y= —Ge + Because |cos x| < 1 for all x 


Ag X Topics for Discussion 


1. The maximum value of f(x) = 3 sin x + 4 is 7. Thus f has an amplitude of 7. 
Do you agree? Explain. 


2. The graph of y = sec x has a period of 27. What is the period of the graph of 
y = |sec x|? 


3. The zeros of y = sin x are the same as the zeros of y = x sin x. Do you agree? 
Explain. 


4. What is the phase shift of the graph of y = tan = zh 


)) Exercise Set 2.7 
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In Exercises 1 to 8, find the amplitude, phase shift, and period 
for the graph of each function. 


T 
1. y = 2sin| x —- — 
eee! 
3. y = cos tea — 4 gl 
f 4 "YG zs 
2X T 

: 4 si + 
5. y sin( =) 


y= > cos(3x — 27) 


2. y= —3sin(x + 7) 


x of 
8. y= 6cos( Z = 2) 


In Exercises 9 to 16, find the phase shift and the period for 


the graph of each function. 
1 
10. y= Ftan( = ) 


12. y= -4 ese 30 = 2) 
x oT 
14. y=3 se( 3 = =) 


3 
16. y = 5 cot(2n = 2) 


7 
9y= 2tan( 2s = =) 
11. y= -3 ese($ 4 "| 
3 

13. y=2 se 2x = =) 
x 

15. y= -3 cor( 4 Be 3n) 


In Exercises 17 to 32, graph one full period of each function. 


7 
18. y = si +— 
8. y sin(1 =) 
7 
)) 20. y= cos(2 = =) 


»)) 22. y = tan(x — 7) 


x T 3 7 
-y= aoe y= +— 
23. y 2eot(3 z) 24. y 5 co 3s =) 


26. y = csc(2x + 7) 


x 7 7 
27. y= ae 28. y = 2x + — 
y es 3 =) 8. y se( x =) 


[x 2a 3. _ 7 
29. y 2sin( 3 =) 30. y 5 sn( 2x =| 
7 3x 
31.y=-3 cos + =) 32. y= -4 coo( a 2n) 


In Exercises 33 to 50, graph each function by using translations. 


33. y=sinx + 1 34. y= —-sinx +1 


35. y = —cosx — 2 36. y = 2sinx +3 


37. y = sin 2x — 2 38. y= —cos > +2 


39. y = 4cos(7x — 2) + 1 


yy 40. y=2sin( 2 i) 2 


41. y sin(wx + 1) — 2 


>) 42. y = -3 cos(2mx — 3) +1 


7 1 
43. i 
3. y sin( =) 5 


44. y=-2 cos( x + 2) +3 


45. y= tan > —-4 46. y= cot2x + 3 


47. y = sec2x —2 )) 4s. yao > +4 


49. y=csc> 1 60. y= see(r-Z) 41 


In Exercises 51 to 56, graph the given function by using the 
addition-of-ordinates method. 


51. y=x — sinx DY 52. y= > + cosx 


2 
53. y=x + sin 2x 54. y = — — sinx 


55. y = sinx + cosx )) 56. y = cosx — sinx 
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In Exercises 57 to 62, each blue graph displays one cycle of 62. 


the graph of a trigonometric function. Find an equation 
of each blue graph. 


57. yh 


1+ 


ala 
Le} 
a 


61. 


63. 


+)) 64. 


65. 


RETAIL SALES The manager of a major department store 
finds that the number of men’s suits S, in hundreds, that 
the store sells is given by 


S44 cos( = 1257) +7 


where f is time measured in months, with t = 0 represent- 
ing January 1. 


a. Find the phase shift and the period of S. 
b. Graph one period of S. 


c. Use the graph from b. to determine in which month the 
store sells the most suits. 


RETAIL SALES The owner of a shoe store finds that the 
number of pairs of shoes S, in hundreds, that the store 
sells can be modeled by the function 


T 7 
= 2.7 =f +4 
S co 6 D "| 
where f is time measured in months, with t = 0 represent- 
ing January 1. 


a. Find the phase shift and the period of S. 
b. Graph one period of S. 


c. Use the graph from b. to determine in which month the 
store sells the most shoes. 


CARBON DIOXIDE LEVELS Because of seasonal changes in 
vegetation, carbon dioxide (CO,) levels, as a product of 
photosynthesis, rise and fall during the year. Besides the 
naturally occurring CO, from plants, additional CO, 
is given off as a pollutant. A reasonable model of CO, 
levels in a city for the years 1990-2006 is given by 
y = 2.3 sin 27t + 1.25t + 315, where t is the number of 
years since 1990 and y is the concentration of CO, in 
parts per million (ppm). Find the difference in CO, levels 
between the beginning of 1990 and the beginning of 
2006. 


66. ROTATIONAL MOTION To LINEAR MoTION A Scotch Yoke is 


67. 


68. 


a mechanical device that is used to convert rotational 
motion into linear motion. In the accompanying figure, 
the starter of an engine rotates point A in a counterclock- 
wise direction at a constant rate. 


Piston | B 


RY 


-T 


Yoke 
OA = 1; OB = 6 when t = 0 


Unit circle 


As A rotates, it also moves up and down in the yoke, 
which causes the piston to move to the left and to the right. 


a. Write the coordinates of A in terms of angle t. 


b. Point B is on the right end of the piston. Write the 
coordinates of B in terms of t. 


c. Describe the motion of B as A makes one com- 
plete revolution. 


HEIGHT OF A PADDLE The paddle wheel on a riverboat is 
shown in the accompanying figure. Write an equation for 
the height of a paddle relative to the water at time ¢. The 
radius of the paddle wheel is 7 feet, and the distance from 
the center of the paddle wheel to the water is 5 feet. As- 
sume that the paddle wheel rotates at 5 revolutions per 
minute and that the paddle is at its highest point at t = 0. 
Graph the equation for 0 = t = 0.20 minute. 


VOLTAGE AND AMPERAGE The graphs of the voltage and 
amperage of an alternating household circuit are shown 
in the following figures, where t is measured in seconds. 
Note that there is a phase shift between the graph of the 
voltage and the graph of the current. The current is said to 
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lag the voltage by 0.005 second. Write an equation for the 
voltage and an equation for the current. 


V4 Voltage i 
80 


4 Current 
5 


~0.005 


69 


oy 


—180 5 


. A LIGHTHOUSE BEACON The beacon of a lighthouse 


400 meters from a straight sea wall rotates at 6 revolutions 
per minute. Using the accompanying figures, write an 
equation expressing the distance s, measured in meters, in 
terms of time t. Assume that when f = 0, the beam is per- 
pendicular to the sea wall. Sketch a graph of the equation 
for 0 = t = 10 seconds. 


70. 


Side view Top view 


Hours OF DAYLIGHT The duration of daylight for a region 
is dependent not only on the time of year but also on 
the latitude of the region. The following graph gives the 
daylight hours for a one-year period at various latitudes. 
Assuming that a sine function can model these curves, 
write an equation for each curve. 


10°N 
20°N 
30° N 
40°N 


Duration of daylight, in hours 


}] FMAMJJASOND ¢ 
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71, TIDES During a 24-hour day, the tides raise and lower 
the depth of water at a pier as shown in the figure below. 
Write an equation of the form f(t) =A cos Bt + d that gives 
the depth of the water at time f, and find the depth of the 
water at 6 P.M. 


F(t) 


Depth, in feet 


t is the number of hours from 6 AM. 


72. TEMPERATURE During a summer day, the ground tempera- 
ture at a desert location was recorded and graphed as a 
function of time, as shown in the following figure. The 
graph can be approximated by f(t) = A cos (bt + c) + d. 
Find the equation and approximate the temperature (to 
the nearest degree) at 1:00 P.M. 


FO} 
1207 


80 + 


=-15 -9 =3 3 9 15 21 


t is the number of hours from 6 A.M. 


[4,)| In Exercises 73 to 80, use a graphing utility to graph 
===| each function. 


73. y = sin x — cos, 


74. y = 2sin2x — cosx 


1 
78. y = 2cosx + sin> 76. y 7 COs 2x | sin 5 


71. y =F sinx )) 78. y = xcos x 


n= oP ag 
79. y = xsin 5 80. y = 7 O85 


Bo BEATS When two sound waves have approximately the 
same frequency, the sound waves interfere with one 
another and produce phenomena called beats, which are 
heard as variations in the loudness of the sound. A piano 
tuner can use these phenomena to tune a piano. By striking 
a tuning fork and then tapping the corresponding key on a 
piano, the piano tuner listens for beats and adjusts the ten- 
sion in the string until the beats disappear. Use a graphing 
utility to graph the functions in Exercises 81 and 82, which 
are based on beats. 


81. y = sin(S7x) - sin(—Z} 


82. y = sin(177x) - sin(—} 


83. Find an equation of the sine function with amplitude 2, 


period z, and phase shift = 


84. Find an equation of the cosine function with amplitude 3, 


period 37, and phase shift — . 


85. Find an equation of the tangent function with period 27 


and phase shift a 


86. Find an equation of the cotangent function with period 


= and phase shift — re 


87. If g(x) = x? + 2 and h(x) = cos x, find g[h(x)]. 


88. If ¢(x) = sin x and h(x) = x* + 2x + 1, find h[g(x)]. 


[a;) In Exercises 89 to 92, use a graphing utility to graph 
each function. 


39. y= sin Xx 


90. y=2tsece 


91. y = |x| sin x 92. y = |x| cos x 
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1. Ag PREDATOR-PREY RELATIONSHIP Predator-prey Write an equation that could be used to model the 
interactions can produce cyclic population rabbit population shown by the graph below, where t is 
growth for both the predator population and the prey pop- measured in months. 


ulation. Consider an animal reserve where the rabbit pop- 
ulation r is given by 


r(t) = 850 + 210 sin( 2 ) 


and the wolf population w is given by 


w(t) = 120 + 30 sin( 2 = 2) 


where t is the number of months after March 1, 2006. 
Graph r(t) and w(t) on the same coordinate system for 
0 =t = 24. Write a few sentences that explain a possible 
relationship between the two populations. 


3 6 9 12 15 19 2 ft 


Harmonic Motion—An Application of the 
Sine and Cosine Functions 


PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be 
found on page A13. 


2 
PS1. Find the reciprocal of = 


2 
PS2. Find the reciprocal of 5° 


PS3. Evaluate a cos 27t fora = 4and t = 0. [2.4] 


lk 
PS4. Evaluate ie for k = 18 and m = 2. 


Ik 
PS5. Evaluate 4 cos( oe ) fork = 16, m = 4, and t = 27. [2.4] 


PS6. Write an equation of the form y = a cos bx whose graph has an amplitude of 4 and 
a period of 2. [2.5] 


The vibratory motion of a mass on a spring is called harmonic motion. In this sec- 
tion, we will examine two types of harmonic motion. 
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Equilibrium position 


Figure 2.96 


a function of the time t is a cosine 


curve. 


maximum at time t = O. Function 


(2) is used if the displacement at 


time t = O is zero. 


= Simple Harmonic Motion 


We will consider a mass on a spring to illustrate vibratory motion. Assume that we 
have placed a mass on a spring and allowed the spring to come to rest, as shown in 
Figure 2.96. The system is said to be in equilibrium when the mass is at rest. The point 
of rest is called the origin of the system. We consider the distance above the equilib- 
rium point as positive and the distance below the equilibrium point as negative. 

If the mass is now lifted a distance a and released, the mass will oscillate up 
and down in periodic motion. If there is no friction, the motion repeats itself in 
a certain period of time. The number of times the mass oscillates in 1 unit of 
time is called the frequency f of the motion, and the time one oscillation takes is 
the period p of the motion. The motion is referred to as simple harmonic motion. 
Figure 2.97 shows the displacement y of the mass for one oscillation at times 


p22» 
t Ogg and p. 


YA 
= - 
i Mie Pa 
Equilibrium { 
t N Ze t 
~a ae 7 
am Ea -- 
Figure 2.97 


The frequency and the period are related by the formulas 


1 1 
j=— ad .p»=— 

p i 

The maximum displacement from the equilibrium position is called the am- 
plitude of the motion. Vibratory motion can be quite complicated. However, the sim- 
ple harmonic motion of a mass on a spring can be described by one of the 
following equations. 


Simple Harmonic Motion 


2.8 
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y = 4cos at 
Figure 2.98 


@ QUESTION Asimple harmonic motion has a frequency of 2 cycles per second. 


What is the period of the simple harmonic motion? 


A mass on a spring has been displaced 4 centimeters above the equilibrium 
1 

point and released. The mass is vibrating with a frequency of > cycle per 

second. Write the equation of simple harmonic motion, and graph three 

cycles of the displacement as a function of time. 

Solution 


Because the maximum displacement is 4 centimeters when t = 0, use 
y = acos 2nft. 


y = 4 cos 2nrft + Equation for simple harmonic motion 
1 1 
= 400s2n( 4)! -e=4 fas 
= 4cos mt 


The equation of simple harmonic motion is y = 4 cos wt. See Figure 2.98. 


From physical laws determined by experiment, the frequency of oscillation of 


a mass on a spring is given by 


1 /k 
= 2a Vm 
where k is a spring constant determined by experiment and m is the mass. The 


simple harmonic motion of the mass on the spring (with maximum displacement 
at t = 0) can then be described by 


1 k 
= 2aft = Pal Ape 
y =a cos 27ft =acos (2 £) 


| k 
y =acos a (3) 


The equation of the simple harmonic motion for zero displacement at 


t = Ois 
. | k 
y =asin ae (4) 


1 1 
@ ANSWER p= eo second per cycle 


Trigonometric Functions 
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YA 
‘i! be: 
0.5 
z E 
-0.5 3 
-1+ 
y = —0.5 cos 3t 
Figure 2.99 


oy 


Amass of 2 units is in equilibrium suspended from a spring with a spring 
constant of k = 18. The mass is pulled down 0.5 unit and released. Find the 
period, frequency, and amplitude of the resulting simple harmonic motion. 
Write the equation of the motion, and graph two cycles of the displacement 
as a function of time. 


Solution 


At the start of the motion, the displacement is at a maximum but in the 
negative direction. The resulting motion is described by Equation (3), using 
a = —0.5,k = 18, and m = 2. 


[ k 18 
y = acos Pa = —0.5 cos vie + Substitute for a, k, and m. 


y= US cos-3t « Equation of motion 
2 2 
Period: i = + 
Frequency: = = = 
q y: period 27 


Amplitude: [a] = |—-0.5| = 0.5 


See Figure 2.99. 


© Damped Harmonic Motion 


The previous examples have assumed that there is no friction within the spring 
and no air resistance. If we consider friction and air resistance, then the motion 
of the mass tends to decrease as ft increases. The motion is called damped harmonic 
motion and can be modeled by an equation in the form f(t) = ae “cos wt. 


a A mass on a spring has been displaced 14 inches below the equilibrium 
point and released. The damped harmonic motion of the mass is given by 


f(t) = —14e°°* cos 2t, t=0 


where f(t) is measured in inches and t is the time in seconds. 
a. Find the values of t for which f(t) = 0. 


b. Usea graphing utility to determine how long it will be until the 
absolute value of the displacement of the mass is always less than 
0.01 inch. 
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Solution 


oe i - a. f(t) = Oif and only if cos 2t = 0, and cos 2# = 0 when 2t = a + nt. 
peri C ‘ict sens ISé 2 
the motion does not repeat exactly Therefore, f(t) = 0 when t = 2 +n = ~ 0.79 + n(1.57). The 


but tends to diminish as t . . 
displacement f(t) = 0 first occurs when t ~ 0.79 second. The graph 


of f in Figure 2.100 confirms these results. Figure 2.100 also shows that the 
graph of f lies on or between the graphs of y = —14e °* and y = 14e °°. 
call m the pseudoperiod of the Recall from Section 2.7 that —14e~°* is the damping factor. 

motion. In general, the damped 


increases. However, because the 


motion cycles every m seconds, we 


b. We need to find the smallest value of t for which the absolute value 

of the displacement of the mass is always less than 0.01. Figure 2.101 
f(t) = ae“ cos wt has shows a graph of f using a viewing window of 0 < t = 20 and 
—0.01 = f(t) = 0.01. Use the TRACE or INTERSECT feature to 
determine that t ~ 17.59 seconds. 


harmonic motion modeled by 


2 
pseudoperiod p = Send 
@ 


3) 
frequency f = —. 
4 a 27 


f(t) = —14e-' cos 2t 
Figure 2.100 Figure 2.101 


The examples in this section involve the harmonic motion of a mass on a spring; 
however, there are other types of applications that involve harmonic motion. 
Some of these applications are illustrated in Exercises 29-32 on pages 208 and 209. 


Ag \ Topics for Discussion 


1. The period of a simple harmonic motion is the same as the frequency of the 
motion. Do you agree? Explain. 


2. Inthe simple harmonic motion modeled by y = 3 cos 2zt, does the displace- 
ment y approach 0 as f increases without bound? Explain. 


3. Explain how you know whether to use 
y=acos2nft or y=asin27ft 


to model a particular harmonic motion. 
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» Exercise Set 2.8 


Trigonometric Functions 


In Exercises 1 to 8, find the amplitude, period, and frequency 
of the simple harmonic motion. 


: 2 t 
1. y = 2sin2t 2. y= 3 OSS 
2t 
a Oe 4. y =4sin 3t 
_ at 
5. y = 4cos at oe erg 
3 t 
7. y=—sin— 8. y = 5 cos 2nt 


+ 2 


In Exercises 9 to 12, write an equation for the simple har- 
monic motion that satisfies the given conditions. Assume 
that the maximum displacement occurs at t = 0. Sketch a 
graph of the equation. 


9. Frequency = 1.5 cycles per second, a = 4 inches 


10. Frequency = 0.8 cycle per second, a = 4 centimeters 
; 3 

11. Period = 1.5 seconds, a = 7 feet 

12. Period = 0.6 second, a = 1 meter 


In Exercises 13 to 18, write an equation for the simple har- 
monic motion that satisfies the given conditions. Assume 
zero displacement at t = 0. Sketch a graph of the equation. 


13. Amplitude 2 centimeters, period 7 seconds 
14. Amplitude 4 inches, period oF seconds 


15. Amplitude 1 inch, period 2 seconds 
16. Amplitude 3 centimeters, period 1 second 
17. Amplitude 2 centimeters, frequency 1 second 


18. Amplitude 4 inches, frequency 4 seconds 


In Exercises 19 to 26, write an equation for the simple har- 
monic motion that satisfies the given conditions. Assume 
that the maximum displacement occurs when t = 0. 


1 2 
19. Amplitude > centimeter, frequency — cycle per second 
7 


)) 20. 


21. 


22. 


23. 
24. 
25. 


26. 


27. 


)) 28. 


29. 


30. 


1 

Amplitude 3 inches, frequency — cycle per second 
T 

Amplitude 2.5 inches, frequency 0.5 cycle per second 


1 
Amplitude 5 inches, frequency ry cycle per second 


1 
Amplitude > inch, period 3 seconds 
Amplitude 5 centimeters, period 5 seconds 
Amplitude 4 inches, period = seconds 


Amplitude 2 centimeters, period 7 seconds 


SimPLE HARMONIC MOTION A mass of 32 units is in equi- 
librium suspended from a spring. The mass is pulled 
down 2 feet and released. Find the period, frequency, 
and amplitude of the resulting simple harmonic motion. 
Write an equation of the motion. Assume a spring con- 
stant of k = 8. 


SimPLE HARMONIC MOTION A mass of 27 units is in equi- 
librium suspended from a spring. The mass is pulled 
down 1.5 feet and released. Find the period, frequency, 
and amplitude of the resulting simple harmonic motion. 
Write an equation of the motion. Assume a spring con- 
stant of k = 3. 


SOUND MobeEL A trumpet player plays a musical note 
and sustains the volume of the sound for several seconds. 
A model of the sound wave is V(t) =0.1 sin 3927t, 
where V(f) is the variation in air pressure (from normal air 
pressure) after t seconds, measured in pounds per square 
inch. 


a. Find the frequency and period of the sound wave. 
Assume the frequency is in cycles per second. 


b. If the trumpet player increases the volume of the sound, 
how does the model need to change? 


TIDAL CycLE During a 12.5-hour period, the water level at 
Grays Harbor, Washington, started at mean sea level, rose 
to 9.3 feet above sea level, dropped to 9.3 feet below sea 
level, and then returned to mean sea level. Find a sim- 
ple harmonic motion equation that models the height / of 
the tide above or below mean sea level for this 12.5-hour 
period. 
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31. AMUSEMENT PARK RIDE A person riding on a circular 
Ferris wheel reaches a maximum height of 78 feet and a 
minimum height of 4 feet above ground level. When in 
uniform motion, the Ferris wheel makes one complete 
revolution every 45 seconds. Find an equation that gives 
the height above ground level of a person riding the 
Ferris wheel as a function of the time f. Assume the Ferris 
wheel is in motion and the person is 4 feet above ground 
level at tf = 0 seconds. 


32. TiME IN MOTION A clock with a minute hand that is 
12 inches long is hanging on a wall. At precisely 8:00 A.M. 
the distance from the tip of the minute hand to the floor 
is 6.5 feet. Thirty minutes later, this distance is 4.5 feet. 
Find an equation that gives the distance d, in feet, from 
the floor to the tip of the minute hand as a function of the 
number of minutes ¢ after 8:00 A.M. 


Connecting Concepts» 


[4,) In Exercises 33 to 40, each of the equations models the 
damped harmonic motion of a mass on a spring. 


a. Find the number of complete oscillations that occur dur- 
ing the time interval 0 = t = 10 seconds. 


b. Use a graph to determine how long it will be (to the near- 
est tenth of a second) until the absolute value of the dis- 
placement of the mass is always less than 0.01. 


33. f(t) = 4e°°"' cos 2t »)) 34. f(t) = 12e°" cost 
35. f(t) = —6e ° cos 2mt 36. f(t) = —1le°“' cos wt 
37. f(t) =e" cos 2mt 38. f(t) =e °* cos 3a 


39. f(t) =e °” cos 2nt 40. f(t) =e ' cos 27t 


41. Assume that a mass of m pounds on the end of a spring 
is oscillating in simple harmonic motion. What will be 
the effect on the period of the motion if the mass is 
increased to 9m? 


42. Amass on the end of a spring oscillates in simple harmonic 
motion. What will be the effect on the frequency of the 
motion if the spring is replaced with a stiffer spring that 
has a spring constant four times that of the original spring? 


{a,) In Exercises 43 to 46, use a graphing utility to deter- 
mine whether both of the given functions model the 
same damped harmonic motion. 


8. fH=Vae™ sin( + =) 


g(t) =e "(cos t + sin f) 


44. f(t) = 5e°* cos(t — 0.927295) 
g(t) =e "(3 cost + 4sin ft) 


45. f(t) = 13e °“ cos(t — 1.176005) 
g(t) =e ° cost + 12 sin ft) 


46. f(t) = V2e°"' cos (t + 0.785398) 
g(t) =e "(cos t — sin f) 


a\ THREE TYPES OF DAMPED HARMONIC MOTION 

In some cases the damped harmonic motion 
es a mass on the end of a spring does not cycle about the 
equilibrium point. The following three functions illustrate 
different types of damped harmonic motion. Graph each 
function and then write a few sentences that explain the 
major differences among the motions. 


(t) = (0.5t + 1)e°* (t) = —2e 
& 
h(t) = 4e~°*' cos 2art 


—0.4t + 5e 


LOGARITHMIC DECREMENT If a damped harmonic 
motion is modeled by 


f(t) = ae cos ot 


then the ratio of any two consecutive relative maxima of 
the motion is a constant, y. 


a. Determine y for the damped harmonic motion mod- 
eled by 
f(t) = —14e°' cos 2t, t=0 


2 
b. The constant A=“ is called the logarithmic 
@ 


decrement of the motion. Compute A for the damped 
harmonic motion in the equation in a. How does In y 
compare with A? 


210 Chapter 2 Trigonometric Functions 


Sinusoidal Families 


Some graphing calculators have a feature that allows you to graph a family 

of functions easily. For instance, entering Yi={2,4,6}sin(X) in the Y= menu 
and pressing the GRAPH key on a TI-83/TI-83 Plus/TI-84 Plus calculator pro- 
duces a graph of the three functions y = 2sin x, y = 4 sin x, and y = 6 sin x, all 
displayed in the same window. 


1. Use a graphing calculator to graph Yi={2,4, 6}sin(X). Write a sentence that indi- 
cates the similarities and differences among the three graphs. 


2. Usea graphing calculator to graph Yi=sinl{7,27,47}X). Write a sentence that in- 
dicates the similarities and differences among the three graphs. 


3. Use a graphing calculator to graph Yi=sin{X+{7/U,7/6,7/12}). Write a sentence 
that indicates the similarities and differences among the three graphs. 


4. Astudent has used a graphing calculator to graph Yi=sin{X+{7,37,577}) and 
expects to see three graphs. However, the student sees only one graph dis- 
played in the graph window. Has the calculator displayed all three graphs? 


Explain. 
Chapter 2 Summary 

2.1 Angles and Arcs di are aes se a aan 
e An angle is in standard position when its initial side is yp yP — 

along the positive x-axis and its vertex is at the origin of the efit hyp ny hyp tee adj 

coordinate axes. opp adj opp 
e Angle a is an acute angle when 0° < a < 90°; it is an obtuse ; . . 

angle when 90° < a < 180°. 2.3 Trigonometric Functions of Any Angle 


° Let P(x, y) be a point, except the origin, on the terminal side 
of an angle @ in standard position. The six trigonometric 
functions of 6 are 


e aand B are complementary angles when a + B = 90°; they 
are supplementary angles when a + B = 180°. 


e One radian is the measure of a central angle subtended by 


an arc of length r on a circle of radius r. sin 0 = x csc 6 = 7 y #0 

e The length of the arc s that subtends the central angle @ (in 2 Ps 
radians) on a circle of radius r is given by s = 10. cos 0 = = sec 0 = et ® #0 

e A point moves on a circular path with radius r at a constant y x 
é tand=~, x#0 cotdé=—, y#O 

rate of @ radians per unit of time t. Its linear speed is v = —, * y 


t 
e Given 26 in standard position, its reference angle 6’ is the 
smallest positive angle formed by the terminal side of 26 
and the x-axis. 


0 
and its angular speed is w = ra 


2.2 Right Triangle Trigonometry : : “ 
2.4 Trigonometric Functions of Real Numbers 
e Let 6 be an acute angle of a right triangle. The six trigono- : . . . . 
metric functions of 6 are given by e The wrapping function pairs a real number with a point on 


the unit circle. 


e Let W be the wrapping function, t be a real number, and 
W(t) = P(x, y). Then the trigonometric functions of the real 
number t are defined as follows: 


1 
sint = y csct=—, yO 
y 
1 
cost=x cee x40 
y x 
tant=~—, x#0 cott=—, y#O 
x y 


e sint, csc t, tant, and cot t are odd functions. 
e cost and sec t are even functions. 

e sin t, cos t, sec t, and csc t have period 27. 

e tant and cot t have period a. 


e The domain and range of each trigonometric function is 
given in Table 2.6 on page 160. 


e An identity is an equation that is true for every number in 
the domain of the equation. The Fundamental Trigonomet- 
ric Identities are given on page 163. 


2.5 Graphs of the Sine and Cosine Functions 

e The graphs of y=asinbx and y=acosbx both have 
2a 
[b| 
function for a > 0 and b > 0 is shown below. 


an amplitude of |a| and a period of =. The graph of each 


yh 
+ y=acos bx 


2.6 Graphs of the Other Trigonometric Functions 


e The graphs of y=atanbx and y = acot bx both have a 
7 

lol” 
a > 0 and b > 0 is shown below. 


period of —. The graph of one period of each function for 


|at--------—— 


RY 


-------- slat—---------- 
HY 
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e The graphs of y = a csc bx and y = a sec bx both have a period 
27 


of ——. The graphs of one period of each function, with a > 0 


and b > 0, are shown below. 


ee 
2n xX 
b 


I 
| 
| 

ae x 

ae | 2b b 
| 
| 
| 
| 
| 
| 
| 
| 


| 
I 
I 
| 
| 
I 
I 
| 


2.7 Graphing Techniques 

° If y =f(bx + c), where fis a trigonometric function, then the 
graph of y = f(bx + c) can be produced by shifting the graph 
of y = f(bx) horizontally > units. The value a is called 
the phase shift of y = f(bx + c). 


e Addition of ordinates is a method of graphing the sum of 
two functions by geometrically adding the values of their 
y-coordinates. 


e The factor g(x) in f(x) = g(x) cosx is called a damping 
factor. The graph of f lies on or between the graphs of the 
equations y = g(x) and y = —g(x). 


2.8 Harmonic Motion—An Application of the Sine 
and Cosine Functions 
e The equations of simple harmonic motion are 

y = acos 2rft and =y =asin27ft 
where |a| is the amplitude, f is the frequency, y is the dis- 
placement, and ft is the time. 


e Functions of the form f(t) = ae cos wt are used to model 
some forms of damped harmonic motion. 
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) ) Chapter 2 Assessing Concepts 


1. True or False: In the formula s = r@, the measure of angle 
06 must be in radians. 


2. True or False: sec” § + tan’ 6 = 1 is an identity. 


3. True or False: The measure of one radian differs depending 
on the radius of the circle used. 


4. True or False: The graph of y = sin x is symmetric with 
respect to the origin. 
5. What is the measure of the reference angle for the angle 


=—? 
0 ri 


)) Chapter 2 Review Exercises 


10. 


What is the point defined by w( =) 


1 3 
. What is the period of the graph of y = 3 608 oa x? 


Explain how to use the graph of y, = sin = to produce the 
graph of y = sin (z ae =), 

What is the domain of the function y = cot x? 

Consider the graph of y = sec x on the interval [0, 27]. 


What are the equations of the vertical asymptotes of the 
graph? 


1. Find the complement and supplement of the angle 6 
whose measure is 65°. 


2. Find the measure of the reference angle 6’ for the angle 6 
whose measure is 980°. 


3. Convert 2 radians to the nearest hundredth of a degree. 
4. Convert 315° to radian measure. 


5. Find the length (to the nearest hundredth of a meter) of 
the arc on a circle of radius 3 meters that subtends an 
angle of 75°. 


6. Find the radian measure of the angle subtended by an 
arc of length 12 centimeters on a circle whose radius is 
40 centimeters. 


7. Acar with a 16-inch-radius wheel is moving with a speed 
of 50 mph. Find the angular speed (to the nearest radian 
per second) of the wheel. 


In Exercises 8 to 11, let 9 be an acute angle of a right triangle 
and csc 0 = =. Evaluate each function. 

8. cos 0 9. coté 10. sind 11. sec 
12. Find the values of the six trigonometric functions of an 


angle in standard position with the point P(1, —3) on the 
terminal side of the angle. 


13. 


Find the exact value of 


a. sec 150° b. tan( -22) 


15. 


16. 


17. 


a. cos 123° b. cot 4.22 


2 

c. sec 612° d. tan 

3 
Given cos ¢ = — 8 180° < @ < 270°, find the exact 
value of 
a. sing b. tand 
Given tang = — = 90° < @ < 180°, find the exact 
value of 
a. secd b. csc dh 

2 
Given sind = a 270° < @ < 360°, find the exact 
value of 
a. cos¢@ b. cotd 


18. Let W be the wrapping function. Evaluate 


a. Wa) bz. w(-2) c. w(=) d. W(287) 


19. Is the function defined by f(x) = sin(x) tan(x) even, odd, 
or neither? 


In Exercises 20 and 21, use the unit circle to show that each 
equation is an identity. 


20. cos(7 + t) = —cost 21. tan(—t) = —tant 


In Exercises 22 to 27, use trigonometric identities to write 
each expression in terms of a single trigonometric function or 
as a constant. 


sin’ 93 tang +1 


22. 1+ 
os’ cot@ +1 


cos’ + sin? 


24. 25. sin’ d(tan’ d + 1) 


csc 
1 cos’ 
26. 1 + —— 27. ——_— - 
: tar’ 1- sin’ dh 


In Exercises 28 to 33, state the amplitude (if it exists), period, 
and phase shift of the graph of each function. 


28. y = 3 cos(2x — 77) 29. y = 2 tan 3x 


2Qar 


30. = —2 sin| 3x 31. y = cos| 2x — —]+2 
y 3 y 3 


32. y= —4 se( 43 = *2) 33. y =2 ce(» = =) =3 


In Exercises 34 to 51, graph each function. 


2 2k 
35. y = —sin 3 


7 
y= ae 
37. y cos( x 5 ) 


39. y = 3.cos 3(x — 77) 


34. y = 2. cos mx 
36. y =2 an 
2 
1 
38. y = F sin( 23 + =) 


40. y= tan — 


5 41. y = 2 cot 2x 


42. y = tan( x = =) 43. y = -cot( 2x ae =) 


44. 


46. 


48. 


50. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 
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=-2 24 = = 
y se x =) 


y =3sin2x —3 


45. y=3 se( 3 + =) 


47. y =2cos3x + 3 


Qa 


y cos( x =) + 2 #9. y=3sin( 4x - 22) —3 


y =2— sin2x 51. y = sinx — V3cosx 
Acar climbs a hill that has a constant angle of 4.5° for a dis- 
tance of 1.14 miles. What is the car’s increase in altitude? 


HEIGHT OF A TREE A tree casts a shadow of 8.55 feet when 
the angle of elevation of the sun is 55.3°. Find the height of 
the tree. 


LINEAR SPEEDS ON A CAROUSEL A carousel has two circular 
rings of horses. The inner ring has a radius of 14.5 feet and 
the outer ring has a radius of 21.0 feet. The carousel makes 
one complete revolution every 24 seconds. How much 
greater, in feet per second, is the linear speed of a horse in 
the outer ring than the linear speed of a horse in the inner 
ring? Round to the nearest tenth of a foot per second. 


HEIGHT OF A BUILDING Find the height of a building if the 
angle of elevation to the top of the building changes from 
18° to 37° as an observer moves a distance of 80 feet toward 
the building. 


| 80 ft ——+| 


Find the amplitude, period, and frequency of the simple 
harmonic motion given by y = 2.5 sin 50t. 


A mass of 5 kilograms is in equilibrium suspended from a 
spring. The mass is pulled down 0.5 foot and released. 
Find the period, frequency, and amplitude of the motion, 
assuming the mass oscillates in simple harmonic motion. 
Write an equation of motion. Assume k = 20. 


(e) Graph the damped harmonic motion that is mod- 


=) 


f(t) = 3e°” cos mt 


where ft is in seconds. Use the graph to determine how 
long (to the nearest tenth of a second) it will be until the 
absolute value of the displacement of the mass is always 
less than 0.01. 
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_ Quantitative Reasoning: Find the Periods of Trigonometric 


Functions and Combined Musical Sound Tracks 


QR1. Let fbe a function with period j and let g be a function with period k. The 
function f + g is a periodic function provided there exist natural numbers 


m 
m and n such that i= —. Furthermore, if m and n have no common 
n 


prime factors, then the period of f + g isn -j = m- k. For each of the fol- 
lowing, determine the period of f + g. 


1 

a. f(x) = sin x, g(x) = cos =x b. f(x) = cos 37x, g(x) = sin WX 
. 2 3 

c. f(x) = tan 2x, g(x) = sin 3x d. f(x) = cot 3 g(x) = cos a* 


4 2 1 
e. f(x) = sec = x, g(x) = cot . x f. f(x) = csc : x, g(x) = tan a% 


QR2. The following figure shows a guitar sound track with a period of 3 seconds 
and an electric bass track with a period of 2.5 seconds. Use the procedure 
in Exercise QR1 to find the period of the music produced when the two 
sound tracks are played together. 


Tracks 


QR3. A tambourine sound track has a period of 1.25 seconds and a drum sound 
track has a period of 2.25 seconds. Use the procedure in Exercise QR1 to 
find the period of the music produced when the two sound tracks are 
played together. 


QR4. An alto sax sound track has a period of 6 seconds, a piano sound track has 
a period of 4.5 seconds, and an electric guitar sound track has a period of 
27 seconds. Find the period of the music produced when the three sound 
tracks are played together. 


Chapter 2 Test 


1. Convert 150° to exact radian measure. 4. ANGULAR SPEED A wheel is rotating at 6 revolutions per 


second. Find the angular speed in radians per second. 
2. Find the supplement of the angle whose radian measure 


5. LINEAR SPEED A wheel with a diameter of 16 centimeters is 
rotating at 10 radians per second. Find the linear speed (in 
centimeters per second) of a point on the edge of the wheel. 


is D a. Express your answer in terms of 7. 


3. Find the length (to the nearest tenth of a centimeter) of an 
arc that subtends a central angle of 75° in a circle of radius 


ai eentie cies 6. If @ is an acute angle of a right triangle and tan @ = 


find sec 0. y 


10. 


11. 


12. 


13. 


10. 


. Find the exact value of tan - 


. Determine whether f(x) = = 


. Find the inverse of f(x) = 


. Use interval notation to state the domain of f(x) = ad 


. Use a calculator to find the value of csc 67° to the nearest 


ten-thousandth. 


T 4 
cos sin 
3 


11 
. Find the exact coordinates of w(42) 


ect—1, : : 
Express ep terms of a single trigonometric 
function. 
State the period of y = —4 tan 3x. 


State the amplitude, period, and phase shift for the func- 


tion y = —3 cos| 2x + = ; 


State the period and phase shift for the function 


T T 
2 
y cot 3 x 6 


Cumulative Review Exercises 


. Find the distance between the points P(—3, 2) and Q(4, 1). 


. The hypotenuse of a right triangle has a length of 1 and 


1 
one of its legs has a length of > Find the length of the 
other leg. 


. Find the x- and the y-intercept(s) of the graph of 


fd=xr-9. 


x 
x +d 


is an even function or 


an odd function. 


x 
2x - 3° 
2 
4 


. Solve: x? +x-6=0 


. Explain how to use the graph of y = f(x) to produce the 


graph of y = f(x — 3). 


. Explain how to use the graph of y = f(x) to produce the 


graph of y = f(—x). 


Convert 300° to radians. 


14. 


15. 


16. 


17. 


18. 
19. 


20. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 
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1 
Graph one full period of y = 3 cos oe 


1 
Graph one full period of y = —2 sec ia 


Write a sentence that explains how to obtain the graph of 


y =2sin a9 — 1 from the graph of y = 2 sin 2x. 
y 2 grap y 


Graph one full period of y = 2 — sin = 


Graph one full period of y = sin x — cos 2x. 


HEIGHT OF A TREE The angle of elevation from point A to 
the top of a tree is 42.2°. From point B, which is 5.24 me- 
ters from A and on a line through the base of the tree and 
A, the angle of elevation to the top of the tree is 37.4°. Find 
the height of the tree. 


Write the equation for simple harmonic motion given that 
the amplitude is 13 feet, the period is 5 seconds, and the 
displacement is zero when t = 0. 


5 
Convert a to degrees. 


=) for x 


2 T 
sin — for x 
6 


Evaluate f(x) sin( 2 


Evaluate f(x) = sin x + 


Find the exact value of cos? 45° + sin? 60°. 
Determine the sign of tan 6 given that rs <O0< 7. 


What is the measure of the reference angle for the angle 
6 = 210°? 


What is the measure of the reference angle for the angle 
0=—? 
3 


Use interval notation to state the domain of f(x) = sin x, 
where x is a real number. 


Use interval notation to state the range of f(x) = cos x, 
where x is a real number. 


3 
If 6 is an acute angle of a right triangle and tan 0 = ri 
find sin 0. 


Trigonometric Identities 
and Equations 


3.1 Verification of Trigonometric Identities 


3.4 Identities Involving the Sum of 
Trigonometric Functions 


Trigonometric Equations and Applications 


This chapter explores trigonometric identities, inverse 
trigonometric functions, and trigonometric equations. 
Understanding these concepts will provide you with a 
foundation for more advanced mathematical studies. You 


will also gain additional problem-solving skills and learn 
procedures that can be used to solve a wide variety of real-life applications. For 
example, in Exercise 83 on page 266, you will determine the minimum altitude a 
communications satellite must attain to provide service over a desired region. In 
Quantitative Reasoning Exercise 2a on page 289, you will find the launch angle 
that minimizes the velocity at which a basketball must be launched to make a shot 
from a given distance. 
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3.2 Sum, Difference, and Cofunction Identities 
3.3 Double- and Half-Angle Identities 


3.5 Inverse Trigonometric Functions 


3.6 Trigonometric Equations 


3.1 Verification of Trigonometric Identities 217 


Verification of Trigonometric 
Identities 


™ Fundamental Trigonometric Identities 


The domain of an equation consists of all values of the variable for which every 
term is defined. For example, the domain of 

sin x cos x 

——— = cos x (1) 
sin x 
includes all real numbers x except x = km, where k is an integer, because sin x = 0 
for x = km, and division by 0 is undefined. An identity is an equation that is true 
for all of its domain values. Table 3.1 lists identities that were introduced earlier. 


Table 3.1 Fundamental Trigonometric Identities 


: 1 
sin.x: = =-—— cos. =—— tan x = —— 
csc x sec x cot x 
sin x cos x 
tanx = cox ==> 
cos x sin x 


sin? x + cos?>x = 1 


tan? x + 1 = sec? x 


1 + cot? x = csc? x 


sin(—x) = —sinx 
cos(—x) = cos x 


tan(—x) = —tanx 
cot(—x) = —cot x 


sec(—x) = sec x 
csc(—x) = —csc x 


© Verification of Trigonometric Identities 


To verify an identity, we show that one side of the identity can be rewritten in an 
equivalent form that is identical to the other side. There is no one method that can 
be used to verify every identity; however, the following guidelines should prove 
useful. 


Guidelines for Verifying Trigonometric Identities 


Continued > 
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Chapter 3 


Trigonometric Identities and Equations 


Rewrite one side of the identity in terms of a single trigonometric 
function. 


= Multiplying both the numerator and the denominator of a fraction by the 
same factor (such as the conjugate of the denominator or the conjugate of 
the numerator) may get you closer to your goal. 


= Keep your goal in mind. Does it involve products, quotients, sums, 
radicals, or powers? Knowing exactly what your goal is may provide the 
insight you need to verify the identity. 


In Example 1 we verify an identity by rewriting the more complicated side so 
that it involves only sines and cosines. 


Verify the identity sin x cot x sec x = 1. 


Solution 


The left side of the identity is more complicated than the right side. We will 
try to verify the identity by rewriting the left side so that it involves only 
sines and cosines. 


cos x 1 


sin x cot x secx = sin x : « Apply the fundamental identities 


x 


sinx cosx _ 
cot x = — and sec x = 
sin x 


cos x 
_ sin-x cos ¢ Multiply the fractions to produce a 
sin cosx single fraction. 
= ¢ Simplify by dividing out the 
common factors. 


We have rewritten the left side of the equation so that it is identical to 
the right side. Thus we have verified that the equation is an identity. 


@ QuEsTION Is cos(—x) = cos x an identity? 


Verify the identity 1 — 2 sin’ x = 2 cos*x — 1. 


@ ANSWER Yes, cos(—x) = cos x is one of the odd-even identities shown in Table 3.1. 


ain? x + cos?x = 1 
also can be written as 

sin’ x = 1 — cos’ x 
and as 


cos* x = 1 — gin’ x 
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Solution 


Rewrite the right side of the equation. 


2cos*x — 1 =2(1 - sir’ x) - 1 * cos? x = 1 — sin? x 
=2-2sir’x-1 
=1-2sin’x + Simplify. 


Figure 3.1 shows the graph of Plot! Plot2 Plot3 
=|- in2 \WY1 Bil - elsin(x))e 
f(x) =1 zens x and the graph of eine 
g(x) = 2cos* x — 1 on the same coor- 
dinate axes. The fact that the graphs 15 


appear to be identical on the interval 
[ —27, 27] supports the verification in 
Example 2. 


Verify the identity csc? x — cos* x csc? x = 1. 


Solution 


Simplify the left side of the equation. 


csc? x — cos? x csc? x = csc? x(1 — cos? x) + Factor out csc? x. 
= csc’? x sin? x * 1 — cos? x = sin? x 
1 . 
=~ sir x= ese? x= —, 
sin’ X 


In the next example we make use of the guideline that states that it may be 
helpful to multiply both the numerator and the denominator of a fraction by 
the same factor. 


sinx 1 —cosx 


Verify the identity 2 : 
cos x sin x 
Continued > 
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a — bare called conjugates of 


each other. 


Trigonometric Identities and Equations 


Solution 


Multiply the numerator and denominator of the left side of the identity by 
the conjugate of 1 + cos x, which is 1 — cos x. 


sinx  — sinx 1 — cosx 


1+ cosx 1+cosx 1-cosx 


_ Sin x(] = cos x) 


1 — cos’?x 
_ sinx(l = osx) _ 1 epee 


sin’ x sin x 


In Example 5 we verify an identity by first rewriting the more complicated 
side so that it involves only sines and cosines. After further algebraic simplifica- 
tion we are able to establish that the equation is an identity. 


sin x + tan x 
Verify the identity Ae eagae = tan x. 


Solution 


The left side of the identity is more complicated than the right side. We will 
try to verify the identity by rewriting the left side so that it involves only 
sines and cosines. 


; sin x ; : 
. sin x + ¢ Use the identity 
sin x + tan x cos x . 
sonst NEE je eee Pca 
1+ cosx 1+ cos x cos x 


sinxcosx  sinx 
————— ¢ The common denominator 
— _ cos x cos x for the terms in the numera- 
1+ cosx tor is cos x. Rewrite the 
numerator so that each term 
has a denominator of cos x. 


sin x cos x + sinx 


_ cos x ¢ Add the terms in the 

— 1+ cosx numerator. 

_ sinxcosx + sinx _1+cosx _ - Rewrite the complex 
cos x : 1 fraction as a division. 

_ sin.x cos x + sin x r 1 ¢ Invert and multiply. 
cos x 1+ cosx 

__ sin x (cos x + 1) 1 sPaceed. 


cos Xx 1+ cosx 
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_ sinx 1+cosx} 1 


« Simplify. 
cos x 1+cesx aii 
sin x sin x 
= ¢ Use the identity —— = tan x. | 
cos x cos x | 
= tan x 


We have rewritten the left side of the equation so that it is identical to 
the right side. Thus we have verified that the equation is an identity. 


Qin paca 


In the previous examples we verified trigonometric identities by rewriting 
one side of the identity in equivalent forms until that side appeared identical 
to the other side. A second method is to work with each side separately to produce 
a trigonometric expression that is equivalent to both sides. In the following 
paragraphs we use this procedure to verify the identity 

1 + cos x 


= (cscx + cot x)’ 
1 — cosx 


Working with the left side gives us 


1+cosx 1+cosx 1+ cosx ¢ Multiply both numerator and 
, (1) denominator by the conjugate of 
the denominator. 


1—cosx 1-—cosx 1+ cosx 


1 20s x? eos" x 


(2) + Multiply and rewrite as a single 


_ 2 
1 — cos’ x fraction. 


1+ 2eos x + cos’ x 


> (3) + Use the identity 1 — cos? x = sin? x. 
sin’ x 


When you reach a point at which you are unsure how to proceed, stop and see 
what results can be obtained by working with the right side. 


(csex + cots)? = cae’x + 2 csex cotx + cot? x (4) + Square the binomial. 


1 1 cos x cos? x . : 
aT PE ae : + —— (5) - Rewrite using funda- 
iad ei eae ou mental identities. 


_1+2cosx + cos" x 


=a (6) + Add the fractions. 
sin’ x 

At this point we have verified the identity because we have shown that each side 
is equal to the same trigonometric expression. It is worth noting that if we arranged 
the above equations in the order (1), (2), (3), (5), and (4), we would have a verifica- 
tion that starts with the left side of the original identity and produces the right side. 

When we verify an identity, we are not allowed to perform the same mathe- 
matical operation on both sides of the equation because this can lead to an incorrect 
result. For instance, consider the equation tan x = —tan x, which is not an identity. 
If we square both sides of the equation, we produce the identity tan’ x = tan’ x. 
We can avoid the problem of converting a non-identity into an identity and vice 
versa by using only mathematical operations and procedures that are reversible. 
We can see that the operation of squaring is not a reversible operation because it is 
not possible to take square roots (reverse the squaring operation) and convert 
tan’ x = tan’ x back into tan x = —tan x. 
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Exercise Set 3.1 


There is often more than one way to verify a trigonometric identity. Some of 
these approaches are shorter and considered more elegant than others. As a 
beginner, you should be content with finding a verification. After you have had 
lots of practice, you may decide to seek out different verifications and compare 
them to see which you think is most efficient. 


Topics for Discussion 
sin , se9) tes 
1. Explain why tan = ca not an identity. 


2. Is cos |x| = |cos x| an identity? Explain. What about cos |x| = cos x? Explain. 


The identity sin? x + cos? x = 1 is one of the Pythagorean identities. What are 
the other two Pythagorean identities, and how are they derived? 


4. The graph of y = sin - for 0 = x = 27 is shown on the left below. The graph 


1- 
of y= \ SS for 0 = x = 27 is shown on the right below. 


1 


The graphs appear identical, but the equation 


x 1 —-cosx 
sin— = | 
2 2 


is not an identity. Explain. 


In Exercises 1 to 56, verify each identity. 5. (sin x — cos x)(sinx + cos x) = 1 — 2cos*x 


1. tanxcscxcosx=1 
y) 2. tan x sec x sin x = tan’? x 


4sin? x — 1 
“2sinx +1 


2sinx — 1 


‘4 sin? x — 2sinx +1 


: sinx — 1 
sinx — 1 


6. (tan x)(1 — cotx) = tanx — 1 


” 1 1 — cosx — sinx 
“sinx  cosx sin x cos x 
8 1 | 3 _ cosx + 3sinx 
= . v . 
sinx cosx sin x cos x 


10. 


11. 
)) 12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 
20. 
21. 
22. 
23. 
)) 24. 
25. 


26. 


3.1 Verification of Trigonometric Identities 


cos x 
: secx + tanx 27 
1—sinx 
28. 
sin x 
1 =cscx + cotx 
— cos x 
29. 
1 — tan’ x 
—,— = 1-~ tar’ x 
sec’ x 
30. 
sin* x — cos* x = sin? x — cos? x 
31. 
1+ tan? x . 
=1-—tanx + tan’ x 
1+ tanx 32 
cos x tanx — sin x 0 
cot x 
33. 
. 1 
sinx —-2+-— : 
sinx  sinx—1 
. 1 sinx + 1 
sinx — — 
sin x : 
)) 34. 
sin x sin x 
2 cot x 
1—cosx 1+cosx 
(sinx + cosx)? = 1+ 2sinxcosx 35. 
(tanx + 1)? = sec?x + 2tanx 36. 
cos x 
: =secx — tanx 37. 
1+ sinx 
sin x 
csc x — cotx 38. 
1+ cosx 
cotx + tan x 
csc X = —————. 39. 
sec x 
cotx + tan x 
sec x = ——————_ 40. 
csc x 
cosxtanx + 2cosx — tanx — 2 
cosx —1 41 
tanx + 2 
2sinxcotx + sinx — 4cotx — 2 . 5 
sin x 
2cotx +1 42. 
1—sinx 
secx — tanx = 
cos x 
43. 
cosx —1 
cotx = csc'x 


sin x 


. sin? x — cos*x = 2 sin’ x — 1 


sin’ x — cos?>x = 1 — 2cos*x 


1 
= 5— = esc? x sec? x 
sin’ x cos’ x 

1 1 5 5 

5 57 = ese? x — sec? x 
tan°x cot’ x 


sec x — cosx = sinx tanx 


. tanx + cotx = sec x csc x 


t 

- +1 

sin x j 
7 = tan’ x + 2tanxsecx + sec’ x 
- -—1 

sin x 

1 1 

sinx cosx  cos*x — sin’ x 

1 1 1 —2cosxsinx 

sinx cosx 


sin‘ x — cos'x = 2 sin? x — 1 


sin? x + cos° x = sin’ x — sin’ x cos*x + cos*x 
1 1+ cosx 
1 —cosx sir’ x 
: cos? x 
1+ sinx : 
1 —sinx 
sin x cosx — 1-—cotx 
1—sinx 1-—sinx cscex—-1 
tan x cot x 
cot x 
1+tanx 1+tanx 
1 1 
2 cot x csc x 
1+ cosx 1-—cosx 
1 1 
- - = 2tanxsecx 
1—sinx 1+sinx 
1 
—— + cscx 
sin x 2 
1 : cos? x 
; — sinx 
sin x 
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46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 
54. 


55. 


2 cot x ‘ 
————— = 2cos*x 
cot x + tan x 
cot x 1+ cscex 
2 + 2sec x 
1+ cscex cot x 


tan x — cot x 


sec? x — csc? x = — 
sin x cos x 


1+sinx 1+sinx 
; = , cosx>0 
1—sinx cos x 


cosx + cotx sin x 


2 sin x 
cot x 


sin? x + cos? x 


1 — sinxcosx 


sin x + cos x 


1—sinx 1+sinx 


, ' 4 sec x tan x 
1+sinx 1-—sinx 


secx—1 secx+1 
secx+1 secx—1 


4 csc x cot x 


il cos x 
=2csc*x -—1 


1—cosx 1+cosx 


1+ sinx cos x 


cos x 1—sinx 


(sinx + cosx + 1)? = 2(sinx + 1)(cos x + 1) 


secx+tanx  (sinx + 1) 


sec x — tanx cos? x 


sin’ x — cos’x _ csc? x — cot x — 2 cos*x 


* sinx + cos x 1 — cot? x 


» Connecting Concepts: 


Trigonometric Identities and Equations 


In Exercises 57 to 64, compare the graphs of each side 
of the equation to predict whether the equation is an 
identity. 


57. sin 2x = 2 sin x cos x 58. sin? x + cos?’x = 1 
A x T 
59. sinx + cosx = Visn( 3 + 2) 


60. cos 2x = 2 cos*x — 1 


61 fee us i in— 
- cos| x + —]} = cos x cos — sin x sin > 
3 3 3 


62 a a + sinx sin— 
* COS|-X = | ='cOs X cos: —— sin x sin — 
4 4 4 


63. si zal i ge e 
. SIN] X {| | =smX sin — + cos X cos — 
6 6 6 


64. sin| x 2 sin x cos = cos x sin a 
» SL = | Re a 
3 3 3 


In Exercises 65 to 70, verify that the equation is not an iden- 
tity by finding an x value for which the left side of the equa- 
tion is not equal to the right side. 


65. (sinx + cos x)? = sin’ x + cos? x 
66. tan 2x = 2 tanx 
67. cos(x + 30°) = cos x + cos 30° 


68. V1 — sin? x = cosx 


69. tan’ x — sec! x = tan’ x + sec? x 


70. V1 + tan? x = sec x 


In Exercises 71 to 76, verify the identity. 


71. 


72. 


1l—sinx +cosx  cosx 


1+sinx+cosx sinx+1 


1—tanx +secx 1+ secx 


1+ tanx — secx tan x 


2 sin’ x + 2 sin? x cos? x — 3 sin? x — 3 cos? x 


73 
2 sin’ x 


3 
=1—-— csc? 
7 Bee 


4tanxsec?x — 4tanx — sec?x +1 


4 tan? x — tan? x 
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a sin x(tanx + 1) — 2 tanx cos x ein 77. Verify the identity sin’ x + cos‘ x = 1 — 2 sin’ x cos’ x by 
. sin x — cos x a completing the square of the left side of the identity. 
sin’ x cos x + cos’ x — sin’ x cos x — sin x cos’ x 78. Verify the identity tan’ x + sec’ x = 1 + 2 tan’ x sec” x by 
76. 1 — sin? x completing the square of the left side of the identity. 
_ cosx 
1+ sinx 
1. GRADING A QUIZ Suppose that you are a teacher’s Answer Key Student’s Response 
assistant. You are to assist the teacher of a 1. csc x sec x 1. cotx + tanx 
trigonometry class by grading a four-question quiz. Each 2. cos? x 2. (1 + sinx)(1 — sin x) 
question asks the student to find a trigonometric expres- 3. cos x cote B cee Sex 
sion that models a given application. The teacher has pre- A csc Corn 4. sin x(cot x + cot? x) 


pared an answer key. These answers are shown in the next 
column. A student gives as answers the expressions 
shown in the far right column. Determine for which prob- 
lems the student has given a correct response. 


Sum, Difference, and Cofunction 
Identities 


PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be 
found on page A16. 


PS1. Compare cos(a — B) and cos a cos B + sina sin B for a = = and B = z [2.2] 


PS2. Compare sin(a + 8) and sina cos B + cosa sin B for a = = and B = = [2.2] 


PS3. Compare sin(90° — 6) and cos @ for 0 = 30°, 6 = 45°, and @ = 120°. [2.2] 


7 
4 


4 
PS4. Compare tan( 4 - o) and cot @ for 0 a ,0 ,and @ = — [2.2] 


tana — tan B 
1+ tana tan B 


PS5. Compare tan(a — B) and fora and B : . [2.2] 


PS6. Find the value of sin[(2k + 1)7], where k is any arbitrary integer. [2.2] 
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Trigonometric Identities and Equations 


" Identities That Involve (a + f) 


Each identity in Section 3.1 involved only one variable. We now consider identities 
that involve a trigonometric function of the sum or difference of two variables. 


Sum and Difference Identities 


Proof To establish the identity for cos(a — 8B), we make use of the unit circle 
shown in Figure 3.2. The angles a and 6 are drawn in standard position, with OA 
and OB as the terminal sides of a and B, respectively. The coordinates of A are 
(cos a, sina), and the coordinates of B are (cos B,sin B). The angle (a — B) is 
formed by the terminal sides of the angles a and B (angle AOB). 


C(cos (a—B), sin (@—B)) 
B(cos B, sin B) 


re 
D(1,0) * 
A(cos a, sin 0) 


Figure 3.2 


An angle equal in measure to angle (a — B) is placed in standard position in 
the same figure (angle COD). From geometry, if two central angles of a circle have 
the same measure, then their chords are also equal in measure. Thus the chords 
AB and CD are equal in length. Using the distance formula, we can calculate the 
lengths of the chords AB and CD. 


d(A, B) = V(cos a — cos B)? + (sina — sin B)* 
d(C, D) = V[cos(a — B) — 1}? + [sin(a — B) — 077 
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Because d(A, B) = d(C, D), we have 
V(cos a — cos B)* + (sina — sin B)* = V[cos(a — B) — 1f + [sin(a — B)}? 


Squaring each side of the equation and simplifying, we obtain 
(cos a — cos B)* + (sina — sin B)? = [cos(a — B) — 1}? + [sin(a — B)} 
cos*a — 2cosacos B + cos’ B + sin? a — 2sina sin B + sin’® B 
= cos*(a — 8) — 2cos(a — B) + 1+ sin’(a — B) 
cos’a + sin’ a + cos’ B + sin® B — 2. cosa cos B — 2sina sin B 
= cosa — 8) + sin’*(a — B) + 1 — 2cos(a — B) 
Simplifying by using sin’ 6 + cos* 6 = 1, we have 
2 —2sinasin B — 2cosacos B = 2 — 2cos(a — B) 
Solving for cos(a — B) gives us 
cos(a — B) = cosacosB + sina sin B Sd 
To derive an identity for cos(a + B), write cos(a + B) as cosla — (—B)]. 
cos(a + 8) = cos[a — (—B)] = cos a cos(—B) + sin a sin(—B) 


Recall that cos(—B) = cos B and sin(—B) = —sin B. Substituting into the previous 
equation, we obtain the identity 


cos(a + 8) = cosacos B — sina sin B 


Use an identity to find the exact value of cos(60° — 45°). 


Solution 


Use the identity cos(a — B) = cos acos B + sina sin B with a = 60° and 
B = 45°. 


cos(60° — 45°) = cos 60° cos 45° + sin 60° sin 45° « Substitute. 
= ( 2 \(2) + (2) (2) - Evaluate each factor. 
2 2 2 2 
V2. V6 a 
= — + —_— ¢ Simplify. 


4 4 


= Cofunctions 


Any pair of trigonometric functions f and g for which f(x) = 9(90° — x) and 
g(x) = f(90° — x) are said to be cofunctions. 
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, 
is (90° — 8). Using the definitions 
of the trigonometric functions gives 


us 
b re} 
BIN) ea (ee — 0) 
b oO 
tan @ =~ = cot (90 — 6) 
Cc 
Sec — = cet (90° — 6) 


These identities state that the 
value of a trigonometric function of 
0 is equal to the cofunction of the 


complement of 0. 


Cofunction Identities 


To verify that the sine function and the cosine function are cofunctions, we 
make use of the identity for cos(a — B). 


cos(90° — B) = cos 90° cos B + sin 90° sin B 
=0-cosB+1-:sinB 
which gives 
cos(90° — B) = sin B 


Thus the sine of an angle is equal to the cosine of its complement. Using 
cos(90° — B) = sin B with B = 90° — a, we have 


cos a = cos[90° — (90° — a)] = sin(90° — a) 
Therefore, 
cos a = sin(90° — a) 


We can use the ratio identities to show that the tangent and cotangent functions 
are cofunctions. 

sin(90° — 6) _ cos 6 _ 
cos(90° — 6) ~—s sin 8 


tan(90° — 6) = cot 6 


cos(90° — @) = sin 0 _ 
sin(90° — 6) cosé 


cot(90° — 6) = tan 0 


The secant and cosecant functions are also cofunctions. 


Use a cofunction identity to write an equivalent expression for sin 20°. 


Solution 


The value of a given trigonometric function of 0, measured in degrees, is 
equal to its cofunction of 90° — 6. Thus 


sin 20° = cos(90° — 20°) 
= cos 70° 
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= Additional Sum and Difference Identities 


We can use the cofunction identities to verify the remaining sum and difference 
identities. To derive an identity for sin(a + B), substitute a + B for 6 in the co- 
function identity sin 6 = cos(90° — 6). 
sin 8 = cos(90° — @) 
sin(a + B) = cos[90° — (a + B)] « Replace 6 with a + B. 
= cos[(90° — a) — B] + Rewrite as the difference of two angles. 
= cos(90° — a) cos B + sin(90° — a) sin B 
sina cos B + cosa sin B 


I 


Therefore, 
sin(a + B) = sina cos B + cosasin B 


We also can derive an identity for sin(a — B) by rewriting (a — B) as 


[a + (—B)]. 


sin(a — B) = sin[a + (-8)] 
= sin a cos(—B) + cos a sin(—B) 
= sina cos B — cosasin B * cos(— 8) = cos B 
sin(—£) = —sin B 


Thus 


sin(a — B) = sina cos B — cosasin B 


: ‘ : : . sin 60 
The identity for tan(a + B) is a result of the identity tan @ = 4 and the 
cos 
identities for sin(a + B) and cos(a + B). 
sin(a + sina cos B + cosa sin 
tan (a + B) = ( B) _ B - - B 
cos(a + B) cosacosB — sina sin B 
sin a cos B 4 cos a sin B ¢ Multiply both the numerator 
cos a COS B COS @ COS B and the denominator by 
cos a cos B sinasinB oo ee and simplify. 
cos a cos B 
cosacosB cosacosB 
Therefore, 
tana + tan B 
tan(a + = 
( B) 1 — tana tan B 
The tangent function is an odd function, so tan(—@) = —tan 0. Rewriting 


(a — B)as[a + (—B)] enables us to derive an identity for tan(a — B). 


tana + tan(—B) 
1 — tana tan(—B) 


tan(a — 8) = tan[a + (—B)] = 


Therefore, 


tana — tan B 
1 + tana tan B 


tan(a — B) = 
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The sum and difference identities can be used to simplify some trigonometric 
expressions. 


Simplify Trigonometric Expre 


Write each expression in terms of a single trigonometric function. 


tan 4a + tana 


a. sin 5x cos 3x — cos 5x sin 3x b. 
1 — tan 4a tana 


Solution 
a. sin 5x cos 3x — cos 5x sin 3x = sin(5x — 3x) = sin 2x 


tan 4a + tana 


= tan(4a + @) = 
arene arora tan(4a + a) = tan 5a 


4 5 
Given tan a = for a in Quadrant II and tan B = Tr for B in 


Quadrant IV, find sin(a + B). 


Solution 


4 
See Figure 3.3. Because tan a = - = = and the terminal side of a is 


in Quadrant IIL, P;\(—3, 4) is a point on the terminal side of a. Similarly, 
P,(12, —5) is a point on the terminal side of B. 


Figure 3.3 


Using the Pythagorean Theorem, we find that the length of the line segment 
OP, is 5 and the length of OP, is 13. 
sin(a + B) =sinacos B + cosasin B 
_A 12-3 =5 _ 48 15 _ 63 
5 13 5 13 6 65  & 


Plot! Plot2 Plot3 
\Y1 Bcos(x-x) 
\Y2 B -cos([x) 


Figure 3.4 


Plot! Plot2 Plot3 

Bi (cos(Ux))/sin(x)-(sin(4x) 
V/cos(x) 
\Y2 B (cos(5x))/(sin(xJcos(x)) 


Figure 3.5 
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Verify the identity cos (zr — 0) = —cos 0. 


Solution 


cos(7 — 6) = cos 7cos@ + sin 7zsin 6 + Use the identity for 
cos(a — B). 

—1-cosé+0-sin@ 

= —cos 0 


I 


Figure 3.4 shows the graphs of Y1 = cos(a — @) and Y2 = —cos @ on the same 
coordinate axes. The fact that the graphs appear to be identical supports the veri- 
fication in Example 5. 


: . . cos4é6 sin 4é cos 58 
Verify the identity aa. coat aabeeee 


Solution 
Subtract the fractions on the left side of the equation. 


cos 40 _ sin40 _ cos 40 cos 6 — sin 40 sin 6 


sin 0 cos 0 sin 0 cos 6 
= cos(46 + 6) ¢ Use the identity for 
sin 6 cos 0 cos(@ + £). 
cos 50 


~ sin 0 cos 6 


cos 40 _ sin 40 


Figure 3.5 shows the graph of Y1 = and the graph of 


sin 0 cos 6 


50 
Y2= ee on the same coordinate axes. The fact that the graphs appear to 
sin 6 cos 0 


be identical supports the verification in Example 6. 
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™ Reduction Formulas 


The sum or difference identities can be used to write expressions such as 


sin(@ + kz) sin(@ + 2kzr) and cos[@ + (2k + 1)a] 


where k is an integer, as expressions involving only sin @ or cos 0. The resulting 
formulas are called reduction formulas. 


Write as a function involving only sin 0. 


sin[@ + (2k + 1)], where k is an integer 


Solution 
Applying the identity sin(a + B) = sinacos B + cosa sin B yields 
sin[@ + (2k + 1)a] = sin 6 cos[(2k + 1)a] + cos 6 sin[ (2k + 1)z] 


If k is an integer, then 2k + 1 is an odd integer. The cosine of any odd 
multiple of 7 equals —1, and the sine of any odd multiple of 7 is 0. This 
gives us 


sin[@ + (2k + 1)a] = (sin 6)(—1) + (cos 6)(0) = —sin 6 
Thus sin[@ + (2k + 1)z] = —sin @ for any integer k. 


@ QUESTION Is sin(6 + 2k) = sin 6a reduction formula? 


Ag ® Topics for Discussion 


1. Does sin(a + B) = sina + sin B for all values of a and B? If not, find nonzero 
values of a and B for which sin(a + B) ~ sina + sin B. 


If k is an integer, then 2k + 1 is an odd integer. Do you agree? Explain. 
What are the trigonometric cofunction identities? Explain. 


Is tan(@ + kar) = tan 6, where k is an integer, a reduction formula? Explain. 


@ ANSWER Yes. sin (@ + 2k) = sin 6 cos (2k7r) + cos 6 sin (2k7) 
= (sin 6)(1) + (cos 6)(0) = sin 6. 
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Exercise Set 3.2 


In Exercises 1 to 18, find (if possible) the exact value of the ») 26. sin x cos 3x + cos x sin 3x 


expression. 
1. sin(45° + 30°) 2. sin(330° + 45°) ete SOS tee aay Sener ee 
3. cos(45° — 30°) y) 4. cos(120° — 45°) 28. cos 4x cos 2x — sin 4x sin 2x 
5. tan(45° — 30°) 6. tan(240° — 45°) 29. sin 7x cos 3x — cos 7x sin 3x 
30. cos x cos 5x — sin x sin 5x 
_ [da 7 _ [Arr 7 
7. sin} — — — 8. sin{ — + — 
4 6 3 4 31. cos 4x cos(—2x) — sin 4x sin(—2x) 
30 7 7 7 : : 
; sacle ee : DER 32. sin(—x) cos 3x — cos(—.x) sin 3x 
9 co ‘i Z| 10 co 1 3 ) 
33. si x 2x XM  QK 
7 7 llr a . sin > cos r cos — sin 
: ge ? ee oe 3 3 3 3 
11 tn( 6 x) 12 tn( 6 x) 
3x Dea a OM 2 oe 
13. cos 212° cos 122° + sin 212° sin 122° 34. cos 4 cos - sin 4 sin a 


14. sin 167° cos 107° — cos 167° sin 107° tan 3x + tan 4x 


3b 1 — tan 3x tan 4x 
15 sig os 2 ie i 7 
1 
12 4 12 4 tan 2x — tan 3x 
"1+ tan 2x tan 3x 
16. cos = cos ul sin . sin 7 
, 12 4 12 4 
In Exercises 37 to 48, find the exact value of the given 
71 7 functions. 
tan — — tan— 
an 7) an | j is 
17. a “a 37. Given tana = ——, a in Quadrant II, and tan B = —, B 
1 + tan — tan — . 3 8 
12 4 in Quadrant III, find 
+ i a. sin(a — B) b. cos(a + B) c. tan(a — B) 
tan — + tan — 
18 8 a 24 8 
: 7 7 y) 38. Given tan a = —, a in Quadrant I, and sin B = ——, B in 
1 — tan rs tan 3 7 17 
Quadrant III, find 
In Exercises 19 to 24, use a cofunction identity to write an a. sin(a + B) b. cos(a + B) c. tan(a — B) 
equivalent expression for the given value. 
= 3 5 
19. sin 42° y) 20. cos 80° 39. Given sina = 5’ in Quadrant I, and cos B = — 13’ Bin 
drant II, find 
21. tan 15° 22. cot 2° eee 
a. sin(a — B) b. cos(a + B) c. tan(a — B) 
23. sec 25° 24. csc 84° 
40. Given sin a in Quadrant II, and cos B Bin 
. Given sina = =,a@ U. =-—, 
In Exercises 25 to 36, write each expression in terms of a sin- 25 5 
gle trigonometric function. Quadrant III, find 


25. sin 7x cos 2x — cos 7x sin 2x a. cos(B — a) b. sin(a + B) c. tan(a + B) 
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4 12 In E ises 49 to 74, verify the identity. 
41. Given sina = 5" a@ in Quadrant III, and cos B = ~ 43’ lal ° Velen eee 
7 : 
B in Quadrant II, find 49. cos( © = ) = sin @ 
a. sin(a — B) b. cos(a + B) c. tan(a + B) 


») 50. cos(@ + 7) = —cos 0 


7 
42. Given sina = — 35’ a in Quadrant IV, and cos B = = B 


51. sin( + 2) = cos 0 
in Quadrant IV, find 


52. sin(@ + m7) = —sin @ 


a. sin(a + B) b. cos(a — B) c. tan(a + B) 
tan@+1 
15 3 53. tan(o + =) = 
43. Given cos a = 17’ a in Quadrant I, and sin B = 5" Bin 4 1 — tan 6 
Quadrant III, find 2 tan 6 
54. tan 20 = i tanto 
a. sin(a + B) b. cos(a — B) c. tan(a — B) ~ tan’@ 
3 
7 12 55. cos(%2 = s) = —sin 6 
44. Given cos a = — 95 a in Quadrant II, and sin B = — 13 B 2 
in Quadrant IV, find 3a 
56. sin( 22 + 0) = —cos 0 
a. sin(a + B) b. cos(a + B) c. tan(a — B) 


3 5 57. cot( 2 a ) = tand 
45. Given cos a = 5" a@ in Quadrant III, and sin B = 13’ B 2 


in Quadrant I, find 58. cot(7 + 6) = cot dé 
a. sin(a — B) b. cos(a + B) c. tan(a + B) ee ee eee 


17’ 
in Quadrant III, find 


8 24 
46. Given cos a = =, a in Quadrant IV, and sin B = ~ 55 B 60. see{ _ ) = csc é 


61. sin 6x cos 2x — cos 6x sin 2x = 2 sin 2x cos 2x 
a. sin(a — B) b. cos(a + B) c. tan(a + B) 


)) 62. cos 5x cos 3x + sin 5x sin 3x = cos* x — sin? x 
47. Given sina = 2, a in Quadrant I, and tan B = 2 B in 


12’ 
Quadrant III, find 


63. cos(a + B) + cos(a — B) = 2 cosa cos B 


64. cos(a — B) — cos(a + B) = 2sina sin B 


a. sin(a + B) b. cos(a — B) c. tan(a — B) 


65. sin(a + B) 


sin(a — B) = 2 sina cos B 


: 15, ae 
48. Given tana = re a in Quadrant I, and tan B = 5a’ Bin 66. sin(a — B) — sin(a + B) 2 cosa sin B 
Quadrant IV, find 


cos(a — B) cota + tan B 
a. sin(a — B) b. cos(a — B) c. tan(a + B) ‘ sin(a +B) 1+ cotatanB 
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68 sin(ia+ B) 1+ cotatanp 
“sin(a — B) 1-cotatanB 
sin(x + h) — sinx sinh ; (cos h — 1) 
69. =cosx: + sinx + 
h h h 
cos(x + h) — cosx (cosh — 1) ; 
70. i =cosx: i sin x: 
1 


71. sin( + a -s) =cosacosf + sina sin B 


72. cos( 2 ta p) (sina cos B + cosa sin B) 


73. sin 3x = 3sinx — 4sin’ x 


74. cos 3x = 4.cos* x — 3cos x 


»»» Connecting Concepts» »»»»»»»: 


In Exercises 75 to 80, write the given expression as a function 
that involves only sin 0, cos 0, or tan @. (In Exercises 78, 79, 
and 80, assume k is an integer.) 


75. cos(@ + 377) )) 76. sin(o + 27) 


77. tan(@ + 7) 78. cos[@ + (2k + 1)] 


79. sin(@ + 2kzr) 80. sin(@ — kz) 


[4,) In Exercises 81 to 84, compare the graphs of each side 
: of the equation to predict whether the equation is an 
identity. 


81. sin( = = x) = cos x 


83. sin 7x cos 2x — cos 7x sin 2x = sin 5x 


82. cos(x + m7) = —cosx 


84. sin 3x = 3sinx — 4 sin? x 


In Exercises 85 to 89, verify the identity. 


85. sin(x — y) - sin(x + y) = sin’ x cos* y — cos’ x sin’ y 


86. sin(x + y + z) = sin x cos y cos z + cosx sin ycosz + 
cos x cos y sin z — sin x sin y sinz 


87. cos(x + y + z) = cos x cos y cos z — sin x sin y cos z — 
sin x cos y sinz — cos X sin y sinz 


in(x + 
88. ats ; y) cot x + cot y 
sin x sin y 
cos(x — y) 
89. 3 cot y + tanx 
cos x sin y 


90. IVIODEL RESISTANCE The drag (resistance) on a fish when 
it is swimming is two to three times the drag when it is 
gliding. To compensate for this, some fish swim in a saw- 
tooth pattern, as shown in the accompanying figure. The 
ratio of the amount of energy the fish expends when 


swimming upward at angle B and then gliding down at 
angle a to the energy it expends swimming horizontally is 
given by 
_ ksina + sinB 
8 ksin(a + B) 
where k is a value such that 2 =k = 3, and k depends 
on the assumptions we make about the amount of drag 


experienced by the fish. Find Er for k = 2, a = 10°, and 
B = 20°. 
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1. INTERSECTING LINES In the figure shown at the right, two 
nonvertical lines intersect in a plane. The slope of line |, is 
m, and the slope of line |, is m. 


a. Show that the tangent of the smallest positive angle y 
between |, and I, is given by 
M2 — My, 


tan y = ——————_ 
Y 1+ mm, 


b. Two nonvertical lines intersect at the point (1,5). The 
measure of the smallest positive angle between the 
lines is y = 60°. The first line is given by y = 0.5x + 4.5. 
What is the equation (in slope-intercept form) of the 
second line? 


Double- and Half-Angle Identities 


Prepare for this section by completing the following exercises. The answers can be 
found on page A16. 


PS1. Use the identity for sin(a + B) to rewrite sin 2a. [3.2] 


PS2. Use the identity for cos(a + B) to rewrite cos 2a. [3.2] 


PS3. Use the identity for tan(a + B) to rewrite tan 2a. [3.2] 


PS4. Compare tan = and — for a = 60°, a = 90°, and a = 120°. [2.2] 
2 1+ cosa 


PS5. Verify that sin 2a = 2 sin a is not an identity. [2.2] 


1 
PS6. Verify that cos = = 5 cos a is not an identity. [2.2] 


= Double-Angle Identities 


One way of showing By using the sum identities, we can derive identities for f(2a), where fis a trigono- 
that sin 2x # 2 sin x is by metric function. These are called the double-angle identities. To find the sine of a 
graphing y = sin 2x and double angle, substitute a for B in the identity for sin(a + 8). 

y = 2sin x and observing 


that the graphs are not the 
same. sin (a + a) = sinacos a+ cos asin a > Let B= a. 


sin (a + B) = sinacos B + cosasin B 


sin 2a = 2 sin a cos a 
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A double-angle identity for cosine is derived in a similar manner. 
cos(a + 8) = cos acos B — sin asin B 
cos(a + a) = cosacosa — sinasina - Let B =a. 
cos 2a = cos’ a — sin’ a 
There are two alternative forms of the double-angle identity for cos 2a. Using 
cos* a = 1 — sin’ a, we can rewrite the identity for cos 2a as follows: 
cos 2a = cos’ a — sin’ a 
cos 2a = (1 — sin’ a) — sin’? a *cos?a=1- sin? a 
cos 2a = 1 — 2sin’ a 
We also can rewrite cos 2a as 
cos 2a = cos’ a — sin’ a 
cos 2a = cos? a — (1 — cos? a) + sin? a= 1 — cos? a 
cos 2a = 2 cos? a -—1 


The double-angle identity for the tangent function is derived from the iden- 
tity for tan(a + B) with B = a. 


tana + tan B 


tan(@ + = 
( B) 1 — tana tan B 
tana + tana 
tan(a + a) = + Let B= a. 
1 — tana tana 
2tana 
Ai2e=———_— 
1 — tan’ a 


Here is a summary of the double-angle identities. 


Double-Angle Identities 


The double-angle identities are often used to write a trigonometric expression in 
terms of a single trigonometric function. 


Write 4 sin 56 cos 50 in terms of a single trigonometric function. 


Solution 


4 sin 50 cos 50 = 2(2 sin 56 cos 50) * Use 2 sin a cos a = sin 2a, 
= 2(sin 106) = 2 sin 100 eo 
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1 
@ QUESTION Does sin 6cos 6 = a sin 26? 


In Example 2, we use given information concerning the angle a to find the 
exact value of sin 2a. 


4 
If sina = 5 and 0° < a < 90°, find the exact value of sin 2a. 


Solution 


Use the identity sin 2a = 2 sin a cos a. Find cos a by substituting for sin a in 
sin’ a + cos* a = 1 and solving for cos a. 


2 3 
cos a = VI= sia = 1 - (4) =— - cos a> Oif ais in 
5 5 Quadrant I. 


Substitute the values of sin a and cos a in the double-angle formula for 


sin 2a. 
4 
sin 2a = 2sina cos a =f (2) = 


1 
Verify the identity csc 2a = a (tan a + cot a). 


Solution 


Work on the right-hand side of the equation. 


1 1/sina cosa 
5 (tana + cota) = + 


2\cosa sina 
1 /sin?a + cos*a 
2 cosa sina 

1 


= csc 2a 


2cosasina  sin2a 


2sin@cos@ sin2@ 1 
@ ANSWER Yes. sin 6 cos 0 5 5 5 sin 26. 
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™ Power-Reducing Identities 


The double-angle identities can be used to derive the following power-reducing 
identities. These identities can be used to write trigonometric expressions involv- 
ing even powers of sine, cosine, and tangent in terms of the first power of a cosine 
function. 


Power-Reducing Identities 


The first power-reducing identity is derived by solving the double-angle identity 
cos 2a = 1 — 2sin’a for sin’a. The second identity is derived by solving the 
double-angle identity cos 2a = 2 cos*a — 1 for cos’ a. The identity for tan’?a can 
be derived by using the ratio identity, as shown below. 


1 — cos 2a 
sin a 2 _ l= cose 


cos’*a 1+ cos2a 1+-cos2a 
2. 


IPLE 4 Use Power-Reducing Identities 
Write sin*a@ in terms of the first power of one or more cosine functions. 


Solution 


sin‘ a = (sin? a)? 


1 —cos2a\¥ fo , 
= a ¢ Power-reducing identity 
l PA 
= qa — 2cos 2a + cos’ 2a) + Square. 
1 1 + cos 4a nt ; 
= z 1 — 2cos 2a + a as « Power-reducing identity 


p[i tested eh) — 
_ ¢ Simplify. 


4 2 


I 
=_" — 4cos 2a + cos 4a) 
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= Half-Angle Identities 
The following identities, called half-angle identities, can be derived from the 
power-reducing identities by replacing a with a and taking the square root of 


a 
each side. Two additional identities are given for tan > 


Half-Angle Identities 


In Example 5, we use a half-angle identity to find the exact value of a trigono- 
metric function. 


Find the exact value of cos 105°. 


Solution 
1 
Because 105° = > (210°), we can find cos 105° by using the half-angle 


identity for cos . with a = 210°. The angle a = 105° lies in Quadrant II and 


the cosine function is negative in Quadrant II. Thus cos 105° < 0, and we must 


a 1+ cosa 
select the minus sign that precedes the radical in cos Ta +4] 5 to 


produce the correct result. 


1 + cos 210° 


105° = = 
cos 5 


¢ Use the formula for cos = with a = 210° 


and a minus sign in front of the radical. 


* cos 210° = sa? 


2 


¢ Simplify the numerator of the radicand. 
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== (2 - V3 : & ¢ Definition of division 
2 2 
2-V3 a 
=— ¢ Simplify. 
4 
_V2=V3 


In Example 6, we use given information concerning an angle a to find the 


Qa 
exact values of the cosine and tangent of = 


If sina = _ and 180° < a < 270°, find the exact value of 


a cos — b tan = 
: 2 : 2 


Solution 


To apply the half-angle identities, we need to find cos a. We can use the 
identity cos* a = 1 — sin’ a to find cos a, but first we need to determine 
the sign of cos a. Because 180° < a < 270°, we know that cos a < 0. Thus 
3 ) _ 16 16. 4 


Do Na sg ee _—— —— 
cos*-a=1-sinr’a=1 (-2 5 and cosa 5 5 


1 
Multiply each part of 180° < a < 270° by > to obtain 90° < > < 135°. 
Qa... a a 
Therefore, a lies in Quadrant II. Thus cos > <0 and tan — < 0. 


a. In the following work, we use the half-angle identity for cos a with a 
minus sign in front of the radical. 


4 
1+ (-— = 
a fltcosa (-4) Pee ae 
mie 2 2 52 10-10 
1 = 
b. We could use the half-angle identity tan c=+ \/ = ; however, 
2 1+ cosa 


: ; a sina . , ‘ 
the identity tan — = ————— is simpler and easier to evaluate. 
2 1+ cosa 
2 
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The power-reducing identities and half-angle identities can be used to verify 
other identities. 


x sin x 
Verify the identity 2 csc x cos? — = ———_-. 
y y 2 1 — cosx 
Solution 
Work on the left side of the identity. 
2X _ 1 + cos x 2X _1+ osx 
2 csc X COs 5 2 csc (Pees = —_— 
1+ cosx 
i «csc Xx = — 
sin x sin xX 


1+cosx 1-cosx : 
= ee * Multiply the numerator and 


denominator by the 
conjugate of the numerator. 


sin x 1 —cosx 


1 — cos’?x 


~ sin x(1 — cos x) 


sin’ x 


=> * 1 — cos? x = sin? x 
sin x(1 — cos x) 


sin x 
= - Simplify. 
1 = <os. x 


Ag \ Topics for Discussion 


1. True or false: If sin a = sin B, then a = B. Why? 


2. Because 


are both identities, it follows that 


sina —1-—cosa 


1+ cosa sina 
is also an identity. Do you agree? Explain. 


3. Is sin 10x = 2 sin 5x cos 5x an identity? Explain. 


4. Issin a = cos z an identity? Explain. 


Exercise Set 3.3 
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In Exercises 1 to 8, write each trigonometric expression in 
terms of a single trigonometric function. 


1. 2 sin 2a cos 2a )) 2. 2sin 36cos 36 


21. cos? x 


23. sin’ x cos? x 


») 22. sin? x cos* x 


24. sin® x 


3. 1 — 2sin’°5B 
5. cos’ 3a — sin’? 3a 


2 tan 3a 
“1 —- tan? 3a 


4. 2cos’* 2B —1 
6. cos* 6a — sin? 6a 


2 tan 40 
“1 — tan? 40 


In Exercises 25 to 36, use the half-angle identities to find the 
exact value of each trigonometric expression. 


In Exercises 9 to 18, find the exact values of sin 2a, cos 2a, 
and tan 2a given the following information. 


4 
9. COS aia 90° < a < 180° 


») 10. cosa = 5 270° < a < 360° 


11. sina = —= 90° < a < 180° 


12. sina = -— 180° < a < 270° 


13. tana = s 270° < a < 360° 


14. tana == 0°<a < 90° 
15 

15. si = — Pe <a < 90° 

5. sina 7 0 a<90 

: 3 

16. sina = 5 180° < a < 270° 
4 

17. cosa = 270° < a < 360° 
41 
4 

18. cosa =— 270° < a < 360° 


In Exercises 19 to 24, use the power-reducing identities to 
write each trigonometric expression in terms of the first 
power of one or more cosine functions. 


19. 6 cos? x 20. sin’ x cos* x 


25. sin 75° 26. cos 105° 27. tan 67.5° 
») 28. cos 165° 29. cos 157.5° 30. sin 112.5° 
7 
31. sin 22.5° 32. cos 67.5° 33. sin > 
5a 5a . 39 
34. cos = 35. cos 75 36. sin 8 


In Exercises 37 to 44, find the exact values of the sine, co- 


Qa 
sine, and tangent of 2 given the following information. 


: 5 
sin.ae= 


37. 3 


)) 38. sina = _ 


90° < a < 180° 


180° < a < 270° 


39. cosa = a 180° < a < 270° 
12 

40. =— Pe <a < 90° 

0. cosa B 0 a<9 
4 

ps cara 0° <a < 90° 

42. tana = “iB 90° < a < 180° 
24 

43. cos a = — 270° < a < 360° 
25 

: 9 . 
44. sina = —77 270° <a < 360 


In Exercises 45 to 90, verify the given identity. 


1 
45. sin 3x cos 3x = ze sin 6x 


46. cos 8x = cos’ 4x — sin? 4x 
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. x x ‘ a ae 
47. sin? x + cos 2x = cos?x ae. == Bs cot? x — 1 71, 2sin > cos > = sin x 72. cos*— — sin? — = cos x 
sin’? x 2 2 2 - 
1 + cos 2x inti 1 1 Ba RY 
49, ——— = = cot Y) 50. ——— = = csc’? 73. (<os + sin ) =1+sinx 
sin 2x eee »» 1—cos2x 2 ta 2 2 
sin 2x x  secx—-1 
REE. 74. tan’? — = ———_ 
at 1 — sin? x Ea 2 secx+1 


Dign  gin? x 1 
go ES eat os 75. sin? — sec x (sec x — 1) 
2 sin x cos x 2 2 


cos 2x x 1 
53. 1 — tan’ x = —> 76. cos*— sec x (sec x + 1) 
cos’ x 2 2 
2 sin x cos x x 2 X 
54. tan 2x = —~——__ 77. cos? cos x = sin? 
cos’ x — sin’ x 2 
55. sin 2x — tan x = tan x cos 2x ae: aX 
78. sin + COS X = cos 
2 2 
56. sin 2x — cot x = —cot x cos 2x 
x x 
BD a DU ee ey oy. 
57. cos' x — sin’ x = cos 2x 79. sin g. SOF a — NOES 


58. sin 4x = 4 sin x cos’ x — 4.cos x sin’ x 


x Age 1 ; 
80. cos” oe sin? 3 = > esexsin 2x 
59. cos’? x — 2sin? x cos’? x — sin’?x + 2 sin’ x = cos? 2x 


. 81. sin 2x — cos x = (cos x)(2sinx — 1 
60. 2 cos’ x — cos* x — 2 sin’? x cos? x + sin’? x = cos* 2x ) 


cos 2x 
61. cos 4x = 1 — 8cos* x + 8 cos*x $2. , = or x—2 
sin’ x 
62. sin 4x = 4 sin x cos x — 8cosx sin? x > 
83. tan 2x = ——————_- 
63. cos 3x — cosx = 4cos* x — 4cosx cotx — tanx 
64. sin3x + sinx = 4sinx — 4sin’ x 2cos2x _ 
' 4 84. Oo = cot x — tanx 
65. sin’ x + cos’ inx 4 1-<sin2 
. sin? x + cos’ x = (sin x + cos x) 5 Sin 2x et aa sintx £1 = cos? x 
: 2 (sin x)(1 + cos x) 
1 
66. cos’ x — sin? x = (cosx sin. 1 + $sin2x] 1 x 
2 86. : csc? : csc? x + cot x csc x 
he secx — 1 — x secx + 1 
7. sin? — = ———_ | . cos? — = —————_ it i 
e738 2 2secx >) 68 ie D 2secx 87. csc 2x = — csc x sec x 88. sec 2x = ———*— 
2: 2 — sec’ x 
x x tan x ») 
69. tan — = csc x — cotx 70. tan — = ————_ * 4 ng gt 
2 a eager 1 89. cos = 1 — 2sin 10 90. sec a ae 


91. IVIACH NUMBERS Ernst Mach (1838-1916) was an Aus- 


trian physicist who made a study of the motion of objects 
at high speeds. Today we often state the speed of aircraft 
in terms of a Mach number. A Mach number is the speed 
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The following equation shows the relationship be- 
tween the measure of the cone’s vertex angle a and the 
Mach speed M of an aircraft that is flying faster than 
the speed of sound. 


of an object divided by the speed of sound. For example, 
a plane flying at the speed of sound is said to have a speed 
M of Mach 1. Mach 2 is twice the speed of sound. An air- 


a 
M sin — 
sin 


=1 


plane that travels faster than the speed of sound creates a _ 7 . . 
sonic boom. This sonic boom emanates from the airplane ie 4 GEPSneI BE he Misetep ES tt OF ie @isplane: 
in the shape of a cone. State your answer as an exact value and as a decimal 
accurate to the nearest hundredth. 
Sonic boom 
a 
b. Solve M sin _ 1 for a. 
c. Does the vertex angle a increase or decrease as the 


Mach number M increases? 


»» Connecting Concepts 2 


In Exercises 92 to 95, compare the graphs of each side 
of the equation to predict whether the equation is an 
identity. 


In Exercises 96 to 98, verify the identity. 


sin’ x + cos? x | 


96. 


1 
- 1 sin 2x 
sin x + cos x 2 
sin 2x 


“1 = sin? x 


92. sin?x + cos2x =cos*x 93 =2tanx 


1 1 3 
97. cos x = —cos 4x + — cos 2x + — 
cos’ Xx gn inna 8 


- « x 7 
94. sin — cos — = sin x 


2 2 sin x — sin 2x 


tan 


2 


"cos x + cos 2x 


2. 
95. (cos 4p sin) =1+sinx 


VISUAL INSIGHT Explain how the figure at the right 


Unit circle | 
can be used to verify the half-angle identity 


"Ne 


pee sin 0 
2 1+ cos 6 
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PS4. 


PS5. 


PS6. 


PS1. 


PS2. 


PS3. 


Identities Involving the Sum of 
Trigonometric Functions 


PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be 
found on page A17. 


1 
Use sum and difference identities to rewrite 7 [sin(a + B) + sin(a — B)]. [3.2] 


Use sum and difference identities to rewrite : [cos(a + B) + cos(a — B)]. [3.2] 


+ — 
Compare sin x ~ sin y and 2.cos ~~ sin * Y for x mand y = ©. [2.4] 


2 
Use a sum identity to rewrite V2 sin( 2 + =) [3.2] 


Find a real number x and a real number y to verify that sin x — sin y = sin(x — y) is 
not an identity. [2.4] 


Evaluate Va? + b? fora = —landb = V3. 


= The Product-to-Sum Identities 


Some applications require that a product of trigonometric functions be written 
as a sum or difference of these functions. Other applications require that the sum 
or difference of trigonometric functions be represented as a product of these 
functions. The product-to-sum identities are particularly useful in these types of 
problems. 


Product-to-Sum Identities 
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The product-to-sum identities can be derived by using the sum or difference 
identities. Adding the identities for sin(a + 8) and sin(a — B), we have 
sin(a + B) = sinacosB + cosasinB 
sin(a — B) = sina cos B — cosasinB 
sin(a + B) + sin(a — B) = 2 sina cos B « Add the identities. 


Solving for sin a cos B, we obtain the first product-to-sum identity: 
1 
sin a cos B = 5 Lsin(a + B) + sin(a — B)] 


The identity for cos a sin B is obtained when sin(a — B) is subtracted from 
sin(a + B). The result is 


cos a sin B = + [sina + B) — sin(e — B)] 


In like manner, the identities for cos(a + B) and cos(a — B) are used to derive 
the identities for cos a cos B and sin a sin B. 


The product-to-sum identities can be used to verify some identities. 


an Identity 


1 
Verify the identity cos 2x sin 5x = > (sin 7x + sin 3x). 


Solution 


1 
cos 2x sin 5x = 5 Lsin(2x + 5x) — sin(2x — 5x)] + Use the product- 
to-sum identity for 


= >I[sin 7x — sin(—3x) | cos a sin Bp. 


1 
= 5 (sin 7x + sin 3X) ¢ sin(—3x) = —sin 3x 


© The Sum-to-Product Identities 


The sum-to-product identities can be derived from the product-to-sum identities. 


248 


Trigonometric Identities and Equations 


Sum-to-Product Identities 


To derive the sum-to-product identity for sin x + sin y, we first let x = a + B and 
y =a — B. Then 
x+y=a+Bt+a-B and x-y=a+B-(a-B) 
x+y =2a x—y=26 
eae) —-=7y 
9 2 


Substituting these expressions for a and B into the product-to-sum identity 
1 
35 Lsin(a + B) + sin(a — B)] = sina cos B 
yields 
a f{xery, x—y _(xty x-y _xtry x—y 
sn( 5) 5) sn( 5) 2 sin 7 cos 


Simplifying the left side, we have the sum-to-product identity. 


5 x= y 
sinx + siny = 2sin > cos 5 Z 


The other three sum-to-product identities can be derived in a similar manner. 
The proofs of these identities are left as exercises. 


Write sin 46 — sin 6 as the product of two functions. 


Solution 


49+0 40-0 _, 50, 30 
2 2 a" 


sin 48 — sin 8 = 2cos 
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@ QUESTION Does cos 40 + cos 20 = 2 cos 36 cos 6? 


in 6x + sin 2 
Verify the identity , — = a = tan 4x cot 2x. 


Solution 


6x + 2x on = 2% 
cos 


ineveande ==" a 
sin 6x — sin 2x Ox + 25 2° 6% = 2x 
2 cos 5 sin 5 


sin 4x cos 2x 
cos 4x sin 2x 


= tan 4x cot 2x 


yh P(a, b) 


© Functions of the Form f(x) = asin x + bcos x 


p The function given by the equation f(x) = a sin x + b cos x can be written in the form 

f(x) =k sin(x + a). This form of the function is useful in graphing and engineering 

applications because the amplitude, period, and phase shift can be readily calculated. 

Let P(a, b) be a point on a coordinate plane, and let a represent an angle in 

4 % standard position whose terminal side contains P. See Figure 3.6. To rewrite 
y =asinx + bcosx, multiply and divide the expression asinx + bcosx by 


Figure 3.6 


; Ve+TP . 
asinx + bcos x = —=—=(asinx + bcos x) 


Var + 
oe b 
= Ve + # | —4— sin x + —~—cos x 1 
a + b? Verte @) 
From the definition of the sine and cosine of an angle in standard position, let 


a b 
k=Vae+ 0, cosa =——, and sine = — 
a+b? Vre+P 


Substituting these expressions into Equation (1) yields 


asinx + bcosx =k(cosasinx + sina cos x) 
Now, using the identity for the sine of the sum of two angles, we have 
asinx + bcosx =ksin(x + a) 


Thus asinx + bcosx =k sin(x + a), where k = Va’ + b’? and a is the angle 


a 
for which sin a = ————— and cos a = ——==——=.. 
Var + b? Var + b? 
404+ 20 40 — 20 
@ ANSWER Yes. cos 46 + cos 26 2cos( 5 ) cos 5 ) = 20s 30cos 0. 
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Functions of the Form asin x + bcos x 


Rewrite sin x + cos x in the form k sin(x + a). 


Solution 


Comparing sin x + cos x toasin x + bcos x,a =1 and b = 1. Thus 


ie y= isin (x+3) k=VPE+P=V2,sina = a and cos a = eh Thus a = me 
y=sin x + cos x 2 2 
, sin x + cos = sine + 2) = V3sin( x + =) 


The graphs of y = sin x + cos x and y = V2 sin( + =) are both the graph 


Figure 3.7 of y = V2 sin x shifted zi units to the left. See Figure 3.7. 


P(-1, 8) Graph: f(x) = -sin x + V3 cos x 


Solution 


First, we write f(x) as k sin(x + a). Leta = —1 and b = V3; then 

k = V(-1)? + (V3)? = 2. The amplitude is 2. The point P(—1, V3) is in the 
second quadrant (see Figure 3.8). Let a be an angle in standard position with 
P on its terminal side. Let a’ be the reference angle for a. Then 


cor V3 
== 
2 
Figure 3.8 

, TT 
QS] —— 
3 

; T 20 

= = 0 ST SS 
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2 
y=2sinx Substituting 2 for k and = forainy =ksin(x + a), we have 


y=2sin(x +2) 


2 
The phase shift is = The graph of f(x) = —sinx + V3 cos x is the graph 


2 
of y = 2 sin x shifted = units to the left. See Figure 3.9. 


fix) =-sin x + 3 cos x 


Figure 3.9 


Ag \ Topics for Discussion 


2+ V3 
1. The exact value of sin 75° cos 15° is —— Do you agree? Explain. 


2. Do you agree with the following work? Explain. 


1 
cos 195° + cos 105° = cos(195° + 105°) = cos 300° = 5 


3. The graphs of y, = sinx + cos x and y, = V2 sin( + =) are identical. Do 
you agree? Explain. 


4. Explain how to find the amplitude of the graph of y = asin x + bcos x. 


) ] Exercise Set 3.4 


In Exercises 1 to 8, write each expression as the sum or dif- 


ica we fe eer ok 
ference of two functions. » sin 12 cos 12 » Sin 12 Ss 12 
1. 2 sin x cos 2x 2. 2 sin 4x sin 2x 
15. sin cos = 16. cos sin = 
3. cos 6x sin 2x 4. cos 3x cos 5x se eas aan 
. 2si . 2sin2 6. 
Sh DEMO SOSSE Re eer cos ee In Exercises 17 to 32, write each expression as the product of 
7. sin x sin 5x 8. cos 3x sin x two functions. 
17. sin 46 + sin 20 18. cos 50 — cos 30 
i , fi h I df h ion. F : 
In Exercises 9 to 16, find the exact value of each expression 19. cos 30 + cos @ 20. sin 70 — sin 30 
Do not use a calculator. 
9. cos 75° cos 15° 10. sin 105° cos 15° 21. cos 60 — cos 20 »») 22. cos 30 + cos 50 


11. cos 157.5° sin 22.5° 12. sin 195° cos 15° 23. cos 8 + cos 70 24. sin 30 + sin 70 
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25. 


27. 


29. 


31. 


sin 50 + sin 90 


cos 20 — cos @ 


6 
— — cos @ 
COs 5) cos 


aia _ Sia 
2 3 
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26. cos 5@ — cos @ 
28. sin 20 + sin 60 


30 0 
30. sin + sin > 


0 
32. cos 0 + cos = 


In Exercises 33 to 48, verify the identity. 


33; 
34. 
35. 

)) 36. 
37. 
38. 
39. 
40. 
41. 


42. 


43. 


>) 44. 
45. 


46. 


47. 


48. 


In Exercises 49 to 58, write the given equation in the form 
y = ksin (x + a), where the measure of a is in degrees. 


49. 50. y = V3 sinx — cos x 


2 cos a cos B = cos(a + B) + cos(a — B) 


2 sina sin B = cos(a — B) 


cos(a@ + B) 


2 cos 3x sin x = 2 sinx cos x — 8cos x sin’? x 


sin 5x cos 3x = sin 4x cos 4x + sin x cos x 


2 cos 5x cos 7x = cos”? 6x — sin? 6x + 2cos?x — 1 


sin 3x cos x = sin x cos x(3 — 4 sin’ x) 


sin 3x — sinx = 2 sinx 


4 sin? x 


cos 5x — cos 3x = —8 sin? x(2 cos* x — cos x) 


sin 2x + sin 4x = 2 sin x cos x(4 cos? x — 1) 


cos 3x + cosx = 4cos*x — 2cosx 


sin 3x — sin x 
cos 3x — cos x 


cot 2x 


cos 5x — cos 3x 
sin 5x + sin 3x 


tan x 


sin 5x + sin 3x 


4 sin x cos*x — 4sin®> x cos x 


cos 4x — cos 2x 
————— = tan 3x 
sin 2x — sin 4x 


2 cos x 


sin(x + y) cos(x — y) = sinx cosx + siny cos y 


sin(x + y) sin(x — y) = sin’ x — sin’ y 


y = —sin x — cos x 


1 V3 3 1 
S. yas snk —> cost 52. y= > sinx — 5 cos x 
: 1 
53. y= 5 sink — 5 cosx 
1 
54. y = sin x 7 COS X 


55. y = —3sin x +3cos x 


V2. 2 
56. y => sinx + — cosx 


57. y = 7Wsinx — 7Tcosx 


58. y = —0.4sinx + 0.4cos x 


In Exercises 59 to 66, write the given equation in the form 
y = ksin (x + a), where the measure of a is in radians. 


59. y = —sinx + cosx 60. y = —V3sinx — cos x 
V3 1 = = 
61. y=—sinx + 5 cos x )) 62. y =sinx + V3cosx 


63. y = —10 sin x + 10 V3 cos x 
64. y = 3sinx — 3V3cosx 


65. y = —5sinx + 5cosx 66. y = 3sinx — 3cosx 


In Exercises 67 to 76, graph one cycle of the function. Do not 
use a graphing calculator. 


67. y = —sinx — V3 cosx 68. y = —V3sinx + cosx 
69. y = 2sinx + 2cosx )) 70. y = sinx + V3 cos x 
71. y= —V3sin x — cos x 72. y = —sinx + cosx 
73. y= —5sinx + 5V3cosx 

74. y= —V2sinx + V2cosx 

75. y=6V3sinx — 6cos x 


76. y=5V2sinx — 5V2cosx 


TONES ON A TOUCH-TONE PHONE In Exercises 77 and 78, use 
the following information about touch-tone phones. Every 
tone made on a touch-tone phone is produced by adding a 
pair of sounds. The following chart shows the sound fre- 
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quencies used for each key on the telephone keypad. For ex- 
ample, the sound emitted by pressing 3 on the keypad is pro- 
duced by adding a 1477-hertz (cycles per second) sound to a 
697-hertz sound. An equation that models this tone is 


p(t) = sin(2z - 1477t) + sin(2z - 697t) 


where p is the pressure on the eardrum and f is the time in 
seconds. 


697 Hz q 1 2 3 ~ 


GHI JKL MNO 


770 Hz ; 4 5 6 oa 


852 Hz 7 8 9 = 


OPER 


941 Hz * 0 #— 


1209 Hz 1336 Hz 1477 Hz 


Source: Data in chart from 
http://www.howstuffworks.com/ 
telephone2.htm 


77. a. Write an equation of the form 
p(t) = sin(27fit) + sin(27fot) 
that models the tone produced by pressing the 5 key on 
a touch-tone phone. 
b. Use a sum-to-product identity to write your equation 
from a. in the form 


p(t) = A sin(Brt) sin(Czt) 


c. Whena sound of frequency f; is combined with a sound 
of frequency f2, the combined sound has a frequency of 


Connecting Concepts» 


. What is the frequency of the tone produced 


fith 
2 
when the 5 key is pressed? 


78. a. Write an equation of the form 
p(t) = sin(27fit) + sin(27frt) 
that models the tone produced by pressing the 8 key on 
a touch-tone phone. 
b. Use asum-to-product identity to write your equation 
from a. in the form 
p(t) = A sin(Bat) sin(Czt) 


c. What is the frequency of the tone produced when the 
8 key is pressed? (Hint: See c. of Exercise 77.) 


In Exercises 79 to 84, compare the graphs of each side 
of the equation to predict whether the equation is an 


79. sin 3x — sinx = 2sinx — 4sin°x 
sin 3x — sin x 1 

80. 
cos 3x — cos x tan 2x 


81. —\V3sinx — cosx = 2sin( 3 _ =) 


82. —\/3sinx + cosx = 2sin( 3 + = 


Se 


83 Esti v3 x = sin| x = 
a) 5 cos si 3 
84 V3, ll ; _ 7 
5 sin x 4 7 COS x sin| x 4 5 


85. Derive the sum-to-product identity 


ese y Y= 
cos x + cos y = 2 cos 5 cos > 


86. Derive the product-to-sum identity 


1 
sinx sin y = [cos(x — y) — cos(x + y)] 


87. If x + y = 180°, show that sin x + siny = 2 sin x. 


88. If x + y = 360°, show that cos x + cos y = 2 cos x. 


In Exercises 89 to 94, verify the identity. 


89. sin 2x + sin 4x + sin 6x = 4 sin 3x cos 2x cos x 


90. sin 4x — sin 2x + sin 6x = 4 cos 3x sin 2x cos x 


91 cos 10x + cos 8x wae 
* sin 10x — sin 8x 


2 tan 3x 
1 — tan’ 3x 


sin 10x + sin 2x 
cos 10x + cos 2x 


92. 
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93. sin 2x + sin 4x + sin 6x inde 
cos 2x + cos 4x + cos 6x 
. ie 
94. See ENO cot 2x 


95. 


96. 


cos 6x — cos 2x 


Verify that cos’ x — sin? x = cos 2x by using a product-to- 
sum identity. 


Verify that 2 sin x cos x = sin 2x by using a product-to- 
sum identity. 
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97. Verify that a sinx + bcos x = k cos(x — a), where 


k= Va? + Band tana = +. 


98. Verify that a sin cx + b cos cx = k sin(cx + a), where 


b 
k= Va’ + b° and tana = —. 


| BEATS If two tuning forks that are close in frequency 

= are struck at the same time, the sound we hear fluctu- 
ates between a loud tone and silence. These regular fluc- 
tuations are called beats. The loud periods occur when the 
sound waves reinforce (interfere constructively with) one 
another, and the silent periods occur when the waves inter- 
fere destructively with one another. If the frequencies of the 
tuning forks are 442 cycles per second and 440 cycles per sec- 
ond then the pressure produced on our eardrums by each 
tuning fork, respectively, is given by 


Y1 = sin(27 - 442x) and Y2 = sin(27 - 440x) 


where x is the time in seconds. The combined pressure 
produced when both tuning forks are struck simultane- 
ously is modeled by 


Y3 = Y1 + Y2 


a. Graph Y3. Use a viewing window with Xmin = 0, 
Xmax = 1, Ymin = —2.1, Ymax = 2.1. To produce a 
graph that better illustrates the beats produced when 
both tuning forks are struck simultaneously, graph Y3, 
Y4 = 2cos(27x), and Y5 = —2 cos(27x) together in 
the same window. What is the relationship between 


the graph of Y3 and the graphs of Y4 and Y5? 


b. Use a sum-to-product identity to write Y3 as a product. 


c. The rate of the beats produced by two sounds with 
the same intensity is the absolute value of the difference 
between their frequencies. Consider two tuning forks 
that are struck at the same time with the same force 
and held on a sounding board. The tuning forks have 
frequencies of 564 and 568 cycles per second, respec- 


tively. How many beats will be heard each second? 


d. A piano tuner strikes a tuning fork and a key on a 
piano that is supposed to have the same frequency as 
the tuning fork. The piano tuner notices that the sound 
produced by the piano is lower than that produced by 
the tuning fork. The piano tuner also notes that the 
combined sound of the piano and the tuning fork has 
2 beats per second. How much lower is the frequency 


of the piano than the frequency of the tuning fork? 


TO REVIEW 
<= D> 


Inverse Functions 


See section 1.6. 
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Inverse Trigonometric Functions 


Prepare for this section by completing the following exercises. The answers can be 
found on page A17. 


PS1._ What is a one-to-one function? [1.3] 


PS2. State the horizontal line test. [1.3] 
1 
PS3. Find f[9(x)] given that f(x) = 2x+4 and 9(x) = ie —2. [1.5] 


PS4. If fand f_' are inverse functions, then determine f[ f~'(x)] for any x in the domain 
of f-'. [1.6] 


PS5. If fand f' are inverse functions, then explain how the graph of f! is related to the 
graph of f. [1.6] 


PS6. Use the horizontal line test to determine whether the graph of y = sin x, where x is 
any real number, is a one-to-one function. [1.3/2.5] 


© Inverse Trigonometric Functions 


Because the graph of y = sin x fails the horizontal line test, it is not the graph of a 
one-to-one function. Therefore, it does not have an inverse function. Figure 3.10 
shows the graph of y = sin x on the interval —27 = x = 27 and the graph of the 
inverse relation x = sin y. Note that the graph of x = sin y does not satisfy the ver- 
tical line test and therefore is not the graph of a function. 

T 
2 
of y = sin x satisfies the horizontal line test and therefore the function has an inverse 


If the domain of the function y = sin x is restricted to — - =x =—,, the graph 


7 T ed 
function. The graphs of y = sin x for gp ae and its inverse are shown in 
Figure 3.11 on the next page. 


YA 


y = sinx 


Figure 3.10 
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ay 


RY 


y=sin'x:-l<x<1 


Figure 3.11 


take note 
The —1in sin”! xis not an exponent. 
The —1 is used to denote the 
inverse function. To usé —1 as an 
exponent for a sine function, 


enclose the function in 


parentheses. 
ate 1 
(sin x) | = —— = csc x 
sin x 
ain | = 
sin x 
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To find the inverse of the function defined by y = sin x, with a <xs 


interchange x and y. Then solve for y. 


= sin x o- ay 
y 7s 
x =siny * Interchange x and y. 
y=? + Solve for y. 


Unfortunately, there is no algebraic solution for y. Thus we establish new notation 
and write 


y =sin 'x 


which is read “y is the inverse sine of x.” Some textbooks use the notation 
arcsin x instead of sin”! x. 


y=sin'x ifandonlyif x=siny 


It is convenient to think of the value of an inverse trigonometric function as 


1 


1 
an angle. For instance, if y = sin” a) then y is the angle in the interval 


TOT ee 
=, Z| whose seis. Thus y — 

Because the graph of y = cosx fails the horizontal line test, it is not the 
graph of a one-to-one function. Therefore, it does not have an inverse function. 
Figure 3.12 shows the graph of y = cos x on the interval —27 = x S 27 and the 
graph of the inverse relation x = cos y. Note that the graph of x = cos y does not 
satisfy the vertical line test and therefore is not the graph of a function. 

If the domain of y = cos x is restricted to 0 = x = 7, the graph of y = cos x 
satisfies the horizontal line test and therefore is the graph of a one-to-one func- 
tion. The graphs of y=cosx for 0 =x <7 and its inverse are shown in 
Figure 3.13. 

YA y 


ey 


y = cos x 


x = cosy 


Figure 3.12 


RY 


y=cosx:i0Sx=S7 


=A B 
2 


y=cos'x:-1<x<1 


Figure 3.13 
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To find the inverse of the function defined by y = cos x, with 0 = x S 7, in- 
terchange x and y. Then solve for y. 


y = cos x -Os=x=s=a7 
x =cosy ¢ Interchange x and y. 
y=? * Solve for y. 


As in the case for the inverse sine function, there is no algebraic solution for y. 
Thus the notation for the inverse cosine function becomes y = cos’ x. We can 
write the following definition of the inverse cosine function. 


y=cos ‘x ifandonlyif x=cosy 


Wiherel le" =sleanclOR Sy =a77. 


Because the graphs of y = tan x, y = csc x, y = secx, and y = cot x fail the 
horizontal line test, these functions are not one-to-one functions. Therefore, these 
functions do not have inverse functions. If the domains of all these functions are 
restricted in a certain way, however, the graphs satisfy the horizontal line test. 
Thus each of these functions has an inverse function over a restricted domain. 
Table 3.2 on page 258 shows the restricted function and the inverse function for 
tan x, csc x, sec x, and cot x. 

The choice of ranges for y = sec 'x and y = csc ‘x is not universally ac- 


2 
y = sec ' x. This definition has some advantages and some disadvantages that are 
explained in more advanced mathematics courses. 


3 
cepted. For example, some calculus texts use | 0, 2) U E *2) as the range of 


a y= nS b. y= cos 2) 


Solution 


V3 
a. Because y = tan '——, y is the angle whose measure is in the interval 


3 
T V3 Li 
(-Z. 2), and tan y = 3 Therefore, = ri 


2 
b. Because y = cos-(-“2), y is the angle whose measure is in the 


interval [0, 7], and cos y = >a" Therefore, = 17 
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Table 3.2 


gi —e< xX <0 =5 Hea eee x=s-lorx=1 
y=-lory=1 -t<y<7 440 
2 2 
x=0 y=0 
YA YA 
Be wy 
at aye 2 
2 
mx = Hi x 
-1+ 2 _& 
~ 12 
Osxsmxe > x=-lorx=1 0O<x<7 —a<x<mw 
y=-—lory=1 Osysny4—> -—a<cy<% O<y<7 
x= y= x=0x=7 y=0,y=7 
YA 


Yt y Yt 


z t 
1+ ) a -1 2 
| 
| 
| 
| 


| 
ru 
p 
i) 
a 
RY 
| 
ua 
R 


A calculator may not have keys for the inverse secant, cosecant, and cotangent 
functions. The following procedure shows an identity for the inverse cosecant 
function in terms of the inverse sine function. If we need to determine y, which is 
the angle whose cosecant is x, we can rewrite y = csc ‘x as follows: 


y =csc'x * Domain: x = —1orx>1 
7 7 
R :-—sys—, 0 
ange 2 y 2 y# 
csc y =X ¢ Definition of inverse function 
1 . 
i ¢ Substitute for csc y. 


sin y 7 sin y 
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Thus csc”' x is the same as sin™' —. There is a similar identity for sec”! x. 
x 


lin ore = Ithen 


z RES all a Neil 
Ge x =sin "— ancl sacra '— 
x x 


If x is a real number, then 


zy 7 =il 
cot x= > = igi” oe 


Composition of Trigonometric Functions and 
Their Inverses 


Recall that a function f and its inverse f~' have the property that f[f~'(x)] = x for 
all x in the domain of f~* and that f~'[f(x)] = x for all x in the domain of f. Ap- 


plying this property to the functions sin x, cos x, and tan x and their inverse func- 
tions produces the following theorems. 


TO REVIEW, 
Composition of Functions 


See section 1.5. 


If -—1 = x = 1, then sin(sin ! x) = x and cos(cos ! x) = x. 


If x is any real number, then tan(tan”' x) = x. 
T . -1 . 

= a then sin ‘(sin x) = x. 

x = a, then cos “(cos x) = x. 


If aca Zr< oe then tans ‘(tam x) = x. 


In the next example we make use of some of the composition theorems to 
evaluate trigonometric expressions. 
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Find the exact value of each composition of functions. 


a. sin(sin™! 0.357) b. cos ‘(cos 3) c. tan{tan' (—11.27)] 
ss 1 -1 -1 4a 

d. sin(sin™* 7) e. cos(cos ' 0.277) f. tan tan 

Solution 


a. Because 0.357 is in the interval [—1, 1], sin(sin™! 0.357) = 0.357. 
b. Because 3 is in the interval [0, zr], cos" (cos 3) = 3. 


c. Because —11.27 is a real number, tan[tan™! (—11.27)] = —11.27. 


a 


2 


Because 77 is not in the domain of the inverse sine function, sin(sin ' 7) 


is undefined. 
e. Because 0.277 is in the interval [—1, 1], cos(cos™! 0.277) = 0.277. 


4 
f. is not in the interval (- oF 2) ; however, the reference angle for 


_4n 


= 
3 


is in the interval (- oe a) tan (tan =) = oe Hence 


tan”! eal eee 
3 3 


4 
is 0’ = ar Thus tan (tan ‘2) = tn (tan a) Because o 


@ QuesTION Is tan ‘(tan x) = x an identity? 


It is often easy to evaluate a trigonometric expression by referring to a sketch 
of a right triangle that satisfies given conditions. In Example 3 we make use of this 
technique. 


2 
Find the exact value of sn( cos 2) 


T 


@ ANSWER No. tan“'(tan x) = x only if -— <x<—. 
eB 2 
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Solution 


2 2 
Let 9 = cos !'—, which implies that cos 6 = —. Because cos @ is positive, @is a 
5 P 5 P 


first-quadrant angle. We draw a right triangle with base 2 and hypotenuse 5 
so that we can view 6, as shown in Figure 3.14. The height of the triangle is 
V5? — 2? = V 21. Our goal is to find sin 6, which by definition is 

V21 


sin( cos 2) = sin(@) = — 


Figure 3.14 
Solution 
“ 3 3 5 
Let a = sin™' = Thus sin a = i Let B = cos -3), which implies 
5 
: that cos B = — BS Sketch angles a and B as shown in Figure 3.15. We wish to 
: evaluate 
. . -1 3 -1 3) . 
ear x sin] sin! = + cos"'| —73 = sin(a + B) 
vs = sin acos 8B + cos asin B (1) 
A close look at the triangles in Figure 3.15 shows that 
cos : and sing ie 
eS 2 
5 aK) 
V13? - (5)? = 12 


Substituting in Equation (1) gives us our desired result. 


‘L il 


3 5 . , 
a °° =—~ = sin acos B + cos asin B 


~ -Q(2-9@-2 


sin] sin™ 


Figure 3.15 


In Example 5 we make use of the identity cos(cos"' x) = x, where -1 <x <1, 
to solve an equation. 
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4 


Figure 3.16 


Figure 3.17 
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fl 


. 3 
Solve sin™ : + cos 'x = 7. 


Solution 


Solve for cos” x and then take the cosine of both sides of the equation. 


ll 


spo EY 
sin 5 t cos x=7 


cos x = 7-— sin’ — 
4 49 
cos(cos’' x) = cos| 7 — sin 5 


P 3 
x = cos(m7 — a) -Let a = sin" — Note 
that a is the angle whose 


sine is (See Figure 3.16.) 


=cos7cosa+sinawsina_ - Difference identity for cosine 
= (-—1) cosa + (0) sina 
= —cos a 


4 
=—— *cos a = 5 (See Figure 3.16.) 


rigonometric Identity 


Verify the identity sin’ x + cos''x =—. 


Solution 


Let a = sin’! x and B = cos ' x. These equations imply that sin a = x and 
cos B = x. From the right triangles in Figure 3.17, 


cosa=V1-x+ and sin B = V1 — x7 
Our goal is to show sin™' x + cos~' x equals oe 


sin 'x+cos'x=a+ 8B 


= cos ‘[cos(a + B)] +-BecauseeO=<a+fB <7, 
we can apply 
a+ B= cos [cos (a + B)). 


sl. 
2 


2 


=| y=sin™ (x—2) 


Figure 3.18 


= cos} x 


Ry 


-1 1 


Figure 3.19 


y = 3sin'0.5x 
Figure 3.20 
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= cos [cos acos B — sin asin B] + Addition identity 
for cosine 

= cos"{(V1 — x2) (x) — (x)(V1 - x?) | 

= cos !0 


= Graphs of Inverse Trigonometric Functions 


The inverse trigonometric functions can be graphed by using the procedures of 
stretching, shrinking, and translation that were discussed earlier in the text. For 
instance, the graph of y = sin ‘(x — 2) is a horizontal shift 2 units to the right of 
the graph of y = sin ' x, as shown in Figure 3.18. 


Graph: y= cos 'x + 1 


Solution 


Recall that the graph of y = f(x) + c is a vertical translation of the graph of f. 
Because c = 1, a positive number, the graph of y = cos''x + 1 is the graph 
of y = cos ' x shifted 1 unit up. See Figure 3.19. 


When you use a graphing utility to draw the graph of an inverse 
trigonometric function, use the properties of these functions to verify the 
correctness of your graph. For instance, the graph of y = 3 sin! 0.5x is 
shown in Figure 3.20. The domain of y = sin"! x is —1 < x = 1. Therefore, the 
domain of y = 3 sin! 0.5x is —1 = 0.5x = 1 or, multiplying the inequality by 
2, -2 = x = 2. This is consistent with the graph in Figure 3.20. 


The range of y = sin ' x is == y= = Thus the range of 


3 3 
y = 3sin '0.5x is a =y=s ae This is also consistent with the graph. 


Verifying some of the properties of y = sin™' x serves as a check that you 
have correctly entered the equation for the graph. 
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| Acamera is placed on a deck of a pool as shown in Figure 3.21. A diver is 
18 feet above the camera lens. The extended length of the diver is 8 feet. 


a. Show that the angle @ subtended at the lens by the diver is 


b. For what values of x will @ = 9°? 


c. What value of x maximizes 0? 


Solution 


26 18 
a. From Figure 3.21 we see that a = tan | and 6 = tan! . Because 


26 18 
6= a — B, we have 6 = tan"! — — tan! —. 
hi ‘li pe 26 _, 18 
Figure 3.21 b. Usea graphing utility to graph 6 = tan a tan * — and 


T T 
6= 0 9° = 0 radians |. See Figure 3.22. Use the “intersect” command 


to show that 6 is 9° for x ~ 12.22 feet and x ~ 38.29 feet. 


0.2 


3 3 
g g 
& & 
> =120 118 > 
’ DST eet "y = Maximum 
0 | X=e1.633304_Y=.18283514 _}} 59 
0 x, in feet 0 x, in feet 
Figure 3.22 Figure 3.23 


c. Use the “maximum” command to show that the maximum value of 


26 
1— — tan! 
x 


18 
6 = tan” ae occurs when x ~ 21.63 feet. See Figure 3.23. 


Ag NW Topics for Discussion 


1. Is the equation 
1 
tan x 


tan ix = 


true for all values of x, true for some values of x, or false for all values of x? 


3.5 


Inverse Trigonometric Functions 


265 


2. Are there real numbers x for which the following is true? Explain. 


sin(sin ' x) ¥ sin ‘(sin x) 


Explain how to find the value of sec’ 3 by using a calculator. 


4. Explain how you can determine the range of y = (2 cos"' x) — 1 using 


a. algebra 


Exercise Set 3.5 


b. a graph 


In Exercises 1 to 18, find the exact radian value. 


on 2 2 
1. sin? 1 yy 2. agin 3. cos{ —¥2 
2 2 
1 25. 
4 cos -4) 5. tan /(-1) 6. tan! V3 
27. 
7 cot V3 8. cot '1 9. sec!2 
29. 
2 
10. sect 2V5 11. csc (-V/2) 12. csc '(—2) 
31. 
3 I 1 
13. sin -2) 14, sin’ > 15. cos (-5) 
33. 
16. cos ¥3 17. ant 3 18. tan‘! 1 


In Exercises 19 to 22, use a calculator to approximate 
each function accurate to four decimal places. 


19. a. sin (0.8422) b. tan”1(0.2385) 


39. 


20. a. cos '(—0.0356) b. tan '(3.7555) 


21. a. sec !(2.2500) b. cot~1(3.4545) 


22. a. csc 1(1.3465) b. cot~1(0.1274) 


43. 


In Exercises 23 to 24, express @as a function of x. 


45. 
23. 24. \ 
: x 47. 
Pak CI & ; 
: 49. 


35. 


37. 


41. 


1 
=1 
cos(cos 5) ) 


tan(tan ! 2) »») 28 
sn( ta 3) 30 
tan( sin” 2) 32 
cos(sec”! 2) 34 
sin sin =) 36. 
cos (si =) 38. 
sin-(tan =) 40. 


In Exercises 25 to 58, find the exact value of the given 
expression. If an exact value cannot be given, give the value 
to the nearest ten-thousandth. 


. cos(cos! 2) 


1 
' tan( tan i) 
2 


. cot(csc | 2) 


csc coat 
, 4 
tan| cos! = 
, 5 
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Aas V2 cee V3 In Exercises 75 to 82, use stretching, shrinking, and transla- 
51. cos| 2 sin oe 52. tan| 2 sin 7 tion procedures to graph each equation. 
i 75. y= sin™'x + 2 )) 76. y = cos (x — 1) 
53. sin(2 sin! ) 54. cos(2 tan‘ 1) 
5 77. y=sin ‘(x +1) -2 78. y= tan ‘(x — 1) +2 
55. sn( sin 4+ eos +) 79. y =2cos'x 80. y= —2tan |x 
81. y=tan (x + 1) -2 82. y=sin (x — 2) +1 


»)) 56. cos 


83. SATELLITE COVERAGE A communications satellite orbits 
Earth at an altitude of a miles. The beam coverage pro- 


1 : oe ; : 
57. tan| cos“! — — sin”! - ) vided by the satellite is shown in the figure below. 


2 
58. se cos = + sin! 2) 


In Exercises 59 to 68, solve the equation for x algebraically. 


5 2. 
- = 1 =1 ee aes nmr 
59. sin * x = cos 3 60. tan’ x = sin 35 
61 sin? (= 1) = 62. cos”! a = 
, 2 , 2 3 
2 
63. tan'(s a S| = 7 64. sin™'(x — 2) = 4 
a. Find the distance s (length of arc MN) as a function of 
3 ae 4 = the altitude a of the satellite. Assume the radius of 
65. sin’ 5t cos} x = 77 )) 66. sin? x + cos ca Earth is 3960 miles. 


V2 on b. What altitude does the satellite need to attain to pro- 
67. sin! —— + cos 'x = — vide coverage over a distance of s = 5500 miles? 
a 2 Round to the nearest 10 miles. 
torte ie =" )) 84. Votume In A WaTER TANK The volume V of water (mea- 
2 a sured in cubic feet) in a horizontal cylindrical tank of 
radius 5 feet and length 12 feet is given by 


V(x) = 125 cos-(® - *) —(5- ovis | 


In Exercises 69 and 70, write each expression in terms of x. 


69. tan(cos' x) 70. sin(sec”! x) 


k 12 ft 


In Exercises 71 to 74, verify the identity. 


71. sin’! x + sin \(—x) =0 


») 72. cos! x + cos (—x) = 7 


1 
73. tan! x + tan'— = a >0 
x 2 


where x is the depth of the water in feet. 


2 a. (42) Graph V over its domain 0 = x = 10. 
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b. Write a sentence that explains why the graph of 86. Graph y = cos(cos' x) on [—1, 1]. Graph y = cos! (cos x) 
V increases more rapidly when x increases from on [—2z7, 27]. 

4.9 feet to 5 feet than it does when x increases from 

0.1 foot to 0.2 foot. In Exercises 87 to 92, use a graphing utility to graph 


each equation. 


c. If x = 4 feet, find the volume (to the nearest 0.01 cubic 


foot) of the water in the tank. 87. y = csc! 2x 88. y = 0.5 sec 
d. Find the depth x (to the nearest 0.01 foot) if there are 2 - 
288 cubic feet of water in the tank. 89. y =sec “(x — 1) 90. y =sec “(x + 7) 
85. Graph f(x) =cos''x and g(x) = sin’! V1 — x? on the 91. y = 2 tan”! 2x 92. y = tan ‘(x — 1) 
same coordinate axes. Does f(x) = g(x) on the interval 
[=1, 1 
» Connecting Concepts | | 3 )» 
In Exercises 93 to 96, verify the identity. In Exercises 97 to 100, solve for y in terms of x. 
in x) =V1— x 1 
38: oem“ m) 7 97. 5x = tan! 3y 98. 2x = > sin! 2y 
WI x? 


94. sec(sin'! x) = 


1 a ap 
* 99. x — = = cos '(y — 3) 
Vet—1 
95. tan(csc ! x) = ear 1 
- 100. x + = tan |(2y — 1) 
Vel 
96. sin(cot ! x) = nee 
xe +1 


1. VISUAL INSIGHT 


\ Explain how the figure above can be used to verify each identity. 


1 1 
a. tan? 3 + tan? 5 7 [Hint: Start by using an identity to find the value of tan(a + £).] 


ba+t+B=y 
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Trigonometric Equations 


Prepare for this section by completing the following exercises. The answers can be 
found on page A118. 


PS1. Use the quadratic formula to solve 3x? — 5x — 4 = 0. [1.1] 


PS2. Use a Pythagorean identity to write sin’ x as a function involving cos’ x. [3.1] 


PS3. Evaluate + + 2ke for k = 1,2, and 3. 


PS4. Factor by grouping: x? xt+x 


PS5. Graph the scatter plot for the following data. Use a viewing window with 


| Xmin=0, Xmax=4O, Ymin=0, and Ymax=100. [1.7] 


PS6. Solve 2x* — 2x = 0 by factoring. [1.1] 


=" Solve Trigonometric Equations 
; . : 1 : : : 
Consider the equation sin x = >" The graph of y = sin x, along with the line 
1 
y= 3° is shown in Figure 3.24. The x values of the intersections of the two 


ul 
graphs are the solutions of sin x = ci The solutions in the interval 0 = x < 27 


Figure 3.24 
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If we remove the restriction 0 = x < 27, there are many more solutions. Be- 
cause the sine function is periodic with a period of 27, other solutions are obtained 
by adding 2kz, k an integer, to either of the previous solutions. Thus the solutions 


of sin x = = are 


“= a + 2km, kan integer 


x= “= + 2k, kan integer 


8 
@ QUESTION How many solutions does the equation cos x = —— have on the 


interval 0 = x < 27? 


Algebraic methods and trigonometric identities are used frequently to find 
the solutions of trigonometric equations. Algebraic methods that are often em- 
ployed include solving by factoring, solving by using the quadratic formula, and 
squaring each side of the equation. 


Equation by 


Solve 2 sin? x cos x — cos x = 0, where 0 = x < 27. 


ALGEBRAIC SOLUTION VISUALIZE THE SOLUTION 
2 sin? x cos x — cos x = 0 The solutions are the 
cos x(2 sin’ x — 1) =0 - Factor cos x from each term. x-coordinates of the 
cosx = 0 or 2sin?x-1=0 « Use the Principle of Zero aritercepts of the graph of 
Prades: y = 2 sin’ x cos x — cos x 
es on the interval [0, 277). 
x= 3 > sin’ x = > . sisieid each equation for x » 
with 0 = x < 27. 
sin x = V2 
2 
aw 3a Sa 77 
ar Orta urs 
The solutions in the interval 0 = x < 27 are 
aw ww 30 On 37 77 
Zip gt agg | 


y = 2 sin’ x cosx — cosx 


@ ANSWER Two 
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Squaring both sides of an equation may not produce an equivalent equation. 
Thus, when this method is used, the proposed solutions must be checked to elimi- 


nate any extraneous solutions. 


Solve sin x + cos x = 1, where 0 S x < 27. 


ALGEBRAIC SOLUTION 


sinx +cosx=1 ¢ Solve for sin x. 
sinx = 1-—cosx 
sin’? x = (1 — cos x)? « Square each side. 

sin’ x = 1 — 2cosx + cos*x 
1 — cos?x = 1 —-2cosx + cos’x - sin? x = 1 — cos? x 
2cos’*x — 2cosx =0 


2cos x(cosx — 1) =0 - Factor. 


2cosx =0 or cosx=1 
wT 3 i 
= 37 > x=0 * Solve each equation for x 


with 0 = x < 27. 


3 
A check will show that 0 and - are solutions but ms is not a solution. 


VISUALIZE THE SOLUTION 


The solutions are the 
x-coordinates of the points of 
intersection of y = sin x + cos x 
and y = 1 on the interval [0, 277). 


Yh 


y=sin x +cos x 


tic Formula 


Solve 3 cos*x — 5cosx — 4 =0, where 0 = x < 27. 


ALGEBRAIC SOLUTION 


The given equation is quadratic in form and cannot be factored easily. 
However, we can use the quadratic formula to solve for cos x. 
3cos*x —5cosx —4=0 *a=3,b=-5,c=-4 
—(-5) + V(-5 — 46-4 5 + V73 
(2)(3) 6 


cos xX = 


5+ V73 


6 does not have a solution because 


The equation cos x = 


5+ V73 


6 > 2, and for any x the maximum value of cos x is 1. Thus 


VISUALIZE THE SOLUTION 


The solutions are the 
x-coordinates of the x-intercepts 
of y = 3cos*x — 5cosx —40n 
the interval [0, 27r). See the 
following figure. 
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5 — V73 5-V73. . VA 
cos x = ——— —e and because = is a negative number (about 


= V7 


5 
—0.59), the equation cos x = “a will have two solutions on the 


interval [0, 27). Thus 


x = cos = 2.2027 or 


e s3) 
6 


V7, 
x=207- coo 22 


To the nearest 0.0001, the solutions on [0, 27) are 2.2027 and 4.0805. 


=~ 4.0805 


y =3cos*x — 5cosx — 4 


When solving an equation that has multiple solutions, we must be sure we 
find all solutions of the equation for the given interval. For example, to find all 


1 
solutions of sin 2x = 37 where 0 = x < 27, we first solve for 2x. 


ray 


sin 2x = 


a 
T 
ee 
ce 


+2k@ or 2x= “2 + 2kar + kis an integer. 


5 
Solving for x, we have x = a +ka or x= ao + ka. Substituting integers 


for k, we obtain 


5a 

k=0 a D or x= D 
137 W7r 

PS ea OF Rap 
25a 29 1 

in ore’ 


Note that for k = 2, x = 27 and the solu- 


1 
tions to sin 2x = a are not in the inter- 


val 0 =x < 27. Also if k <0, then x <0 
and no solutions in the interval 0 = x < 27 
are produced. Thus, for 0 =x < 2m, the Figure 3.25 
5a 137 177 


T 
anit Gad: ae * 
i 12" 22 12 


solutions are 


Figure 3.25. 
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Solve: sin 3x = 1 


ALGEBRAIC SOLUTION 


The equation sin 3x = 1 implies 
T ‘ 
= a 2ka, kan integer 


aq 2ka : ao ; 
t= + =a k an integer + Divide each side by 3. 
Because x is not restricted to a finite interval, the given equation has an 
infinite number of solutions. All of the solutions are represented by the 


equation 


2k 


T ; ; 
x= ra + 37 where k is an integer 


VISUALIZE THE SOLUTION 


The solutions are the 
x-coordinates of the points of 
intersection of y = sin 3x and 

y = 1. The following figure shows 
eight of the points of intersection. 


ve 
l 


3 3 
Solve sin? 2x — 7 sin 2x + sin 2x — 5 = 0, where 0° = x < 360°. 


ALGEBRAIC SOLUTION 


Factor the left side of the equation by grouping, and then set each factor 
equal to zero. 


sin’? 2x ~ XB sin 2x + sin 2x — V8 uo 


sin 2x sn 2x — 8) + (sin 20= 8 


7) 


(sin 2x + (sn 2x — 5 


0 
0 


sin2x +1=0 or sin2x - Y= =0 


v3 


sin2x = —-1 sin 2x = 


VISUALIZE THE SOLUTION 


The solutions are the 
x-coordinates of the 
x-intercepts of 


3 
y = sin? 2x — NS sin 2x 


; V3 
+ sin 2x — — 
2 
on the interval [0, 277). See the 
following figure. 
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The equation sin 2x = —1 implies that 2x = 270° + 360° - k, k an integer. vA 
Thus x = 135° + 180° - k. The solutions of this equation with alk E 
3 5/0 =/0 
0° = x < 360° are 135° and 315°. Similarly, the equation sin 2x = ue : : 
implies ( 


x = 30° + 180° -k x = 60° + 180°-k 


The solutions with 0° = x < 360° are 30°, 60°, 210°, and 240°. Combining -1+ (z, 0) (2 0) 
the solutions from each equation, we have 30°, 60°, 135°, 210°, 240°, and 
315° as our solutions. 


2x = 60° + 360°-k or 2x =120° + 360°-k | 


In Example 6, algebraic methods do not provide the solutions, so we rely on 
a graph. 


“= Use a graphing utility to approximate the solutions of x + 3 cos x = 0. 


Solution 


The solutions are the x-intercepts of y = x + 3 cos x. See Figure 3.26. A close- 
up view of the graph of y = x + 3 cos x shows that, to the nearest 
thousandth, the solutions are 


y= L0G 


(2.663, 0) 


xX = 2.663, and x3 = 2.938 


y=x+3cosx 


Figure 3.26 


= A projectile is fired at an angle of inclination @ from the horizon with an 
initial velocity vp. Its range d (neglecting air resistance) is given by 


16 Path of projectile 


where v is measured in feet per second and 
d is measured in feet. See Figure 3.27. 


P d x 


Figure 3.27 
Continued > 
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d, in feet 


4000 d= 


Chapter 3 


2 
elbe sin 6 cos 8 
16 


0, in degrees 


Figure 3.28 
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If vp = 325 feet per second, find the angles 6 (in degrees) for which the 
projectile will hit a target 2295 feet downrange. 


What is the maximum horizontal range for a projectile that has an initial 
velocity of 474 feet per second? 


Determine the angle of inclination that produces the maximum range. 


Solution 


We need to solve 
3257 
2295 = —— sin 6 cos 6 (1) 
16 
for 0, where 0° < @ < 90°. 


Method 1 The following solutions were obtained by using a graphing 
2 


325 
utility to graph d = 2295 andd = 16 sin @ cos 6. See Figure 3.28. Thus 


there are two angles for which the projectile will hit the target. To the 
nearest thousandth of a degree, they are 


6 = 22.025° and 6 = 67.975° 


It should be noted that the graph in Figure 3.28 is not a graph of the 
path of the projectile. It is a graph of the distance d as a function of 
the angle 6. 


Method 2 To solve algebraically, we proceed as follows. Multiply each 
side of Equation (1) by 16 and divide by 325 to produce 
(16)(2295) 


in 6 0= 
sin 6 cos 305% 


in 20 
The identity 2 sin 6 cos 6 = sin 26 gives us sin 6 cos 0 = salad 


sin20 — (16)(2295) 


Hence 5 305? 
, (16)(2295) 
sin 20 = 2395? = 0.69529 


There are two angles in the interval [0°, 180°] whose sines are 0.69529. 
One is sin“! 0.69529, and the other is the reference angle for sin ' 0.69529. 
Therefore, 


20 ~ sin | 0.69529 or 20 ~ 180° — sin ' 0.69529 


1 1 
0 = o sin | 0.69529 0 = “(180° — sin’! 0.69529) 


0 ~ 22.025° 0 = 67.975° 


These are the same angles that we obtained using Method 1. 


d, in feet 


8000 


6, in degrees 


2 


74 
d= 
16 


Figure 3.29 


sin @cos 6 
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pi 


474 
b. Use a graphing utility to find that the graph of d = 6. sin 6cos @ has a 


maximum value of d = 7021.125 feet. See Figure 3.29. 


c. Inb., the maximum value is attained for 0 = 45°. 


») Try Exercise 92, page 279 


™ Model Sinusoidal Data 


Data that can be closely modeled by a function of the form y = asin (bx + c) +d 
are called sinusoidal data. Many graphing utilities are designed to perform a 
sine regression to find the sine function that provides the best least-squares 
fit for sinusoidal data. For instance, the TI-83/TI-83 Plus/TI-84 Plus uses the com- 
mand SinReg and the TI-86 uses SinR to perform a sine regression. The process 
generally works best for those sets of data for which we have a good estimate of 
the period. 

In Example 8 we use a sine regression to model the percent of illumination of 
the moon as seen from Earth. See Figure 3.30. 


Figure 3.30 


EXAMPLE 8 )) Use a Sine Regression to Model Data 


==s| illuminated, at midnight Central Standard Time, for selected days of 
January 2009. Find the regression function that models the percent of the 
moon illuminated as a function of the day number, with January 1, 2009 
represented by x = 1. Use the function to estimate the percent of the moon 
illuminated at midnight Central Standard Time on January 21, 2009. Note: 
The illumination cycle of the moon has a period of about 29.53 days. 


“| Table 3.3 on the following page shows the percent of the moon 


Continued > 
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Table 3.3 

Jan. 3 3 37 
Jan. 7 7 79 
Jan. 11 11 100 
Jan. 15 15 78 
Jan. 19 19 39 
Jan. 23 23 8 
Jan. 27 27 

Jan. 31 31 22 


The percent of the moon illuminated is nearly the same regardless of 
one’s position on Earth. 

Source: The Astronomical Applications Department of the U.S. 
Naval Observatory. 


TO REVIEW solugon 
<= > 1. Construct a scatter plot of the data. Enter the data from Table 3.3 into 
How to Construct a Scatter Plot your graphing utility. See Figure 3.31. The sinusoidal nature of the 
See section 1.7. scatter plot in Figure 3.32 indicates that the data can be effectively 


modeled by a sine function. 


Figure 3.31 Figure 3.32 


2. Find the regression equation. On a TI-83/TI-83 Plus/TI-84 Plus graphing 
calculator, the input shown in Figure 3.33 produces the results in Figure 3.34. 


A sine regression requires at 
least four data points. The Regression equation 
iterations number 16 in 
Figure 3.33 is the maximum 
number of times the SinReg 


is stored in Y1 


SinReg 16, Li, Le, 29.53, Yi SinReg 
: y=a«sin(bx+c)+d 
Iterations Period a=49.59853514 


command will iterate to b=.2129362398 


find a regression equation. 
Any integer from 1 to 16 
can be used; however, the 
integer 16 generally 


produces more accurate Figure 3.33 Figure 3.34 
results than smaller integers. 


x-valuesinL1 — y-values in L2 


c=-.7940588366 
d=46.72225222 


The regression equation is y ~ 49.60 sin(0.2129x — 0.7941) + 46.72. 


3.6 Trigonometric Equations 277 


Examine the fit. The SinReg command does not yield a correlation 
coefficient. However, a graph of the regression equation and the scatter 
plot of the data shows that the regression equation provides a good 
model. See Figure 3.35. 


100 


Figure 3.35 


According to the following result, the percent of the moon illuminated 
at midnight (CST) on January 21, 2009 (x = 21) will be about 21%. 


y ~ 49.60 sin(0.2129(21) — 0.7941) + 46.72 ~ 21 


Ag Wy Topics for Discussion 


1. 


A student finds that x = 0 is a solution of sinx = x. Because the function 
y = sin x has a period of 27, the student reasons that +27, +47, +67,... are 
also solutions. Explain why the student is not correct. 


How many solutions does the equation 2 sin( 3 = =) = 5 have on the interval 
0 =x < 27? Explain. 

’ as ae ; 
How many solutions does the equation sin Pie 0 have on the interval 


0<x< ae Explain. 


i! 
On the interval 0 = x < 27, the equation sin x = > has solutions of x = = 
5 1 
and x = z . How would you write the solutions of sinx = > if the real 


number x were not restricted to the interval [0, 27)? 
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» Exercise Set 3.6 


In Exercises 1 to 22, solve each equation for solutions in the 
interval 0 Ss x < 27. 


2 1 1 1 
4. 
3 5 cos x 5 3 5 cos x 


1. secx- V2=0 2. 2 sina = V9 35. 3 tan’? x — 2tanx =0 36. 4 cot? x + 3cotx =0 
3. tanx — V3 =0 see Et 37. 3cosx + secx =0 38. Ssinx — cscx = 0 
5. 2sinx cosx = V2 cosx 86. tan oS See ea 

6. 2sin x cos x = V3 sin x 40. csc? x — 1 =3cot?x +2 

7. sirx —1=0 8. cos’?>x —-1=0 41. 2sin?x =1—cosx 

9. 4sinx cosx — 2V3sinx — 2V2cosx + V6 =0 42. cos?>x +4=2sinx —3 

10. sec?x + V3 secx — V2secx — V6 =0 43. 3cos*x + 5cosx —2=0 

11. cscx — V2 =0 12. 3cotx + V3 =0 44. 2sir’ x + 5sinx + 3=0 

13. 2sin?x+1=3sinx )) 14. 2cos?x + 1 = —3cosx 45. 2 tan’x — tanx — 10=0 

15. 4cos*x — 3 =0 16. 2sin?’x —1=0 46. 2cot*x — 7cotx +3 =0 

17. 2 sin? x = sin x 18. 4cos* x = 3 cos x a7. Ssin ccos%— cose = 0 


19. 4sin’ x + 2V3sinx — V3 =2sinx Staessen 


49. 2sinxcosx — sinx — 2cosx+1=0 
20. tan?x + tanx — V3 = V3 tanx 


50. 6cosxsinx — 3cosx —4sinx+2=0 
21. sin’ x = sin’ x 22. cos'x = cos? x 


51. 2sinx — cosx=1 


In Exercises 23 to 60, solve each equation, where 0° < x < 360°. : 
Round approximate solutions to the nearest tenth of a » 52. sinx + 2cosx= 1 


degree. 

53. 2sinx —3cosx=1 
23. cos x — 0.75 = 0 24. sinx + 0.432 = 0 

54. V3sinx + cosx =1 
25. 3sinx —5=0 26. 4cosx —1=0 

55. 3sin? x — sinx —-1=0 
27. 3secx -—8=0 28. 4cscx +9=0 

)) 56. 2 cos?x — 5cosx —5=0 

29. cosx +3=0 30. sinx —4=0 


57. 2cosx —1+3secx =0 


31.3 —5sinx =4sinx +1 
58. 3sinx —5 + cscx =0 


32. dcosx —5 =cosx—-3 
59. cos*x — 3sinx + 2sin’x =0 


T . pa a a a) 
33. 7 sinxt+ = [sine + > 60. sin? x = 2.cosx + 3cos?x 


In Exercises 61 to 70, find the exact solutions, in radians, of 
each trigonometric equation. 


61. tan2x —1=0 62. sec3x — 2 V3 = 
2 
63. sin5x = 1 64. cos 4x = = 
V3 


65. sin 2x — sinx = 0 

7 1 7 V2 

. Si +—)=-— 3 -—})=-— 
67 sin( 23 ) 5 68 cos( x =) 5 


69. sin? > + cosx = 1 70. cos*= — cosx=1 


In Exercises 71 to 84, solve each equation for exact solu- 
tions in the interval 0 = x < 27. 


71. cos 2x =1—-—3sinx 72. cos 2x =2cosx —1 


73. sin 4x — sin2x = 0 74. sin 4x — cos2x = 0 


76. tan = 1 —cosx 


75. tan > = sin x 


77. sin 2x cos x + cos 2x sinx = 0 


78. cos 2x cos x — sin 2x sinx = 0 


V3 
79. sin x cos 2x — cos x sin 2x = ~~ 
80. cos 2x cos x + sin2x sinx = —1 


81. sin 3x — sinx = 0 82. cos 3x + cosx = 0 


83. 2sinxcosx + 2sinx — cosx —-1=0 


)) 84. 


2sinxcosx — 2V2sinx — V3 cosx + V6=0 


lan In Exercises 85 to 88, use a graphing utility to solve the 
3 equation. State each approximate solution accurate to 
the nearest ten-thousandth. 


= 


85. cos x = x, where 0 = x < 27 


)) 86. 2 sin x = x, where 0 S x < 27 


1 
87. sin 2x = x7 Where -4=sxs4 
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al 
88. cosx-— where = 25.5 


89. (4) Use a graphing utility to solve cosx = x° — x by 
graphing each side and finding the x value of each 


point of intersection. Round to the nearest hundredth. 


Approximate the largest value of k for which the 
equation sin x cos x = k has a solution. 


PROJECTILES Exercises 91 and 92 make use of the following. 
A projectile is fired at an angle of inclination 0 from the hori- 
zon with an initial velocity vo. Its range d (neglecting 
air resistance) is given by 


(v)?16 
sin 6 cos 0 


where vy, is measured in feet per second and d is measured 
in feet. 


91. "=| If a = 288 feet per second, use a graphing utility to 
find the angles 6 (to the nearest hundredth of a 


degree) for which the projectile will hit a target 1295 feet 


downrange. 
»») 92. | Find the maximum horizontal range, to the nearest 
tenth of a foot, for a projectile that has an initial 
velocity of 375 feet per second. What value of @ produces 

this maximum horizontal range? 


_ SUNRISE TIME The table below shows the sun- 
rise time for Atlanta, Georgia, for selected days 


1 7:42 
32 7:35 
61 7:06 
92 6:25 

122 5:48 
153 5:28 
183 5:31 
214 5:50 
245 6:12 
275 6:32 
306 6:57 
336 7:25 


Source: The U.S. Naval Observatory. Note: The times do not 
reflect daylight savings time. 
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a. Find the sine regression function that models the sun- 


rise time, in hours, as a function of the day number. 
Let x = 1 represent January 1, 2008. Assume that the 
sunrise times have a period of 365.25 days. 


. Use the regression function to estimate the sun- 


rise time (to the nearest minute) for March 11, 2008 
(x = 71). 


SUNSET TIME The table below shows the sun- 
"set time for Omaha, Nebraska, for selected days 


Source: The U.S. Naval Observatory. Note: The times do not 
reflect daylight savings time. 


. Find the sine regression function that models the 


sunset time, in hours, as a function of the day number. 
Let x = 1 represent January 1, 2009. 

Assume that the sunset times have a period of 
365.25 days. 


. Use the regression function to estimate the sunset time 


(to the nearest minute) for March 14, 2009 (x = 73). 
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PERCENT OF THE IVIOON ILLUMINATED The table 
below shows the percent of the moon 


illuminated at midnight, Central Standard Time, for 
selected days in October and November of 2008. 


Source: The U.S. Naval Observatory. 


a. Find the sine regression function that models the 


percent of the moon illuminated as a function of the 
day number. Let x = 1 represent October 1, 2008. 
Use 29.53 days for the period of the data. 


. Use the regression function to estimate the percent of 


the moon illuminated (to the nearest 1 percent) at 
midnight Central Standard Time on October 31, 2008. 


é y HOURS OF DAYLIGHT The table below shows 
the hours of daylight for Dallas, Texas, for 
selected days in 2009. 


Source: Data extracted from sunrise-sunset times given on the 
World Wide Web by the U.S. Naval Observatory. 


a. Find the sine regression function that models the hours 
of daylight as a function of the day number. Let x = 1 
represent January 1, 2009. Use 365.25 for the period of 
the data. 


b. Use the regression function to estimate the hours of 
daylight (stated in hours and minutes, with the min- 
utes rounded to the nearest minute) for Dallas on May 
12, 2009. 


~~ ALTITUDE OF THE SUN The table at the top of 

the next column shows the altitude of the sun 
for Detroit, Michigan, at selected times during Octo- 
ber 19, 2007. 


a. Find the sine regression function that models the 
altitude, in degrees, of the sun as a function of the time 
of day. Use 24.03 hours (the time from sunrise 
October 19 to sunrise October 20) for the period. 


b. Use the regression function to estimate the altitude of 
the sun (to the nearest 0.1 degree) on October 19, 2007, 
at 9:25. 
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6:00 —9.9 
7:00 14 
8:00 11.5 
9:00 21.0 
10:00 29.0 
11:00 34.7 
12:00 37.5 
13:00 36.7 
14:00 32.6 
15:00 25.7 
16:00 17.0 
17:00 7.2 
18:00 =3.6 


Source: The U.S. Naval Observatory. 


MODEL THE DAYLIGHT Hours For a particular day of 
the year t, the number of daylight hours in New Or- 
leans can be approximated by 


2n(t — 80) 
365 
where f is an integer and ft = 1 corresponds to January 1. 


According to d, how many days per year will New 
Orleans have at least 10.75 hours of daylight? 


d(t) = 1.792 sn( ) + 12.145 


99. CROSS-SECTIONAL AREA A rain gutter is constructed from 
a long sheet of aluminum that measures 9 inches in width. 
The aluminum is to be folded as shown by the cross 
section in the following diagram. 


a. Verify that the area of the cross section is given by 
A = 9sin 0(cos @ + 1), where 0° < 6 S 90°. 


b. | What values of 6, to the nearest degree, pro- 
duce a cross-sectional area of 10.5 square 
inches? 

c. Determine the value of @ that produces the 


cross section with the maximum area. 


282 


100. 


101. 
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OBSERVATION ANGLE A person with an eye level of 5 feet 
6 inches is standing in front of a painting, as shown in 
the following diagram. The bottom of the painting is 
3 feet above floor level, and the painting is 6 feet in 
height. The angle 6 shown in the figure is called the ob- 
servation angle for the painting. The person is d feet from 
the painting. 


: _ 6d 
a. Verify that 6 = tan (z = i) 


b. Find the distance d, to the nearest tenth of a foot, 
for which 6 = i 


MODEL THE MOVEMENT OF A Bus As bus A, makes a left 
turn, the back B of the bus moves to the right. If bus A, 
were waiting at a stoplight while A; turned left, as 
shown in the following figure, there is a chance the two 
buses would scrape against one another. For a bus 28 feet 
long and 8 feet wide, the movement of the back of the 
bus to the right can be approximated by 


x = V(4 + 18 cot 02 + 100 — (4 + 18 cot @) 


» Connecting Concepts » » » 


In Exercises 103 to 108, solve each equation for exact solu- 
tions in the interval 0 = x < 27. 


103. 


104. 


105. 


V3 sinx + cosx = V3 
sinx — cosx=1 


—sinx + V3 cosx = V3 


102. 


106. 


107. 


108. 
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where @ is the angle the bus driver has turned the front 
of the bus. Find the value of x for 6 = 20° and @ = 30°. 
Round to the nearest hundredth of a foot. 


OPTIMAL BRANCHING OF BLOOD VESSELS It is hypothe- 
sized that the system of blood vessels in primates has 
evolved so that it has an optimal structure. In the case of 
a blood vessel splitting into two vessels, as shown in the 
accompanying figure, we assume that both new branches 
carry equal amounts of blood. A model of the angle 6 is 
given by the equation cos 6 = 2°~*/"*#. The value of x is 
such that 1 = x = 2 and depends on assumptions about 
the thickness of the blood vessels. Assuming this is an ac- 
curate model, find the range of values of the angle 6. 


—V3sinx — cosx =1 


cos 5x — cos 3x = 0 


sin 3x = 0 


cos 5x — cos x 
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1. THE MOONS OF SATURN The accompanying figure shows the east-west displacement 
of five moons of Saturn. The figure shows that the period of the sine curve that 
models the displacement of the moon Titan is about 15.95 Earth days. The period of the 
sine curve that models the displacement of the moon Rhea is about 4.52 Earth days. 


> Enceladus 


wl 
iS 


= 
S 


cS 


Source: “Saturn’s Satellites” from Sky & Telescope, April 2006, p. 56. Copyright 2006 by Sky Publishing Company. 
Reprinted with permission. 


a. Find asine regression function that models the displacement of the moon Titan. Use 
x = 0 to represent the beginning of April 1, 2006, and think of “east” as a negative 
displacement and “west” as a positive displacement. Use 1 for the amplitude. 


b. Work a. for the moon Rhea. Use 0.4 for the amplitude. 


c. An astronomer viewed the moons Titan and Rhea at 11:59 P.M. on May 10, 2006 
(x = 40). Were these moons on opposite sides of Saturn or on the same (east/west) 


side at that time? 


Approximate an Inverse Trigonometric Function 

with Polynomials 

The function y = sin"! x can be approximated by polynomials. For example, con- 
sider the following: 


3 


fA@)=x+5—5 where —1 <x <1 
x 1-3x° 
ee ae ey ee where -1 Sx=1 
x? 1 - 3x? 1-3- 5x7 
=xt+ + + here-1Sx=1 
BO HET e545 Okee.7 ° 
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f(x) = x + - pt os where -1=x=1 
® 1:3 1-°3-5x7 (nix 
filx) = x 2:3 24-5 2+4-6°7 (2"n!)?(2n + 1) 


where -1SxS1,n!=1-:2-3::-(n—-—1)n 


and (2n)! =1-2-3---(2n — 1)(2n) 


4;|| Use a graphing utility for the following exercises. 


1. Graph y =f,(x), y =fi(x), y =fa(x), and y =fi(x) in the viewing window 
Xmin = —1, Xmax = 1, Ymin = —1.5708, Ymax = 1.5708. 


2. Determine the values of x for which f;(x) and sin”' x differ by less than 0.001. 
That is, determine the values of x for which |f3(x) — sin’ x| < 0.001. 


Determine the values of x for which | f(x) — sin™' x| < 0.001. 


4. Write all seven terms of f(x). Graph y = f(x) and y = sin™' x on the viewing 


window Xmin = —1, Xmax = 1, Ymin = oa Ymax = aL 


2 


5. Write all seven terms of f;(1). What do you notice about the size of a term 
compared to that of the preceding term? 


6. What is the largest-degree term in fio(x)? 


Chapter 3 Summary 


3.1 Verification of Trigonometric Identities 


e Trigonometric identities are verified by using algebraic 
methods and previously proved identities. 


e The Fundamental Trigonometric Identities are given in 
Table 3.1, page 217. 


e Guidelines for verifying trigonometric identities are given 
on pages 217 and 218. 


3.2 Sum, Difference, and Cofunction Identities 
e Sum and difference identities for the cosine function 


cos(a — B) = cosa cos B + sina sin B 
cos(a + B) = cosa cos B — sina sin B 


e Sum and difference identities for the sine function 
sin(a — B) = sina cos B — cosa sin B 
sin(a + B) = sina cos B + cosa sin B 


e Sum and difference identities for the tangent function 


t “et 
Pn ey eee 
1 — tana tan B 


tana — tan B 


t = 
ae By 1+ tana tan B 


e Cofunction identities with 6 in degrees 
sin(90° — @) = cos @ cos(90° — @) = sin é 
tan(90° — @) = cot é cot(90° — @) = tan dé 
sec(90° — 0) = csc 0 csc(90° — 0) = sec 0 


If @ is in radian measure, replace 90° with a 


3.3 Double- and Half-Angle Identities 
e Double-angle identities 


sin 2a = 2 sina cos a@ 
cos 2a = cos? a — sir’ a 
=1-2sir’a 
=2cos*'a—-1 
2 tan a 


tan 2a = —————— 
oT = tana 


e Power-reducing identities 


230 1—cos2a 

sin’ a = ———— 
2 

. 1 + cos 2a 

cos’ a = 

2 

ae 1 — cos 2a 

CS a 

1 + cos 2a 


e Half-angle identities 


. a 1— cosa 
sin—=2+./ 
2 2. 
a 1+ cosa 
cos +,/ 
2: 2 
a 1— cosa sina 1— cosa 
tan =f - 
2 1+ cosa 1+ cosa sin a 


The choice of the plus or minus sign depends on the 


quadrant in which = lies. 


3.4 Identities Involving the Sum of 
Trigonometric Functions 


e Product-to-sum identities 


sin a cos B : [sin(a + B) + sin(a 
cos a sin B : [sin(a + B) — sin(a 
cos a cos B = : [cos(a + B) + cos(a 
sin a sin B ; [cos(a — B) — cos(a 4 


Summary 285 


e Sum-to-product identities 


: F _xty  x-y 
2 

sinx + sin y sin 608 
Lad x= 

cos x + cos y = 2 cos t cos ul 
2 2 
+ — 

sin x — sin y 2. cos sin ~—4 
2 2 
x+y yaa 

cos X — cos y 2 sin t sin y 


e For sums of the form asin x + bcos x, 


asinx + bcosx = ksin(x + a) 


b 
= 2 2 at ee 
where k a* + b?, sina aa and 
a 
cos a = —=———.. 
Var + b? 


3.5 Inverse Trigonometric Functions 

e The inverse of y = sin xis y = sin ' x, with -1 = x <1and 
aE eg ee 

eee 

e The inverse of y = cosx is y= cos ‘x, with -l=x<1 
and0=y=7. 

e The inverse of y = tanx is y = tan''x, with -%2 <x <0 

7 


T 
d-—<y< 
an D) y 3 


e The inverse of y = cot x is y = cot 'x, with -~ <x <0 
and0<y<7. 


e The inverse of y = csc xis y = csc’! x, withx = —lorx=1 


d—t<y=< 7, y40 
and — =y => y #0. 


e The inverse of y = sec xis y = sec |x, withx = —lorx=1 


and0 Sy =7,y#—. 


3.6 Trigonometric Equations 


e Algebraic methods and identities are used to solve trigono- 
metric equations. Because the trigonometric functions are 
periodic, there may be an infinite number of solutions. If so- 
lutions cannot be found by algebraic methods, then we 
often use a graphing utility to find approximate solutions. 
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) » Chapter 3 Assessing Concepts 


Trigonometric Identities and Equations 


1+ cos2a 


1. True or False: cos? a = 7 


is an identity. 


2. True or False: For all real numbers x, cos” '(cos x) = x. 
3. True or False: For all real numbers x, cos (cos™' x) = x. 


4. True or False: The graph of y = sin”! x is symmetric with 
respect to the origin. 


5. How many solutions does the equation sin 2x = 0.3 have 
on the interval 0 = x < 27? 


»)} Chapter 3 Review Exercises 


6. What is the domain of f(x) = cos’! 2x? 


7. What is the range of y = cos"! x? 
; if... 77 
8. Determine the exact value of sin”*| sin 3 


9. What is the amplitude of f(x) = sin x + cos x? 


10. Determine the exact value of tan 75°. 


In Exercises 1 to 10, find the exact value. 


1. cos (45° + 30°) 2. tan (210° — 45°) 


27 4n oo 
eae + eos ees coe see 
3. sin(2 =) a se =) 
5a 77 
s. on 1 fe) se a hey 
5. sin(60 35°) 6 cos( 3 =) 
: 1\° 
7. sin( 22) 8. cos 105° 
1 \° : 
9. tan(o7 5) 10. sin 112.5° 


In Exercises 11 to 14, find the exact values of the given 
functions. 


iL 1 
11. Given sina = > with 0° < a < 90°, and cos B = > with 


270° < B < 360°, find 


a. cos(a— 8) hb. tan2a_ c. sin( £) 


1 
12. Given sina = ve with 90° < a < 180°, and cos B = “a 


with 180° < B < 270°, find 


a. sin(a + B) b. sec 2B c. cos( £) 


1 
13. Given sin a = as with 270° < a < 360°, and 


cos B = _ with 180° < B < 270°, find 


a. sin(a — B) b. tan 2a CG: cos( 


2 
14. Given sina = = with 0° < a < 90°, and cos B = = 


with 270° < B < 360°, find 


a. cos(a — B) b. tan 26 c. sin 2a 


In Exercises 15 to 20, write the given expression as a single 
trigonometric function. 


: tan 2x + tanx 
15. 2 sin 3x cos 3x 16. ——— 
1 — tan 2x tan x 


17. sin 4x cos x — cos 4x sin x 
18. cos? 20 — sin’ 20 


i 1= 2 
sin 20 20. cos 20 


19. 
° cos 20 sin 20 


In Exercises 21 to 24, write each expression as the product of 
two trigonometric functions. 


21. cos 26 — cos 40 22. sin 30 — sin 50 


23. sin60@ + sin 26 24. sin5@— sin 0 


In Exercises 25 to 42, verify the identity. 


25. 
26. 
27. 
28. 


29. 
30. 
31. 
32. 
33. 


34. 
35. 


36. 


37. 


38. 


39. 
40. 
41. 


42. 


In Exercises 43 to 46, evaluate each expression. 


3 
44. in | 
co( sin a) 


43. 


45. 


1 1 
- + — = —2 tan x secx 
sinx—-—1 sinx+1 


sin x T 
escx + cotx, 0<x<— 
1 — cosx 2 
1+ sinx 5 
7 tan-x + 1+ tanxsecx 
cos’ x 


cos* 2x — sin? 2x 
cos 2x + sin 2x 


cos* x — sin? x — sin 2x 


— cosx = tanx sinx 
cos x 


sin(270° — 0) — cos(270° — 0) = sin 8 — cos 0 


: 7 V2 : 
sin rae 5 (cos a — sin a) 


sin(180° — a + B) = sinacos B — cos asin B 


sin 4x — sin 2x 
cos 4x — cos 2x 


cot 3x 


2 sin x sin 3x = (1 — cos 2x)(1 + 2 cos 2x) 
sin x — cos 2x = (2sinx — 1)(sinx + 1) 
cos 4x = 1 — 8sin?x + 8sin' x 


4tanx — 4 tan? x 
1 — 6tan?x + tan’ x 


tan 4x 


sin2x —sinx 1-—cosx 
cos 2x + cos x sin x 


2 cos 4x sin 2x = 2 sin 3x cos 3x — 2 sin x cos x 


2 sin x sin 2x = 4cos x sin’ x 


cos(x + y) cos(x — y) = cos* x + cos*y — 1 


cos(x + y) sin(x — y) = sinx cos x — sin y cos y 


sec ae 
13 
cos} sin’ ze Saget 
5 13 
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46. cos(2 sin! 2) 


In Exercises 47 and 48, solve each equation. 


47. 2sin“(x — 1) = = 


. 4 
48. sin} x + cos !— = 


5 2 


In Exercises 49 and 50, find all solutions of each equation 
with 0° = x < 360°. 


49. Asin? x + 2V3sinx — 2sinx — V3 =0 
50. 2sinxcosx — V2cosx — 2sinx + V2 =0 
In Exercises 51 and 52, solve the trigonometric equation 


where x is in radians. Round approximate solutions to four 
decimal places. 


51. 3cos’x + sinx = 1 


52. tan? x — 2tanx —-3=0 


In Exercises 53 and 54, solve each equation on 0 S x < 27. 
1 
53. sin 3x cos x — cos 3x sin x = = 
3 
54. cos(2 _ =| ” 


In Exercises 55 to 58, write the equation in the form 
y = ksin(x + a), where the measure of @ is in radians. 
Graph one period of each function. 


55. f(x) = V3 sinx + cosx 
56. f(x) = —2sinx — 2cosx 


57. f(x) = —sinx — V3 cos x 


1 
58. f(x) = N38 sin» = 7% cos x 


In Exercises 59 to 62, graph each function. 


59. f(x) =2cos |x 60. f(x) = sin (x — 1) 


61. f(x) = sin! > 62. f(x) = sec | 2x 
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a. Find the sine regression function that models the sun- 
rise time, in hours, as a function of the day number. 
Let x = 1 represent January 1, 2009. Assume that the 
sunrise times have a period of 365.25 days. 


cz SUNRISE TIME The table below shows the 
Ee=s ~~ sunrise time for Flagstaff, Arizona, for 
selected days in 2009. 


b. Use the regression function to estimate the sunrise time 
(to the nearest minute) for April 14, 2009 (x = 104). 


Source: The U.S. Naval Observatory. Note: The times are Mountain 
Standard Times. 


»»» Quantitative Reasoning: Basketball and Trigonometric Equations 


QR1. When a basketball player shoots at the basket, there are several factors that 
determine the horizontal distance the basketball travels. One equation for 
the distance s, in feet, is given by 


_ v’ cos a sec B sin(a — B) 
16 
where the angles a and B are as shown in the diagram at the left and v 


is the velocity in feet per second at which the ball leaves the player’s 
hand. 


(1) 


T 


a. Graph Equation (1) for B = 18” v = 28 feet per second, and B < a < 1.35. 


Use the graph to find the value of a that maximizes s for the given values. 


b. Show that the value of a in a. is approximately Zz + fo 


QR2. 
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Verify the identity cos a sec B sin(a — B) = cos*a(tan a — tan 8) and then 


use the identity to show that Equation (1) can be written as 


| s 
=4 —— 2 
7 oe tana — tan B (2) 


Note: Equation (2) gives the velocity at which a ball must be launched for 
various launch angles to reach a basket s feet away. 


a. Graph Equation (2) for B = oe s = 15 feet (the distance of a free throw), 


and B < a < 1.35. Use the graph to find the value of a that maximizes v 
for the given values. 


b. Show that the value of a in part a. is approximately Z + a Note: The 


significance of this result is that the ball must be launched at an angle of 


T 


o'" 


+ f to travel the required distance with the least effort. 


»)> Chapter 3 Test 


. Verify the identity 1 + sin’ x sec” x = sec’ x. 


. Verify the identity 


i 1 
secx — tanx 


2 tan x 
secx + tanx 


. Verify the identity cos’ x + cos x sin? x = cos x. 


1 = 
. Verify the identity csc x — cot x = — = 
sin x 
. Find the exact value of sin 195°. 
3 2 
. Given sin a = 5" a in Quadrant III, and cos B = a 


B in Quadrant II, find sin (a + B). 
. ‘ $8 oad 37 
. Verify the identity sin| @ — > | = 008 6. 


. Write cos 6x sin 3x + sin 6x cos 3x in terms of a single 
trigonometric function. 


14. 


. Write y 


12 
. Find the exact value of sn( cos 2) 


4 
. Find the exact value of cos 26 given that sin 6 = 5 and 6 


is in Quadrant II. 


os 8 


0 
. Verify the identity tan — + COS = = ese 0. 


2 sin @ 


. Verify the identity sin’ 2x + 4 cos’ x = 4 cos’ x. 


. Find the exact value of sin 15° cos 75°. 


cos x in the form 


sin x + 


y = ksin(x + a), where a is measured in radians. 


Use a calculator to approximate the radian measure of 
cos ' 0.7644 to the nearest thousandth. 


13 


. Graph y = sin '(x + 2). 
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17. 


18. 


19. 


20. 


Solve 3 sinx — 2 = 0, where 0° = x < 360°. (State solu- 
tions to the nearest tenth of a degree.) 


3 
Solve sin x cos x — = sin x = 0, where 0 S x < 27. 


Find the exact solutions of 
sin 2x + sinx — 2cosx — 1 = 0, where 0 S x < 27. 


< ) HOURS OF DAYLIGHT The table below shows 
the hours of daylight for Tampa, Florida, for 
selected days in 2009. 


Source: The U.S. Naval Observatory 


a. Find the sine regression function that models the hours 
of daylight as a function of the day number. Let x = 1 
represent January 1, 2009. Use 365.25 for the period of 
the data. 


b. Use the regression function to estimate the hours of day- 
light (stated in hours and minutes, with the minutes 
rounded to the nearest minute) for Tampa on March 16, 
2009 (x = 75). 


»» Cumulative Review Exercises 


1. 


2. 


. Find the inverse of f(x) = ; 


Solve: -2x +1<7 


Explain how to use the graph of y = f(x) to produce the 
graph of y = f(x + 1) + 2. 


. Explain how to use the graph of y = f(x) to produce the 


graph of y = —f(x). 


. Determine whether f(x) = x — sinx is an even function 


or an odd function. 


5X 
= \G 


6. Convert 240° to radians. 


5 
7. Convert - to degrees. 


8. Evaluate: sin 
9. Evaluate: csc 60° 


2 
10. Find tan 6, given that @ is an acute angle and sin 0 = ae 


11. 


12. 


13. 


14. 


: ; ; 37 
Determine the sign of cot @ given that 7 < 0< -. 


What is the measure of the reference angle for the angle 


6 = 310°? 


What is the measure of the reference angle for the angle 


0=—? 
3 


Find the x- and y-coordinates of the point defined by 


w(2), where W is the wrapping function. 


15. 


16. 


17. 


18. 


19. 


20. 
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Find the amplitude, the period, and the phase shift for the 
graph of y = 0.43 sin| 2x — z : 


1 
Evaluate: sin“! = 


Use a calculator to evaluate cos '(—0.8). Round to the 
nearest thousandth. 


Use interval notation to state the domain of f(x) = cos 'x. 
Use interval notation to state the range of f(x) = tan 'x. 


Find the exact solutions of 2 cos*x — 1 = —sin x, where 
Osx <27. 


Elizabeth City 
[ Te 


North 
Carolina 


New Bern 


Morehead 
City 


Applications of 
Trigonometry 


Nags Head 


Hurricane 


$ SSG 


ahlly 

Sea 
3 Online Study Center 

“© For online student resources, such 
as section quizzes, visit this website: 
college.hmco.com/info/aufmannCAT 
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4.1 The Law of Sines 
4.2 The Law of Cosines and Area 
4.3 Vectors 


Trigonometry and Indirect Measurement 


In Chapter 2 we used trigonometric functions to find the 
unknown length of a side of a given right triangle. In this chapter 
we develop theorems that can be used to find the length of a 
side or the measure of an angle of any triangle, even if it is not a 
right triangle. These theorems are often used in the areas of 
navigation, surveying, and building design. Meterologists use 
these theorems to estimate the distance from an approaching 
hurricane to cities in the projected path of the hurricane. For 
instance, in the diagram on the left, the distance from the 
hurricane to Nags Head can be determined using the Law of 


Sines, a theorem presented in this chapter. 
See Exercises 30 and 31 on page 299 for additional applications that can be 
solved by using the Law of Sines. 
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The Law of Sines 


™ The Law of Sines 


Solving a triangle involves finding the lengths of all sides and the measures of all 
angles in the triangle. In this section and the next we develop formulas for solv- 
ing an oblique triangle, which is a triangle that does not contain a right angle. The 
Law of Sines can be used to solve oblique triangles in which either two angles and 
a side or two sides and an angle opposite one of the sides are known. In Figure 4.1, 
altitude CD is drawn from C. The length of the altitude is h. Triangles ACD and 
BCD are right triangles. 

Using the definition of the sine of an angle of a right triangle, we have from 
Figure 4.1 


h 
sin B = — sin A = a 
a b 
h=asinB (1) h=bsinA (2) 
ie 
Equating the values of h in Equations (1) and (2), we obtain 
: : asinB=bsinA 
Dividing each side of the equation by sin A sin B, we obtain 
A Dp B 
Figure 4.1 a b 


sinA sinB 


Similarly, when an altitude is drawn to a different side, the following formulas 
result: 


c b c a 


sinC sinB sinC sinA 


The Law of Sines 


1 


written as 


sinA gsinB sinc 
a b c 


Solve triangle ABC if A = 42°, B = 63°, and c = 18 centimeters. 


Continued > 
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We have used the rounding con- 


ventions stated on page 140 to 


Chapter 4 


Applications of Trigonometry 


determine the number of significant 


digits to be used for a and b. 


18cm 


Figure 4.2 


Solution 


Find C by using the fact that the sum of the interior angles of a triangle is 


180°. 
A+B+C= 180° 
42° + 63° + C = 180° 
C = 75° 
Use the Law of Sines to find a. 


a c 
snA  sinC 


e = es A= 42° .¢e= 16,6 = 75" 
sin42° sin 75° = eee 
18 sin 42° . 
a = ———— = 12 centimeters 
sin 75° 


Use the Law of Sines again, this time to find b. 


ye 
snB sinC 
b = & B= 63°, c= 18, C= 75° 
sin63° sin 75° eo 
18 sin 63° . 
= ——— = 17 centimeters 
sin 75° 


The solution is C = 75°, a ~ 12 centimeters, and b ~ 17 centimeters. A scale 
drawing can be used to see if these results are reasonable. See Figure 4.2. 


™ The Ambiguous Case (SSA) 


When you are given two sides of a triangle and an angle opposite one of them, 
you may find that the triangle is not unique. Some information may result in two 
triangles, and some may result in no triangle at all. It is because of this that the 
case of knowing two sides and an angle opposite one of them (SSA) is called the 


ambiguous case of the Law of Sines. 


Suppose that sides a and c and the nonincluded angle A of a triangle are 
known and we are asked to solve triangle ABC. The relationships among h, 
the height of the triangle, a (the side opposite 7A), and c determine whether there 


are no, one, or two triangles. 


Case 71 First consider the case in which ZA is an acute angle (see Figure 4.3). 


There are four possible situations. 


1: 


2 
3. 
4 


a <h; there is no possible triangle. 
a = h, there is one triangle, a right triangle. 


h <a <c; there are two possible triangles. 


a = c; there is one triangle, which is not a right triangle. 
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A b G 


A Cc A b Cc 


1. a <h;no triangle 2. a = h; one triangle 3. h <a < c; two triangles 4. a = c; one triangle 


Figure 4.3 
Case 1: A is an acute angle. 


Case 2 Now consider the case in which ZA is an obtuse angle (see Figure 4.4). 
Here, there are two possible situations. 


1. ac; there is no triangle. 


2. a> c; there is one triangle. 


B 
i 
| 
| 

hi 
| 


He oe 


1. a = c;no triangle 2. a > c; one triangle 


Figure 4.4 
Case 2: A is an obtuse angle. 


it n will Find A, given triangle ABC with B = 32°, a = 42, and b = 30. 
measure of ati acute angle, If the b. Find C, given triangle ABC with A = 57°, a = 15 feet, and c = 20 feet. 
situation is the ambiguous case 
(SSA), you must consider a Solution 
second, obtuse angle by using the b a 
supplement of the angle. You can a. sin B = sin A 
usé a scale drawing to see whether 30 42 
your results are reasonable. ain a2" a aA » B= 32°, a = 42, b= 30 
inte ones 
30 
A = 48° or 132° * The two angles with measure between 


0° and 180° that have a sine of 0.7419 
are approximately 48° and 132°. 


To check that A ~ 132° is a valid result, add 132° to the measure of the 

given angle B (32°). Because 132° + 32° < 180°, we know that A ~ 132° 

is a valid result. Thus angle A ~ 48° or A ~ 132° (Z BAC in Figure 4.5). 
Continued > 


Figure 4.5 
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a c 


snA  sinC 


Be A= 57°, a= 15, c= 20 

sin57° sinC a ee 
20 sin 57° 

sin C = = S227 ~ 1.1182 


Because 1.1182 is not in the range of the sine function, there is no 
solution of the equation. Thus there is no triangle for these values of A, 


Figure 4.6 a, and c. See Figure 4.6. 


= Applications of the Law of Sines 


A radio antenna 85 feet high is located on top of an office building. At a 
distance AD from the base of the building, the angle of elevation to the top 
of the antenna is 26°, and the angle of elevation to the bottom of the antenna 
is 16°. Find the height of the building. 


Solution 


Sketch a diagram. See Figure 4.7. Find the measure of angle B and the 
measure of angle . 


B = 90° — 26° = 64° 
B = 26° — 16° = 10° 


Because we know the length BC and the measure of 8, we can use triangle 
ABC and the Law of Sines to find length AC. 


BC _ AC 
sinB  sinB 
Figure 4.7 85 2 AC ; a 
sin 10° sin 64° BC = 85, B = 10°, B = 64 
85 sin 64° 
AC = 
. sin 10° 


Having found AC, we can now find the height of the building. 


h 
sin 16° = —~ 
the building to two significant AC 
digits to comply with the rounding h = AC sin 16° 
85 sin 64° , 
CONVEMBION avaveMIan Pade tere =F a ge uO 12 feet » Substitute for AC. 
i 


The height of the building, to two significant digits, is 120 feet. 


Starting point 
Figure 4.10 
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In navigation and surveying problems, there are two commonly used meth- 
ods for specifying direction. The angular direction in which a craft is pointed is 
called the heading. Heading is expressed in terms of an angle measured clockwise 
from north. Figure 4.8 shows a heading of 65° and a heading of 285°. 

The angular direction used to locate one object in relation to another object is 
called the bearing. Bearing is expressed in terms of the acute angle formed by a 
north-south line and the line of direction. Figure 4.9 shows a bearing of N38°W 
and a bearing of S15°E. 


N 
N A 
N38°W 
Ww ~E 
65° 

LS 15°E 

285° s 
Figure 4.8 Figure 4.9 


@ QUESTION Cana bearing of N50°E be written as N310°W? 


A ship with a heading of 330° first sighted a lighthouse at a bearing of 
N65°E. After traveling 8.5 miles, the ship observed the lighthouse at a 
bearing of S50°E. Find the distance from the ship to the lighthouse when the 
first sighting was made. 


Solution 


Use the given information to draw a diagram. See Figure 4.10 which shows 
that the measure of ZCAB = 65° + 30° = 95°, the measure of 

ZBCA = 50° — 30° = 20°, and B = 180° — 95° — 20° = 65°. Use triangle ABC 
and the Law of Sines to find c. 


b oe 
sinB  sinC 
Oyo b= 8.5, B= 65°, C= 20° 
sin 65° sin 20° a 
8.5 sin 20° 
= ———_ = 32 
sin 65° 


The lighthouse was 3.2 miles (to two significant digits) from the ship when 
the first sighting was made. 


@ ANSWER No. A bearing is always expressed using an acute angle. 
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Ag yy Topics for Discussion 


Applications of Trigonometry 


1. Is it possible to solve a triangle if the only given information consists of the 
measures of the three angles of the triangle? Explain. 


2. Explain why it is not possible (in general) to use the Law of Sines to solve a 
triangle for which we are given only the lengths of all the sides. 


3. Draw a triangle with dimensions A = 30°, c = 3 inches, and a = 2.5 inches. Is 
your answer unique? That is, can more than one triangle with the given 
dimensions be drawn? 


)) Exercise Set 4.1 


In Exercises 1 to 44, round answers according to the round- 


ing conventions on page 140. 


In Exercises 1 to 14, solve the triangles. 
1. A= 42°,B=61°,a=12 


2. B= 25°,C = 125°, b = 5.0 


3. A =110°,C = 32°,b=12 


)) 4. B= 28°C =78°,c= 44 


5. A = 132°,a = 22,b = 16 


6. B = 82.0°,b = 6.0,c = 3.0 

7. A = 22.5°, B = 112.4°,a = 16.3 
8. A = 21.5°, B = 104.2°, c = 57.4 
9. A = 82.0°, B = 65.4°, b = 36.5 
10. B = 54.8°, C = 72.6°,a = 14.4 
11. A = 33.8°, C = 98.5°, c = 102 
12. B= 36.9°, C = 69.2°, a = 166 
13. C = 114.2°,c = 87.2,b = 12.1 


14. A = 54.32°, a = 24.42,c = 16.92 


In Exercises 15 to 28, solve the triangles that exist. 


15. A = 37°,c = 40,a = 28 


16. B = 32°,c=14,b = 9.0 


28. 


29. 


. C= 65°,b = 10,c = 8.0 


18. A = 42°,a = 12,c = 18 


. B= 22.6°,b = 5.55,a = 13.8 

. A= 148°,c = 6.35, a = 4.80 

. C = 37.9, b = 3.50, c = 2.84 

. C = 47.2°,a = 8.25, c = 5.80 

. B=52.7°,b = 12.3,c = 16.3 

. B = 117.32°, b = 67.25, a = 15.05 
. A = 49.22°, a = 16.92, c = 24.62 


. A = 20.5°,a = 10.3,c = 14.1 


B= 41.2°,a = 31.5, b = 21.6 


HURRICANE VWATCH A satellite weather map shows a hur- 
ricane off the coast of North Carolina. Use the information 
in the map to find the distance from the hurricane to Nags 
Head. 


Elizabeth City @ 
Nags Head 


North 
Carolina 


New Bern A 
e 
” 


Morehead City 


Hurricane 


)) 30. NAVAL MANEUVERS The distance between an aircraft 


31. 


carrier and a Navy destroyer is 7620 feet. The angle of 
elevation from the destroyer to a helicopter is 77.2°, and 
the angle of elevation from the aircraft carrier to the heli- 
copter is 59.0°. The helicopter is in the same vertical plane 
as the two ships, as shown in the following figure. Use 
this data to determine the distance x from the helicopter to 
the aircraft carrier. 


CHOOSING A GOLF STRATEGY The following diagram 
shows two ways to play a golf hole. One is to hit the ball 
down the fairway on your first shot and then hit an 
approach shot to the green on your second shot. A second 
way is to hit directly toward the pin. Due to the water haz- 
ard, this is a more risky strategy. The distance AB is 
165 yards, BC is 155 yards, and angle A = 42.0°. Find the 
distance AC from the tee directly to the pin. Assume that 
angle B is an obtuse angle. 


32. DRIVING DISTANCE A golfer drives a golf ball from the tee 


at point A to point B, as shown in the following diagram. 


33. 


34. 


35. 
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The distance AC from the tee directly to the pin is 365 yards. 
Angle A measures 11.2° and angle C measures 22.9°. 


a. Find the distance AB that the golfer drove the ball. 


b. Find the distance BC from the present position of the 
ball to the pin. 


DISTANCE TO A HOT AIR BALLOON The angle of elevation 
to a balloon from one observer is 67°, and the angle of ele- 
vation from another observer, 220 feet away, is 31°. If the 
balloon is in the same vertical plane as the two observers 
and between them, find the distance of the balloon from 
the first observer. 


HEIGHT OF A SPACE SHUTTLE Use the Law of Sines to solve 
Example 6 on page 141. Compare this method with the 
method used in Example 6. Which method do you prefer? 
Explain. 


RUNWAY REPLACEMENT An airport runway is 3550 feet 
long and has an incline of 3.0°. The airport planning com- 
mittee plans to replace this runway with a new runway, as 
shown in the following figure. The new runway will be 
inclined at an angle of 2.2°. What will be the length of the 
new runway? 


Cc 
New runway nN 
22°. 
A ™ Current runway 


B 3.0°— Horizontal 
(Not drawn to scale) 
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36. HEIGHT OF A KITE Two observers, in the same vertical 39. 


plane as a kite and at a distance of 30 feet apart, observe 
the kite at angles of 62° and 78°, as shown in the following 
diagram. Find the height of the kite. 


HEIGHT OF A HILL Asurveying team determines the height 
of a hill by placing a 12-foot pole at the top of the hill and 
measuring the angles of elevation to the bottom and 
the top of the pole. They find the angles of elevation to 
be as shown in the following figure. Find the height 
of the hill. 


37. LENGTH OF A GUY WIRE A telephone pole 35 feet high is 
situated on an 11° slope from the horizontal. The measure 
of angle CAB is 21°. Find the length of the guy wire AC. 


41. 


43. 


38. DIMENSIONS OF A PLOT OF LAND Three roads intersect in 
such a way as to form a triangular piece of land. See the 
accompanying figure. Find the lengths of the other two 
sides of the land. 


44. 


. DISTANCE TO A FIRE Two fire lookouts are located on 


mountains 20 miles apart. Lookout B is at a bearing of 
S65°E from lookout A. A fire was sighted at a bearing of 
N50°E from A and at a bearing of N8°E from B. Find the 
distance of the fire from lookout A. 


DISTANCE TO A LIGHTHOUSE A navigator ona ship sights a 
lighthouse at a bearing of N36°E. After traveling 8.0 miles 
at a heading of 332°, the ship sights the lighthouse at a 
bearing of S82°E. How far is the ship from the lighthouse 
at the second sighting? 


. MINIMUM DISTANCE The navigator ona ship traveling due 


east at 8 mph sights a lighthouse at a bearing of S55°E. 
One hour later the lighthouse is sighted at a bearing of 
525°W. Find the closest the ship came to the lighthouse. 


DISTANCE BETWEEN AIRPORTS An airplane flew 450 miles 
at a bearing of N65°E from airport A to airport B. The 
plane then flew at a bearing of 538°E to airport C. Find 
the distance from A to C if the bearing from airport A to 
airport C is S60°E. 


LENGTH OF A BRACE A 12-foot solar panel is to be installed 
on a roof with a 15° pitch. Find the length of the vertical 
brace d if the panel must be installed to make a 40° angle 
with the horizontal. 
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Connecting Concepts } . 


45. 


49. 


. Show that for any triangle ABC, 
. Show that for any triangle ABC, 


. Show that for any triangle ABC, : 


DISTANCES BETWEEN HOUSES House B is located at a bear- 
ing of N67°E from house A. House C is 300 meters from 
house A at a bearing of S68°E. House B is located at a bear- 
ing of N11°W from house C. Find the distance from house 
A to house B. 


—b sinA — sinB 
b sin B : 


a+b  sinA+sinB 
b sin B . 


—b  sinA-sinB 
+b sinA+sinB 


Maximum LENGTH OF A ROD The longest rod that 
can be carried horizontally around a corner from a 
hall 3 meters wide into one that is 5 meters wide is the 


minimum of the length L of the black dashed line shown 
in the figure below. 


L+- 3 m—>| 
N 
cs 
x 
\ 
\ 
sy 
< 
- - 
Ghiaay IS 
‘ 
% 
5m a 5m 
x 
6/ 
NN 


Use similar triangles to show that the length L is a func- 
tion of the angle 6, given by 
5 3 


L(@¢) = —— + 
(9) sin@ cosé 


Graph L and estimate the minimum value of L. Round to 
the nearest hundredth of a meter. 


1. 


FERMAT’S PRINCIPLE AND SNELL’S LAW State Fermat's Prin- 
ciple and Snell’s Law. The refractive index of the glass in 
a ring is found to be 1.82. The refractive index of a partic- 
ular diamond in a ring is 2.38. Use Snell’s Law to explain 
what this means in terms of the reflective properties of the 
glass and the diamond. 
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The Law of Cosines and Area 


PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be 
found on page A20. 


PS1. Evaluate Va? + b? — 2ab cos C for a = 10.0, b = 15.0, and C = 110.0°. Round your 
result to the nearest tenth. [2.3] 


PS2. Find the area of a triangle with a base of 6 inches and a height of 8.5 inches. 
PS3. Solve c? = a? + b? — 2ab cos C for C. [3.5] 


PS4. The semiperimeter of a triangle is defined as one-half the perimeter of the triangle. 
Find the semiperimeter of a triangle with sides of 6 meters, 9 meters, and 10 meters. 


PS5. Evaluate Vs(s —a)(s — b)(s — c) fora = 3,b = 4,c = 5, and 
_atbte 
= P , 


PS6. State a relationship between the lengths a, b, and c in the triangle 
shown at the right. [1.2] a 


= The Law of Cosines 


vA) The Law of Cosines can be used to solve triangles in which two sides and the 
B(acos C, asin C) included angle (SAS) are known or in which three sides (SSS) are known. 
Consider the triangle in Figure 4.11. The height BD is drawn from B perpendicular 
to the x-axis. The triangle BDA is a right triangle, and the coordinates of B are 
(acos C,asin C). The coordinates of A are (b, 0). Using the distance formula, we 
can find the distance c. 

c = V(acos C — b)? + (asin C — 0/ 

x 

P wal : c? = a’ cos’ C — 2abcosC + b* + a’ sin® C 
Figure 4.11 c? = a’(cos?C + sin? C) + b? — 2ab cos C 
c? =a +b? — 2abcosC 


The Law of Cosines 


If A, B, and C are the measures of the angles of a triangle and a, b, and c are 
the lengths of the sides opposite these angles, then 

C=a + b? — 2abcosC 

a =b? +c — 2bccosA 

b? =a 4+ c? — 2accosB 


c=15.0cm 


B a=10.00cm C 
Figure 4.12 
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In triangle ABC, B = 110.0°, a = 10.0 centimeters, and c = 15.0 centimeters. 
See Figure 4.12. Find b. 


Solution 


The Law of Cosines can be used because two sides and the included angle 
are known. 
b* = a’ + c* — 2ac cos B 
= 10.0? + 15.0? — 2(10.0)(15.0) cos 110.0° 
b = V10.0? + 15.07 — 2(10.0)(15.0) cos 110.0° 
b ~ 20.7 centimeters 


In the next example we know the length of each side, but we do not know the 


measure of any of the angles. 


In triangle ABC, a = 32 feet, b = 20 feet, and c = 40 feet. Find B. This is the 
SSS case. 


Solution 


b? =a 4+ c? — 2accos B 


e+e—p? 
cos B = ———__—_— * Solve for cos B. 
2ac 
ee Substitute for a, b, and 
2GD40) ubstitute for a, b, and c. 
B= a) G2. A0> = 20" oe = 
cos 36040) olve for angle B. 
B = 30° ¢ To the nearest degree 


ation Using the Law of Cosines 


A boat sailed 3.0 miles at a heading of 78° and then turned to a heading of 
138° and sailed another 4.3 miles. Find the distance and the bearing of the 
boat from the starting point. 


Continued > 


304 Chapter 4 Applications of Trigonometry 


Solution 


Sketch a diagram (see Figure 4.13). First find the measure of angle B in 
triangle ABC. 


B = 78° + (180° — 138°) = 120° 
Use the Law of Cosines first to find b and then to find A. 


b? =a? + c — 2ac cos B 


= 4,3* + 3.07 — 2(4.3)(3.0) cos 120° + Substitute for a, c, and B. 
Figure 4.13 b = V4.3? + 3.0? — 2(4.3)(3.0) cos 120° 
b ~ 6.4 miles 

P+ — a : 

cos A = —————_ * Solve the Law of Cosines 
2be for cos A. 
P+e-—a 6.42 + 3.07 — 4.3? 
A = cos"! ———— } = cos"! ~ 35° 
Fe ( 2be aa ( (2)(6.4)(3.0) 


The bearing of the present position of the boat from the starting point A can 
be determined by calculating the measure of angle a in Figure 4.13. 


take note a ~ 180° — (78° + 35°) = 67° 


The measure of angle A in Example 


The distance is approximately 6.4 miles, and the bearing (to the nearest 
3 can also be determined by using degree) is S67°E. 


the Law of Sines. 


)) Try Exercise 52, page 310 


There are five different cases that we may encounter when solving an oblique tri- 
angle. Each case is listed below under the law that can be used to solve the triangle. 


Choosing Between the Law of Sines and the Law of Cosines 
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B @ QuEsTION In triangle ABC, A = 40°, C = 60°, and b = 114. Should you use 
the Law of Sines or the Law of Cosines to solve this triangle? 

i 

| 
= 
ie —o A 


© Area of a Triangle 


Acute triangle 


1 
The formula A = 5 Oh can be used to find the area of a triangle when the base and 


height are given. In this section we will find the areas of triangles when the height 
is not given. We will use K for the area of a triangle because the letter A is often 
used to represent the measure of an angle. 

Consider the areas of the acute and obtuse triangles in Figure 4.14. 


Obtuse triangle Height of each triangle: h=csinA 
i 1 
Figure 4.14 Area of each triangle: K= oh 
1 ; 
K= mee sin A ¢ Substitute for h. 


Thus we have established the following theorem. 


Area of a Triangle 


two sides and t! 


it is necessary to learn only one 


formula. 
B 
Given angle A = 62°, b = 12 meters, and c = 5.0 meters, find the area of 
isi: triangle ABC. 
62° 
" b=12 e Solution 


Figure 4.15 In Figure 4.15, two sides and the included angle of the triangle are given. 
Using the formula for area, we have 


1 1 
K= “5 be sin A = 7 12)6.0)(sin 62°) ~ 26 square meters 


@ ANSWER Because the measure of two angles and the length of the included side are 
given, the triangle can be solved by using the Law of Sines. 
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Recent findings indicate that 
Heron’s formula for finding the 
area of a triangle was first dis- 
covered by Archimedes. How- 
ever, the formula is called 
Heron's formula in honor of the 
geometer Heron of Alexandria 
(A.D. 50), who gave an ingenious 
proof of the theorem in his 

work Metrica. Because Heron of 
Alexandria was also known as 
Hero, some texts refer to Heron’s 
formula as Hero’s formula. 


Applications of Trigonometry 


When two angles and an included side are given, the Law of Sines is used to 
derive a formula for the area of a triangle. First, solve for c in the Law of Sines. 


ee 

sinC sinB 
_ bsinC 
© sin B 


1 
Substitute for c in the formula K = 5 be sin A. 


k= >be sin A = ut ce S) sin A 


sin B 
b* sinC sin A 


<= ; 
2 sin B 


In like manner, the following two alternative formulas can be derived for the area 

of a triangle. 

_ a sin B sin C 
2sinA 


c* sin A sin B 


K 
2 sin C 


and K 


Given A = 32°,C = 77°, and a = 14 inches, find the area of triangle ABC. 


Solution 


To use the above area formula, we need to know two angles and the 
included side. Therefore, we need to determine the measure of angle B. 


B = 180° — 32° — 77° = 71° 
Thus 
_@sinBsinC _ 14 sin71° sin 77° 
2sin A 2 sin 32° 


= 170 square inches 


™ Heron’s Formula 


The Law of Cosines can be used to derive Heron’s formula for the area of a triangle 
in which three sides of the triangle are given. 


Heron’s Formula for Finding the Area of a Triangle 


The pyramid portion of the Luxor 
Hotel in Las Vegas, Nevada 
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Because s is one-half the perimeter of the triangle, it is called the semi- 
perimeter. 


Find, to two significant digits, the area of the triangle with a = 7.0 meters, 
b = 15 meters, and c = 12 meters. 

Solution 

Calculate the semiperimeter s. 


gut Oe 10s Dae 
2 2 


17 


Use Heron’s formula. 
K = Vs(s — a)(s — b)(s — c) 
= V17(17 — 7.0)\(17 — 15)(17 — 12) 
= V1700 ~ 41 square meters 


Formula 


EXAMPLE 7 Use Her 


) The original portion of the Luxor Hotel in Las Vegas has the shape of a 
square pyramid. Each face of the pyramid is an isosceles triangle with 
a base of 646 feet and sides of length 576 feet. Assuming that the glass on the 
exterior of the Luxor Hotel costs $35 per square foot, determine the cost of 
the glass, to the nearest $10,000, for one of the triangular faces of the hotel. 

Solution 


The lengths (in feet) of the sides of a triangular face are a = 646, b = 576, 
and c = 576. 


ctbee. G46 456 45% 
aa 2 


K = Vs(s — a)(s — b)(s — c) 
= V/899(899 — 646)(899 — 576)(899 — 576) 
= V23,729,318,063 
~ 154,043 square feet 


= 899 feet 


The cost C of the glass is the product of the cost per square foot and the area. 
C ~ 35 - 154,043 = 5,391,505 


The approximate cost of the glass for one face of the Luxor Hotel is 
$5,390,000. 
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Ag \ Topics for Discussion 


1. Explain why there is no triangle that has sides of lengths a = 2 inches, 
b = 11 inches, and c = 3 inches. 


2. The Pythagorean Theorem is a special case of the Law of Cosines. Explain. 


To solve a triangle in which the lengths of the three sides are given (SSS), a 
mathematics professor recommends the following procedure. 
(i) Use the Law of Cosines to find the measure of the largest angle. 
(ii) Use the Law of Sines to find the measure of a second angle. 
(iii) Find the measure of the third angle by using the formula 
A+B+C= 180°. 


Explain why this procedure is easier than using the Law of Cosines to find the 
measure of all three angles. 


4. Explain why the Law of Cosines cannot be used to solve a triangle in which 
you are given the measures of two angles and the length of the included 
side (ASA). 


Exercise Set 4.2 


In Exercises 1 to 52, round answers according to the round- 13. a = 122,c = 55.9, B = 44.2° 
ing conventions on page 140. 
. 14. b = 444.8, c = 389.6, A = 78.44° 
In Exercises 1 to 14, find the third side of the triangle. 
1. a=12,b =18,C = 44° 


In Exercises 15 to 24, given three sides of a triangle, find the 


2. b = 30,c = 24,A = 120° oes 
specified angle. 


3. a = 120,c = 180, B = 56° 15. a = 25, b = 32, c = 40; find A. 

4. a = 400, b = 620,C = 116° 16. a = 60, b = 88, c = 120; find B. 

5. b = 60,c = 84,A = 13° 17. a = 8.0,b = 9.0, c = 12; find C. 

6. a = 122,c = 144, B = 48° )) 18. a = 108, b = 132, c = 160; find A. 

7. a=9.0,b =7.0,C = 72° 19. a = 80.0, b = 92.0, c = 124; find B. 

8. b= 12,c = 22,A = 55° 20. a = 166, b = 124, c = 139; find B. 

9. a= 4.6,b =7.2,C = 124° 21. a = 1025, b = 625.0, c = 1420; find C. 
10. b = 12.3,c = 14.5,A = 6.5° 22. a = 4.7,b = 3.2,c = 5.9; find A. 
11. a = 25.9,c = 33.4, B = 84.0° 23. a = 32.5, b = 40.1, c = 29.6; find B. 


)) 12. a = 14.2, b = 9.30, C = 9.20° 24. a = 112.4, b = 96.80, c = 129.2; find C. 


)) 40. a 


In Exercises 25 to 28, solve the triangle. 
25. A = 39.4°,b = 15.5,c = 17.2 
26. C = 98.4°,a = 141, b = 92.3 


27.4 


83.6, b = 144,c = 98.1 


28. a = 25.4, b = 36.3, c = 38.2 


In Exercises 29 to 40, find the area of the given triangle. 
Round each area to the same number of significant digits 
given for each of the given sides. 


29. A = 105°, b = 12,c = 24 
)) 30. B= 127°, a = 32,c = 25 
31. A = 42°,B = 76°,c = 12 


)) 32. B = 102°,C = 27,4 =85 


33. a = 16,b = 12,c= 14 

34. a = 32,b = 24,c = 36 

35. B = 54.3°, a = 22.4, b = 26.9 
36. C = 18.2°,b = 13.4,a = 9.84 
37. A = 116°, B = 34°,c = 8.5 
38. B = 42.8°,C = 76.3°,c = 17.9 


39. a= 3.6,b =4.2,c=48 


10.2, b = 13.3, c = 15.4 


41. DISTANCE BETWEEN AIRPORTS A plane leaves airport A 
and travels 560 miles to airport B at a bearing of N32°E. 
The plane leaves airport B and travels to airport C 
320 miles away at a bearing of 572°E. Find the distance 
from airport A to airport C. 


42. LENGTH OF A STREET A developer owns a triangular lot at 
the intersection of two streets. The streets meet at an angle 
of 72°, and the lot has 300 feet of frontage along one street 
and 416 feet of frontage along the other street. Find the 
length of the third side of the lot. 


43. BASEBALL In a baseball game, a batter hits a ground ball 
26 feet in the direction of the pitcher’s mound. See the fig- 
ure at the top of the next column. The pitcher runs for- 
ward and reaches for the ball. At that moment, how far is 
the ball from first base? (Note: A baseball infield is a square 
that measures 90 feet on each side.) 
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44. 


45. 


46. 
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bo) B-2 BOMBER The leading edge of each wing of the 
* B-2 Stealth Bomber measures 105.6 feet in length. 
The angle between the wing’s leading edges (Z ABC) is 
109.05°. What is the wing span (the distance from A to C) 
of the B-2 Bomber? 


B 
B-2 Stealth Bomber 
ANGLE BETWEEN THE DIAGONALS OF A BOX The rectan- 
gular box in the figure measures 6.50 feet by 3.25 feet 
by 4.75 feet. Find the measure of the angle @ that is 
formed by the union of the diagonal shown on the front 


of the box and the diagonal shown on the right side of 
the box. 


4.75 ft 


3.25 ft 


|x 6.50 ft —— 


SUBMARINE RESCUE MISSION Use the distances shown in 
the following figure to determine the depth of the subma- 
rine below the surface of the water. Assume that the line 
segment between the surface ships is directly above the 
submarine. 


615 feet 


310 


47. 


48. 


49. 


50. 


51. 


yy 52, 


53. 


54. 


Chapter 4 


DISTANCE BETWEEN SHIPS Two ships left a port at the 
same time. One ship traveled at a speed of 18 mph at a 
heading of 318°. The other ship traveled at a speed of 
22 mph at a heading of 198°. Find the distance between 
the two ships after 10 hours of travel. 


DISTANCE ACROSS A LAKE Find the distance across the 
lake shown in the figure. 


GEOMETRY A regular hexagon is inscribed in a circle with 
a radius of exactly 40 centimeters. Find the exact length of 
one side of the hexagon. 


ANGLE BETWEEN BOUNDARIES OF A LOT A triangular city 
lot has sides of 224 feet, 182 feet, and 165 feet. Find the 
angle between the longer two sides of the lot. 


DISTANCE TO A PLANE A plane traveling at 180 mph passes 
400 feet directly over an observer. The plane is traveling 
along a straight path with an angle of elevation of 14°. 
Find the distance of the plane from the observer 
10 seconds after the plane has passed directly overhead. 


DISTANCE BETWEEN SHIPS A ship leaves a port at a speed 
of 16 mph at a heading of 32°. One hour later another ship 
leaves the port at a speed of 22 mph at a heading of 254°. 
Find the distance between the ships 4 hours after the first 
ship leaves the port. 


DISTANCE AND BEARING FROM A STARTING POINT A plane 
flew 181 miles at a heading of 108.5° and then turned to a 
heading of 124.6° and flew another 225 miles. Find the dis- 
tance and the bearing of the plane from the starting point. 


ENGINE DESIGN An engine has a 16-centimeter connecting 
rod that is attached to a rotating crank with a 4-centimeter 
radius. See the following figure. 
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55. 


56. 


57. 
58. 


59. 


)) 60. 


61. 


62. 


a. Use the Law of Cosines to find an equation that relates 
cand A. 


b. Use the quadratic formula to solve the equation in 
a. for c. 


c. Use the equation from b. to find c when A = 55°. 
Round to the nearest centimeter. 


d. Use the Law of Sines to find c when A = 55°. Round to 
the nearest centimeter. How does this result compare 
with the result in c.? 


AREA OF A TRIANGULAR LOT Find the area of a triangular 
piece of land that is bounded by sides of 236 meters, 620 
meters, and 814 meters. Round to the nearest hundred 
square meters. 


GEOMETRY Find the exact area of a parallelogram with 
sides of exactly 8 feet and 12 feet. The shorter diagonal is 
exactly 10 feet. 


GEOMETRY Find the exact area of a square inscribed in a 
circle with a radius of exactly 9 inches. 


GEOMETRY Find the exact area of a regular hexagon in- 
scribed in a circle with a radius of exactly 24 centimeters. 


Cost OF A LoT A commercial piece of real estate is priced 
at $2.20 per square foot. Find, to the nearest $1000, the cost 
of a triangular lot measuring 212 feet by 185 feet by 240 feet. 


Cost OF A LoT An industrial piece of real estate is priced 
at $4.15 per square foot. Find, to the nearest $1000, the 
cost of a triangular lot measuring 324 feet by 516 feet by 
412 feet. 


AREA OF A PASTURE Find the number of acres in a pasture 
whose shape is a triangle measuring 800 feet by 1020 feet 
by 680 feet. Round to the nearest hundredth of an acre. 
(An acre is 43,560 square feet.) 


AREA OF A HOUSING TRACT Find the number of acres in a 
housing tract whose shape is a triangle measuring 
420 yards by 540 yards by 500 yards. Round to the nearest 
hundredth of an acre. (An acre is 4840 square yards.) 


The identity at the right is 
one of Mollweide’s formulas. 
It applies to any triangle ABC. 


cos| 
2 


The formula is intriguing because it contains the dimensions 
of all angles and all sides of triangle ABC. The formula can be 
used to check whether a triangle has been solved correctly. 
Substitute the dimensions of a given triangle in the formula 
and compare the value of the left side of the formula with the 
value of the right side. If the two results are not reasonably 
close, then you know that at least one dimension is incorrect. 
The results generally will not be identical because each di- 
mension is an approximation. In Exercises 63 and 64, you can 
assume that a triangle has an incorrect dimension if the 
value of the left side and the value of the right side of the 
above formula differ by more than 0.02. 


63. [-e] CHECK DIMENSIONS OF TRUSSES The following dia- 


==, gram shows some of the steel trusses in an airplane 
hangar. 


» »» Connecting Concepts» » 
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An architect has determined the following dimensions for 
AABC and ADEF: 


AABC: A =53.5°, B = 86.5°, C = 40.0° 
a = 13.0 feet, b = 16.1 feet, c = 10.4 feet 
ADEF: D = 52.1°, E = 59.9°, F = 68.0° 
d = 17.2 feet, e = 21.3 feet, f = 22.8 feet 
Use Mollweide’s formula to determine if either AABC or 
ADEF has an incorrect dimension. 
64. es CHECK DIMENSIONS OF TRUSSES The following dia- 
===, gram shows some of the steel trusses in a railroad 
bridge. 


SN. 


A structural engineer has determined the following 
dimensions for AABC and ADEF: 
AABC: A = 34.1°, B = 66.2°, C = 79.7° 
a = 9.23 feet, b = 15.1 feet, c = 16.2 feet 
ADEF: D = 45.0°, E = 56.2°, F = 78.8° 
d = 13.6 feet, e = 16.0 feet, f = 18.9 feet 


Use Mollweide’s formula to determine if either AABC or 
ADEF has an incorrect dimension. 


65. Find the measure of the angle formed by the sides P,P, 
and P,P; of a triangle with vertices at P;(—2, 4), P.(2, 1), 
and P3(4, —3). 


66. Given a triangle ABC, prove that for any triangle ABC 


vr=b?+c—2becosA 


67. Use the Law of Cosines to show that for any triangle ABC 


b+c-albter+ 
cos A = ( =u cee) 1 
2be 


68. Prove that K = xy sin A for a parallelogram, where x and 
y are the lengths of adjacent sides, A is the measure of the 
angle between side x and side y, and K is the area of the 
parallelogram. 


69. Find the volume of 
the triangular 
prism shown in the 
figure. 


70. Show that the area of the circumscribed triangle in the fol- 
at+bt+c 


lowing figure is K = rs, where s = 5 


B 
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1. VISUAL INSIGHT Give the reason that justifies each step in the following proof of the Law of Cosines. 
bd = (a + c)e 

bd = (a+ c)(a — c) 

b(2a cos C — b) = (a + c)(a — c) 
2abcosC — B= a -— Cc? 


C=a7 + — 2abcosC 


Center 
of circle 


Vectors 


PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be 
found on page A20. 


2 4 2 
PS1. Evaluate: (5) + Gs 


PS2. Use a calculator to evaluate 10 cos 228°. Round to the nearest thousandth. [2.3] 


PS3. Solve tana = 


for a, where a is an acute angle measured in degrees. [3.5] 


=17 
PS4. Solve cos a = —== for a, where a is an obtuse angle measured in degrees. Round to 


V338 


the nearest tenth of a degree. [3.5] 


1 
PS5. Rationalize the denominator of ——. 


V5 


2 
PS6. Rationalize the denominator of = 


V68 


™ Vectors 


In scientific applications some measurements, such as area, mass, distance, speed, 
and time, are completely described by a real number and a unit. Examples include 
30 square feet (area), 25 meters/second (speed), and 5 hours (time). These mea- 
surements are called scalar quantities, and the number used to indicate the magni- 
tude of the measurement is called a scalar. Two other examples of scalar quantities 
are volume and temperature. 

For other quantities, in addition to the numerical and unit description, it is 
also necessary to include a direction to describe the quantity completely. For 


Figure 4.16 


Terminal point 


B 


A 
Initial point 


Figure 4.17 


i 


i 


Figure 4.18 


Figure 4.19 


37° 
40m 
Figure 4.20 


U+V 


U 
Figure 4.21 


30m 
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example, applying a force of 25 pounds at various angles to a small metal box will 
influence how the box moves. In Figure 4.16, applying the 25-pound force straight 
down (A) will not move the box to the left. However, applying the 
25-pound force parallel to the floor (C) will move the box along the floor. 

Vector quantities have a magnitude (numerical and unit description) and a 
direction. Force is a vector quantity. Velocity is another. Velocity includes the speed 
(magnitude) and a direction. A velocity of 40 mph east is different from a velocity 
of 40 mph north. Displacement is another vector quantity; it consists of distance 
(a scalar) moved in a certain direction. For example, we might speak of a dis- 
placement of 13 centimeters at an angle of 15° from the positive x-axis. 


Definition of a Vector 


A vector is a directed line segment. The length of the line segment is the 
magnitude of the vector, and the direction of the vector is measured by 
an angle. 


The point A for the vector in Figure 4.17 is called the initial point (or tail) of the 
vector, and the point B is the terminal point (or head) of the vector. An arrow 
over the letters (AB), an arrow over a single letter (V ), or boldface type (AB or V) 
is used to denote a vector. The magnitude of the vector is the length of the line seg- 
ment and is denoted by ||AB||, ||V'||, || AB||, or || V]]. 

Equivalent vectors have the same magnitude and the same direction. The vec- 
tors in Figure 4.18 are equivalent. They have the same magnitude and direction. 

Multiplying a vector by a positive real number (other than 1) changes the 
magnitude of the vector but not its direction. If v is any vector, then 2v is the vec- 
tor that has the same direction as v but is twice the magnitude of v. The multipli- 
cation of 2 and v is called the scalar multiplication of the vector v and the scalar 2. 
Multiplying a vector by a negative number a reverses the direction of the vector 
and multiplies the magnitude of the vector by |a|. See Figure 4.19. 

The sum of two vectors, called the resultant vector or the resultant, is the sin- 
gle equivalent vector that will have the same effect as the application of those two 
vectors. For example, a displacement of 40 meters along the positive x-axis and 
then 30 meters in the positive y direction is equivalent to a vector of magnitude 
50 meters at an angle of approximately 37° to the positive x-axis. See Figure 4.20. 

Vectors can be added graphically by using the triangle method or the parallelo- 
gram method. In the triangle method, shown in Figure 4.21, the initial point of V is 
placed at the terminal point of U. The vector connecting the initial point of U with 
the terminal point of V is the sum U + V. 

The parallelogram method of adding two vectors graphically places the initial 
point of the two vectors U and V together, as in Figure 4.22. Complete the parallel- 
ogram so that U and V are sides of the parallelogram. The diagonal beginning at 
the initial point of the two vectors is U + V. 

To find the difference between two vectors, first rewrite the expression as 
V-—U=V + (-U). The difference is shown geometrically in Figure 4.23. 


Figure 4.22 Figure 4.23 
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Applications of Trigonometry 


By introducing a coordinate plane, it is possible to develop an analytic 
approach to vectors. Recall from our discussion of equivalent vectors that a vector 
can be moved in the plane as long as the magnitude and direction are not changed. 

With this in mind, consider AB, whose initial point is A(2, —1) and whose 
terminal point is B(—3, 4). If this vector is moved so that the initial point is at the 
origin O, the terminal point becomes P(—5, 5), as shown in Figure 4.24. The vector 
OP is equivalent to the vector AB. 

In Figure 4.25, let P;(x,, y;) be the initial point of a vector and P»(x2, y2) its 
terminal point. Then an equivalent vector OP has its initial point at the origin and 
its terminal point at P(a, b), where a = x, — x, and b = y) — y;. The vector OP can 
be denoted by v = (a, b); a and b are called the components of the vector. 


P(-5,5) : t 2 Pa, b) 
P(X 51 Yo) 
Oo x 
x 
A(2,-1) P(x ¥) 
Figure 4.24 Figure 4.25 

I 1 
Find the components of the vector AB whose initial point is A(2, —1) 
and whose terminal point is B(—2, 6). Determine a vector v that is 
equivalent to AB and has its initial point at the origin. 
ALGEBRAIC SOLUTION VISUALIZE THE SOLUTION 
The components of AB are (a, b), where P(-4,7) ¥f 


€=%—xX,=-2-2=-4 and b=y-y,=6-(-1)=7 


Thus v = (—4, 7). 


RY 


5 


A(2,-1) 


Figure 4.26 


The magnitude and direction of a vector can be found from its compo- 
nents. For instance, the terminal point of vector v sketched in Figure 4.26 is the 
ordered pair (—4, 7). Applying the Pythagorean Theorem, we find 


vl] = V4? + 7 = VI6 + 49 = V5 
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Let 6 be the angle made by the positive x-axis and v. Let a be the reference angle 
for 6. Then 


F 7 7 
an a= = = 
7 —4| 4 
-1 7 fe} . 
a=tan rs = 60 * ais the reference angle. 
6 = 180° — 60° = 120° * @is the angle made by the vector 


and the positive x-axis. 


The magnitude of v is V65, and its direction is 120° as measured from the positive 
x-axis. The angle between a vector and the positive x-axis is called the direction 
angle of the vector. Because AB in Figure 4.26 is equivalent to v, || AB|| = 65 and 
the direction angle of AB is also 120°. 

Expressing vectors in terms of components provides a convenient method for 
performing operations on vectors. 


Definitions of Fundamental Vector Operations 

If v = (a, b) and w = (c, d) are two vectors and k is a real number, then 
1. |\vl| = Va + Bb 

2. vtw=4,b)+c¢d)=a@t+oeb+d) 

3. kv = ka, b) = (ka, kb) 


In terms of components, the zero vector 0 = (0,0). The additive inverse of a 
vector v = (a, b) is given by —v = (—a, —b). 


Given v = (—2, 3) and w = (4, —1), find 


a. wi ob. vtw oc -3v d. 2v-3w 


Solution 

a. |lw|| = V4 + (-1)? = V17 c. —3v = —3(—2, 3) = (6, —9) 

b. v+w=(-2,3) + (4, -1) d. 2v — 3w = 2(-2,3) — 3/4, -1) 
= (-2 + 4,3 + (-1)) = (-4, 6) — (12, -3) 

= <2, 2) = (-16, 9) 


™ Unit Vectors 


A unit vector is a vector whose magnitude is 1. For example, the vector 


3 4\. : 
v= 5’ "5 is a unit vector because 


it V(5) °C) Vv Va 
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Given any nonzero vector v, we can obtain a unit vector in the direction of v by 
dividing each component of v by the magnitude of v, ||v||. 


Find a unit vector u in the direction of v = (—4, 2). 


Solution 
Find the magnitude of v. 
vl] = V(-4)? + 22 = V16 + 4 = V20 = 2V5 
Divide each component of v by ||v\|. 
u= (> o2)-(2 1 \=(-28 <2) 
2V5' 2V5 V5' V5 eS a 


A unit vector in the direction of v is u. 


Yh 
yes 
Two unit vectors, one parallel to the x-axis and one parallel to the y-axis, are 
1y of special importance. See Figure 4.27. 
if 
2 a [ta 2. Fe oss 5 : : 
sell Definitions of Unit Vectors i and j 


i = (1,0) j = (0,1) 


The vector v = (3, 4) can be written in terms of the unit vectors i and j as shown 


in Figure 4.28. 
(3, 4) = (3,0) + (0, 4) + Definition of vector addition 
= 3(1, 0) + 4(0, 1) + Definition of scalar multiplication of a vector 
= 3i + 4j * Definition of i and j 


By means of scalar multiplication and addition of vectors, any vector can be 
Figure 4.28 expressed in terms of the unit vectors i and j. Let v = (a), a). Then 


V = (4), a) = a1, 0) + a0, 1) = ai + aaj 


This gives the following result. 


Representation of a Vector in Terms of i and j 


The definitions for addition and scalar multiplication of vectors can be restated 
in terms of i and j. If v = ai + aj and w = bi + bj, then 
vt we (qi t+ mj) + (ii + boj) = (G + bi + (@ + Drdj 
kv = k(ayi + Aaj) = kayi + kanj 


Figure 4.29 


RY 


4.3 Vectors 317 


Given v = 3i — 4j and w = 5i + 3j, find 3v — 2w. 


Solution 
3v — 2w = 3(3i — 4j) — 2(5i + 3)) 
= (9i — 12j) — (10i + 6)) 
= (9 — 10)i + (-12 - 6)j 
= -i- 18j 


The components a, and a, of the vector v = (a;, a2) can be expressed in terms 
of the magnitude of v and the direction angle of v (the angle that v makes with the 
positive x-axis). Consider the vector v in Figure 4.29. Then 


lvl = V@yP + @P 


From the definitions of sine and cosine, we have 


ay ‘ a2 
cos @=—— and sin@= 


Iv IIvl| 


Rewriting the last two equations, we find that the components of v are 


a, = ||v|| cos @ and a = |l\v|| sin @ 


Definitions of Horizontal and Vertical Components of a Vector 


Let v = (a, a), where v ¥ 0, the zero vector. Then 
a, = |\v|| cos @ and a= ||v|| sin@ 


where @ is the angle between the positive x-axis and v. 
The horizontal component of v is ||v|| cos 6. The vertical component of v 
is ||v|| sin 0. 


@ QUESTION Isu = cos 6i + sin 6j a unit vector? 


Any nonzero vector can be written in terms of its horizontal and vertical 
components. Let v = ai + aj. Then 
V=Mit aj 
= (||v|| cos 6)i + (Iv sin 6)j 
= ||v||(cos 6i + sin 6j) 
where ||v|| is the magnitude of v and the vector cos 6i + sin 6j is a unit vector. The 


last equation shows that any vector v can be written as the product of its magni- 
tude and a unit vector in the direction of v. 


@ ANSWER Yes, because ||cos 6i + sin 6j|| = Vcos? 6 + sin? 6= V1 = 1. 
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vector and the wind velocity vector. 


Figure 4.30 


Find, to the nearest tenth, the horizontal and vertical components of a vector 
v of magnitude 10 meters with direction angle 228°. Write the vector in the 
form ai + aj. 

Solution 

a, = 10 cos 228° =~ —6.7 

a, = 10 sin 228° ~ —7.4 

The approximate horizontal and vertical components are —6.7 and —7.4, 


respectively. 
v= -6.7i — 7Aj 


= Applications of Vectors 


Vectors are used to solve applied problems in which forces are acting simultane- 
ously on an object. For instance, an airplane flying in a wind is being acted upon 
by the force of its engine, F,, and the force of the wind, F,. The combined effect of 
these two forces is given by the resultant F, + F,. In the following example, the air- 
speed of the plane is the speed at which the plane would be moving if there were 
no wind. The actual velocity of the plane is the plane’s velocity with respect to the 
ground. The magnitude of the plane’s actual velocity is called its ground speed. 


lication Involving 


e an Ap 


An airplane is traveling with an airspeed of 320 mph and a heading of 62°. 
A wind of 42 mph is blowing at a heading of 125°. Find the ground speed 
and the course of the airplane. 

Solution 


Sketch a diagram similar to Figure 4.30 showing the relevant vectors. AB 
represents the heading and the airspeed, AD represents the wind velocity, 
and AC represents the course and the ground speed. By vector addition, 
AC = AB + AD. From the figure, 
AB = 320(cos 28°i + sin 28°j) 
AD = 42[cos (—35°)i + sin (—35°)j] 
AC = 320(cos 28° + sin 28°j) + 42[cos (—35°)i + sin (—35°)j] 
=~ (282.51 + 150.2j) + (34.4i — 24.1)) 
= 316.91 + 126.1j 
AC is the course of the plane. The ground speed is ||AC||. The heading is 
a = 90° — 6. 


|AC|| = VG16.9)? + (126.1)? ~ 340 
126.1 
= a — ee Lf = 2 
a = 90 6 = 90 tan (23) 68 


The ground speed is approximately 340 mph at a heading of 68°. 
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We can add two vectors to produce a resultant vector, and we can also find 
two vectors whose sum is a given vector. The process of finding two vectors whose 
sum is a given vector is called resolving the vector. Many applied problems can be 
analyzed by resolving a vector into two vectors that are perpendicular to each other. 
For instance, Figure 4.31 shows a car on a ramp. The force of gravity on the car is 
shown by the downward vector w, which has been resolved into the vectors F, 
and F,. The vector F, is parallel to the ramp and represents the force pushing the 
car down the ramp. The vector F, is perpendicular to the ramp and represents 
the force the car exerts against the ramp. These two perpendicular forces F, and F, 
are vector components of w. That is, w = F, + F,. The force needed to keep the car 
from rolling down the ramp is —F,. The angle formed by w and F, is complemen- 
tary to the 75.0° angle. Thus the angle formed by w and F, has a measure of 15.0°, 
which is the same as the angular measure of the incline of the ramp. 


Figure 4.31 


EXAMPLE 7)) Solve an Apr 


ation Invo 


The car shown in Figure 4.31 has a weight of 2855 pounds. 
a. Find the magnitude of the force needed to keep the car from rolling 
down the ramp. Round to the nearest pound. 


b. Find the magnitude of the force the car exerts against the ramp. Round 
to the nearest pound. 


Solution 


a. The force needed to keep the car from rolling down the ramp is 
represented by -F, in Figure 4.31. The magnitude of —F, equals the 
magnitude of F,. The triangle formed by w, F,, and F, is a right triangle in 


E 
which sin 15.0° = i Use this equation to find ||F,|| . 
sin 15.0° = Il 
|[wI| 
sin 15.0° = JFL » ||w/]| = 2855 
2855 
|[F.| = 2855 sin 15.0° * Solve for ||F; || 
= 739 


Approximately 739 pounds of force is needed to keep the car from 
rolling down the ramp. | 
Continued > 
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b. The vector F, in Figure 4.31 is the force the car exerts against the ramp. 
The triangle formed by w, F,, and F, is a right triangle in which 


F 
cos 15.0° = Tt Use this equation to find ||F,|| . 

E 

cos 15.0° = IF 
| 
Fal 

15.0° = ee é =2 
o 2855 eel 2s 
|[F.|| = 2855 cos 15.0° * Solve for ||Fo|| 
=~ 2758 


The magnitude of the force the car exerts against the ramp is 
approximately 2758 pounds. 


= Dot Product 


We have considered the product of a real number (scalar) and a vector. We now 
turn our attention to the product of two vectors. Finding the dot product of 
two vectors is one way to multiply a vector by a vector. The dot product of two 
vectors is a real number and not a vector. The dot product is also called the inner 


product or the scalar product. This product is useful in engineering and physics. 


Definition of Dot Product 


Given v = (a,b) and w = (c, d), the dot product of v and w is given by 


v:-w=ac+ bd 


Find the dot product of v = (6, —2) and w = (—3, 4). 


Solution 
v-w=6(—3) + (—2)4 = -18 — 8 = —26 


@ QUESTION Is the dot product of two vectors a vector or a real number? 


If the vectors in Example 8 were given in terms of the vectors i and j, then 


v = 6i — 2j and w = —3i + 4j. In this case, 
vw = (6i — 2j) - (—3i + 4j) = 6(—-3) + (—2)4 = —26 


@ ANSWER Areal number 


AB 


7 B(c, d) 


O(0, 0) x 


Figure 4.32 
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Properties of the Dot Product 


The proofs of these properties follow from the definition of dot product. Here is 
the proof of the fourth property. Let v = ai + Dj. 


viv=(ai t+ bj) -(@it bf) = +b = |Iv|I? 


Rewriting the fourth property of the dot product yields an alternative way of 
expressing the magnitude of a vector. 


Magnitude of a Vector in Terms of the Dot Product 


The Law of Cosines can be used to derive an alternative formula for the dot 
product. Consider the vectors v = (a,b) and w = (c,d) as shown in Figure 4.32. 
Using the Law of Cosines for triangle OAB, we have 


|| AB||* = [lv||* + |lwl]* — [lvl [lwl| cos a 


By the distance formula, ||AB||* = (a —c)? + (b —d)’, ||v||? =a? + b?, and 
|| w ||? = c? + d*. Thus 


(a-c’+(b-dP =@ +b?) + (2 + d?) — 2||v||||wl|cos a 
a@—2act+ c+? -2wd+d=0 +0? +c? 4+ d*— 2\\v|| \|w|| cosa 
—2ac — 2bd = —2||v|| ||w|| cosa 
ac + bd = |\v||||w|| cosa 


v- w= |v||||w]] cosa *vew=ac+t bd 


Alternative Formula for the Dot Product 


Solving the alternative formula for the dot product for cos a, we have a 
formula for the cosine of the angle between two vectors. 
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Angle Between Two Vectors 


Find, to the nearest tenth of a degree, the measure of the smallest nonnegative 
angle between the vectors v = 2i — 3j and w = —i + 5j, as shown in 
Figure 4.33. 


Solution 


= Use the equation for the angle between two vectors. 


| nee (2i — 3j) - (-i + 5j) 

=A IIvIllwll (V2? + (-3P)(V(F TP + 5) 
215. = 
V13V26 338 


—17 
a= cos 2) = 157.6° 


The measure of the smallest nonnegative angle between the two vectors is 
approximately 157.6°. 


Figure 4.33 


= Scalar Projection 


Let v = (a, a) and w = (b,, by) be two nonzero vectors, and let a be the angle 
between the vectors. Two possible configurations, one for which a is an acute 
angle and one for which a is an obtuse angle, are shown in Figure 4.34. In each 
case, a right triangle is formed by drawing a line segment from the terminal 
point of v to a line through w. 


Definition of the Scalar Projection of v onto w 


proj Vv. 
~/ If v and w are two nonzero vectors and a is the angle between v and w, 
Figure 4.34 then the scalar projection of v onto w, projv, is given by 
projwv = ||v|| cos a 


To derive an alternate formula for proj,v, consider the dot product 
v + w= ||v|| || w]] cos a. Solving for ||v|| cos a, which is projwv, we have 


: vow 
ToL. .Vv EH" 
Pew Tw 


When the angle a between the two vectors is an acute angle, projyv is positive. 
When a is an obtuse angle, proj,v is negative. 


Figure 4.35 


VA 


a =0° a = 180° 
Figure 4.36 


Figure 4.37 


Work = 20 ft-lb 
4ft 


5 Ib 


Figure 4.38 
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Given v = 2i + 4j and w = —2i + 8j as shown in Figure 4.35, find projwv. 
Solution 


ee 
Use the equation proj,v = ——~. 
ner | 


_ (Qi + 49) (-21 + 8) 28 «1417 


jy V = = = =~ 3.4 
PIN Ve VCR 


™ Parallel and Perpendicular Vectors 


Two vectors are parallel when the angle a between the vectors is 0° or 180°, as 
shown in Figure 4.36. When the angle a is 0°, the vectors point in the same direc- 
tion; the vectors point in opposite directions when a is 180°. 

Let v = ai + b,j, let c be a real number, and let w = cv. Because w is a 
constant multiple of v, w and v are parallel vectors. When c > 0, the vec- 
tors point in the same direction. When c < 0, the vectors point in opposite 
directions. 

Two vectors are perpendicular when the angle between the vectors is 90°. See 
Figure 4.37. Perpendicular vectors are referred to as orthogonal vectors. If vand w 
are two nonzero orthogonal vectors, then from the formula for the angle between 
two vectors and the fact that cos a = 0, we have 


~ Wviiwl 


If a fraction equals zero, the numerator must be zero. Thus, for orthogonal vectors 
v and w, v - w = 0. This gives the following result. 


0 


Condition for Perpendicular Vectors 


= Work: An Application of the Dot Product 


When a 5-pound force is used to lift a box from the ground a distance of 
4 feet, work is done. The amount of work is the product of the force on the box 
and the distance the box is moved. In this case the work is 20 foot-pounds. 
When the box is lifted, the force and the displacement vector (the direction 
in which and the distance the box was moved) are in the same direction. 
(See Figure 4.38.) 
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Now consider a sled being pulled by a child along the ground by a rope 
attached to the sled, as shown in Figure 4.39. The force vector (along the rope) is 
not in the same direction as the displacement vector (parallel to the ground). In 
this case the dot product is used to determine the work done by the force. 


Definition of Work 


The work W done by a force F applied along a displacement s is 
W =E-s =|lF|| ||s|| cosa 


where a is the angle between F and s. 


Figure 4.39 In the case of the child pulling the sled a horizontal distance of 7 feet, the work 
done is 


W=F-s 
= ||F|| |s|| cosa * ais the angle between F and s. 
= (25)(7) cos 37° ~ 140 foot-pounds 


A force of 50 pounds on a rope is used to drag a box up a ramp that is 
inclined 10°. If the rope makes an angle of 37° with the ground, find the 
Figure 4.40 work done in moving the box 15 feet along the ramp. See Figure 4.40. 


Solution 


In the formula W = |[F|| |ls|| cos a, a is the angle between the force and the 
displacement. Thus a = 37° — 10° = 27°. The work done is 


W = |[F|| |Is|| cos a = 50 - 15 - cos 27° = 670 foot-pounds 


Ag y Topics for Discussion 


1. Is the dot product of two vectors a vector or a scalar? Explain. 

2. Is the projection of v onto w a vector or a scalar? Explain. 

3. Is the nonzero vector (a, b) perpendicular to the vector (—b, a)? Explain. 
4 


Consider the nonzero vector u = (a, b) and the vector 


_ ( a b ) 
VE+P' V+ Ph 
a. Are the vectors parallel? Explain. 
b. Which one of the vectors is a unit vector? 


c. Which vector has the larger magnitude? Explain. 


Exercise Set 4.3 
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In Exercises 1 to 10, find the components of the vector with 
the initial point P, and terminal point P,. Use these compo- 
nents to write a vector that is equivalent to P, P,. 


5. P,(—3, 0); Po(4, —1) 


6. P,(5, —1); P2(3, 1) 


7. P,(4, 2); P2(—3, —3) 8. P,(0, —3); P2(0, 4) 


9. P,(2, —5); P,(2, 3) )) 10. P,(3, —2); P,(3, 0) 


In Exercises 11 to 18, find the magnitude and direction of each 
vector. Find the unit vector in the direction of the given vector. 


11. v = (-3,4) )) 12. v = ©, 10) 

13. v = (20, —40) 14. v = (—50, 30) 
15. v = 2i - 4j 16. v= —5i + 6j 
17. v = 42i — 18} 18. v = —22i — 32; 


In Exercises 19 to 27, perform the indicated operations, 
where u = (—2, 4) and v = (—3, —2). 


19. 3u 20. —4v 21. 2u—v 

2 1 -., 3 
22. 4v — 2u 23. Sut ev )) 24. qu-w 
25. |\ul| 26. ||v + 2u| 27. ||3u — 4v| 


In Exercises 28 to 36, perform the indicated operations, 
where u = 3i — 2j and v = —2i + 3j. 


28. —2u 29. 4v )) 30. 3u + 2v 

1 3 2 3 

. 6u + .—u-— .vt— 
31. 6u + 2v 32 eee el 33 a au 
34. ||v| 35. |ju — 2v| 36. ||2v + 3ul| 


In Exercises 37 to 40, find the horizontal and vertical compo- 
nents of each vector. Round to the nearest tenth. Write an 
equivalent vector in the form v = a,i + aj. 


37. Magnitude = 5, direction angle = 27° 


38. Magnitude = 4, direction angle = 127° 


39. Magnitude = 4, direction angle = a 


») 40. Magnitude = 2, direction angle = = 


41. GROUND SPEED OF A PLANE A plane is flying at an air- 
speed of 340 mph at a heading of 124°. A wind of 45 mph 
is blowing from the west. Find the ground speed of 
the plane. 


42. HEADING OF A BOAT A person who can row 2.6 mph in still 
water wants to row due east across a river. The river is 
flowing from the north at a rate of 0.8 mph. Determine the 
heading of the boat required for the boat to travel due east 
across the river. 


43. GROUND SPEED AND COURSE OF A PLANE A pilot is flying 
at a heading of 96° at 225 mph. A 50-mph wind is blowing 
from the southwest at a heading of 37°. Find the ground 
speed and course of the plane. 


») » 44, COURSE OF A BOAT The captain of a boat is steering at a 


heading of 327° at 18 mph. The current is flowing at 
4 mph at a heading of 60°. Find the course (to the nearest 
degree) of the boat. 


45. IVIAGNITUDE OF A FORCE Find the magnitude of the force 
necessary to keep a 3000-pound car from sliding down a 
ramp inclined at an angle of 5.6°. Round to the nearest 
pound. 
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46. ANGLE OF ARAMP A120-pound force keeps an 800-pound 
object from sliding down an inclined ramp. Find the angle 
of the ramp. Round to the nearest tenth of a degree. 


47. \VIAGNITUDE OF A FORCE A 345-pound box is placed on a 
ramp that is inclined 22.4°. 


a. Find the magnitude of the force needed to keep the box 
from sliding down the ramp. Ignore the effects of fric- 
tion. Round to the nearest pound. 


b. Find the magnitude of the force the box exerts against 
the ramp. Round to the nearest pound. 


)) 48. Macnitupe oF A Force A motorcycle that weighs 811 


pounds is placed on a ramp that is inclined 31.8°. 


a. Find the magnitude of the force needed to keep the 
motorcycle from rolling down the ramp. Round to the 
nearest pound. 


b. Find the magnitude of the force the motorcycle exerts 
against the ramp. Round to the nearest pound. 


Applications of Trigonometry 


In Exercises 55 to 62, find the dot product of the vectors. 
55. v = (3, —2); w = (1,3) 56. v = (2,4); w = (0, 2) 


57. v = (4,1); w = (-1,4) 
it+j ))60.v 


61. v = 61 — 4j;w = —2i — 3j 


58. v = (2, —3); w = (3, 2) 


59. v=i + 2j;w 5i + 3j;w = 4i — 2j 


62. v = —4i + 2j;w = —2i - 4j 


In Exercises 63 to 70, find the measure of the angle between 
the two vectors. State which pairs of vectors are orthogonal. 
Round approximate measures to the nearest tenth of a degree. 


63. v = (2, —1); w = (3,4) 64. v = (1, —5); w = (-2, 3) 


65. v = (0,3); w = (2, 2) 66. v = (-1,7); w = G3, —2) 


67. v = 5i — 2j;w 


2%1+5j) 68.v 


8i + j;w i+ 8j 


69. v = 5i + 2j;w = —5i — 2j 


The forces F,, F,, F;, ..., F, acting on an object are in equilib- y) 70. v = 3i — 4j; w = 64 — 12; 


rium provided the resultant of all the forces is the zero vector: 
F,+F,+F,+°:+F,=0 

In Exercises 49 to 53, determine whether the given forces 

are in equilibrium. If the forces are not in equilibrium, deter- 

mine an additional force that would bring the forces into 

equilibrium. 

49. F, = (18.2, 13.1), F, = (—-12.4, 3.8), Fy = (— 5.8, —16.9) 

50. F, = (—4.6, 5.3), EF, = (6.2, 4.9), F, = (-1.6, —10.2) 


51. F, = 155i — 257j, F, = —124i + 149j,F, = — 31i + 98j 


52. F, = 23.51 + 18.9j, F, = —-18.7i + 2.5j, F 5.6i — 15.6j 


53. F, = 189.3i + 235.7j, Fp = 45.81 — 205.6j, 
F; = —175.2i — 37.7j, Fy = — 59.91 + 7.6] 


54. The cranes in the following figure are holding a 9450- 
pound steel girder in midair. The forces F, and F,, along 
with the force F; = (0, —9450), are in equilibrium as de- 
fined above Exercise 49. Find the magnitude of F,, given 
that II F,!| = 6223 pounds. Round to the nearest 10 pounds. 


In Exercises 71 to 78, find proj,v. 


71. v= (6,7);w=(3,4) +) 72. v = (-7,5); w = (-4, 1) 


73. v = (3, 4); w = (2,5) 74. v = (2,4); w = (-1,5) 


75. v=2i+j;w=6i + 3j 


76. v= 5i + 2j;w = —5i — 2j 


77. v = 3i — 4j;w = —6i + 12j 


78. v = 2i + 2j;w = —4i — 2j 


79. WorK A150-pound box is dragged 15 feet along a level floor. 
Find the work done if a force of 75 pounds with a direction 
angle of 32° is used. Round to the nearest foot-pound. 


)y) 80. WorK A 100-pound force is pulling a sled loaded with 


bricks that weighs 400 pounds. The force is at an angle of 
42° with the displacement. Find the work done in moving 
the sled 25 feet. 


81. WorK A rope is being used to pull a box up a ramp that is 
inclined at 15°. The rope exerts a force of 75 pounds on the 
box, and it makes an angle of 30° with the plane of the 
ramp. Find the work done in moving the box 12 feet. 


82. Work A dock worker exerts a force on a box sliding down 
the ramp of a truck. The ramp makes an angle of 48° with 
the road, and the worker exerts a 50-pound force parallel 
to the road. Find the work done in sliding the box 6 feet. 


» » » Connecting Concepts 
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83. For u = (—1, 1), v = (2, 3), and w = (5,5), find the sum of 
the three vectors geometrically by using the triangle 
method of adding vectors. 


84. For u=(1,2), v=(,-2), and w=(-1,4), find 
u + v — w geometrically by using the triangle method of 
adding vectors. 


85. Find a vector that has initial point (3, —1) and is equiva- 
lent to v = 2i — 3j. 


86. Find a vector that has initial point (—2, 4) and is equiva- 
lent to v = (—1, 3). 


87. If v = 2i — 5j and w=5i + 2j have the same 
initial point, is v perpendicular to w? Why or why 

not? 
88. If v = (5,6) and w = (6,5) have the same initial 


point, is v perpendicular to w? Why or why not? 
89. Let v = (—2, 7). Find a vector perpendicular to v. 
90. Let w = 4i + j. Find a vector perpendicular to w. 


91. Is the dot product an associative operation? That is, given 
any nonzero vectors u, v, and w, does 


(u-v)-w=u-(v-w)? 


92. Prove thatv: w=w-v. 


93. Prove that c(v - w) = (cv) - w. 


94. Show that the dot product of two nonzero vectors is 
positive if the angle between the vectors is an acute angle 
and negative if the angle between the two vectors is an 
obtuse angle. 


95. COMPARISON OF WORK DONE Consider the following two 
situations. (1) A rope is being used to pull a box up a ramp 
inclined at an angle a. The rope exerts a force F on the box, 
and the rope makes an angle @ with the ramp. The box is 
pulled s feet. (2) A rope is being used to pull the same box 
along a level floor. The rope exerts the same force F on the 
box. The box is pulled the same s feet. In which case is 
more work done? 


1. SAME DIRECTION OR OPPOSITE DIRECTIONS Let v = cw, 
where c is a nonzero real number and w is a nonzero vec- 
view 
II] lw | 
when c > 0 and —1 whenc < 0. 


tor. Show that +1 and that the result is 1 


2. THE LAW OF COSINES AND VECTORS Prove that 


lv — wll? = [lvl? + [lw]? — 2v -w 


3. PROJECTION RELATIONSHIPS Determine the relationship 
between the nonzero vectors v and w if 


a. projwv = 0 b. projwv = ||v|| 
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Applications of Trigonometry 


Figure 4.41 


Optimal Branching of Arteries 


The physiologist Jean Louis Poiseuille (1799-1869) developed several laws con- 
cerning the flow of blood. One of his laws states that the resistance R of a blood 
vessel of length / and radius r is given by 

l 

Rha (1) 

r 
The number k is a variation constant that depends on the viscosity of the blood. 
Figure 4.41 shows a large artery with radius r, and a smaller artery with radius rp. 
The branching angle between the arteries is 6. Make use of Poiseuille’s Law, Equa- 
tion (1), to show that the resistance R of the blood along the path P;P,P; is 


a-—bcot@ bcscé 
= K( (11) 7 (r2)* @) 


Use a graphing utility to graph R with k = 0.0563, a = 8 centimeters, b = 4 centi- 


meters, r; = 0.4 centimeter, and r; = —r, = 0.3 centimeter. Then estimate (to the 


4 
nearest degree) the angle 6 that minimizes R. By using calculus, it can be demon- 
strated that R is minimized when 


cos 0 = (2) (3) 
a 


This equation is remarkable because it is much simpler than Equation (2) and be- 
cause it does not involve the distance a or b. Solve Equation (3) for 6, with 


3 
eer ts How does this value of 9 compare with the value of 9 you obtained 


by graphing? 


Chapter 4 Summary 


4.1 The Law of Sines 


e The area K of triangle ABC is 


e The following Law of Sines is used to solve triangles when 1 b’ sin C sin A 


K=—besinA = 


two angles and a side are given or when two sides and an 2 2 sin B 
angle opposite one of them are given. 


e The area of a triangle for which three sides are given 
c 


(Heron’s formula) is 


sin A 


sin C 


K = Vs(s — a)(s — b)(s — c), wheres = (a +b+c) 


4.2 The Law of Cosines and Area 


e The Law of Cosines, a” = b? + c? — 2bccos A, is used to 


4.3 Vectors 


solve general triangles when two sides and the included e A vector is a directed line segment. The length of the line 
angle or three sides of the triangle are given. segment is the magnitude of the vector, and the direction of 


1. 


2. 


10. 


the vector is measured by an angle. The angle between a 
vector and the positive x-axis is called the direction angle of 
the vector. Two vectors are equivalent if they have the same 
magnitude and the same direction. The resultant of two or 
more vectors is the sum of the vectors. 


Vectors can be added by the parallelogram method, the 
triangle method, or addition of the x- and y-components. 


)} Chapter 4 Assessing Concepts 


. What is an oblique triangle? 

. In triangle ABC, a = 4.5, b = 6.2, and C = 107°. Which law, 
the Law of Sines or the Law of Cosines, can be used to 
find c? 


. Which of the following cases, 
ASA, AAS, SSA, SSS, or SAS 


is known as the ambiguous case of the Law of Sines? 
. In Heron’s formula, what does the variable s represent? 


. Is the dot product of two vectors a vector or a scalar? 


Chapter 4 Review Exercises 


Exercises 1 to 10, solve each triangle. 
A = 37°,b = 14,C = 92° 
B=77A4°,c = 11.8, C = 94.0° 

= 12,b = 15,c = 20 
= 24, b = 32,c = 28 

. a= 18,b = 22,C = 35° 

. b = 102,c = 150, A = 82° 

. A=105°,a =8,c=10 

. C=55°,c = 80,5 = 110 
A = 55°, B = 80°,c = 25 
B = 25°,C = 40°,c = 40 
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e If v = (a,b) and k is a real number, then kv = (ka, kb). 
e The dot product of v = (a, b) and w = (c, d) is given by 
v:-w=ac+ bd 
e If v and w are two nonzero vectors and a is the smallest 
vw 


nonnegative angle between v and w, then cos a = Piel 


6. Let v and w be nonzero vectors. Is proj,yv a vector or a 
scalar? 


12 
7. True or false: The vector i _ = is a unit vector. 


8. True or false: i - j = 0. 


9. True or false: The Law of Sines can be used to solve any 
triangle, given two angles and any side. 


10. True or false: If two nonzero vectors are orthogonal, then 
their dot product is 0. 


In Exercises 11 to 18, find the area of each triangle. Round 
each area accurate to two significant digits. 


11. a = 24, b = 30,c = 36 12. a = 9.0,b =7.0,c = 12 
13. a = 60,b = 44,C = 44° 14. b = 8.0,c=12,A = 75° 
15. b = 50,c = 75,C = 15° 16. b = 18,a = 25, A = 68° 


17. A 


110°, 4 = 32,b = 15 18. A = 45°,c = 22,b = 18 


In Exercises 19 and 20, find the components of each vector 
with the given initial and terminal points. Write an equiva- 
lent vector in terms of its components. 


19. P;(—2, 4); P,(3, 7) 20. P;(—4, 0); Pa(—3, 6) 


In Exercises 21 to 24, find the magnitude and direction angle 
of each vector. 


21. v = (—4, 2) 22. v = (6, —3) 


23. u = —2i + 3j 24. u = —4i — 7j 
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In Exercises 25 to 28, find a unit vector in the direction of the In Exercises 35 to 38, find the dot product of the vectors. 


given vector. 35. u = (3,7); v = (-1,3) 


25. w = (-8,5) 26. w = (7, —12) 

36. v = (-8,5); u = (2, -1) 
27. v =5i + j 28. v = 3i — 5j 

37. v 4i-—jpu=2i+ j 
In Exercises 29 and 30, perform the indicated operation, 38. u 3i + 7j; Vv 2i + 2j 


where u = (3, 2) and v = (—4, —1). 


29.v-—u 30. 2u — 3v In Exercises 39 to 42, find the angle between the vectors. 
Round to the nearest degree. 
: ee : 39. u = (7, —4); v = (2,3) 
In Exercises 31 and 32, perform the indicated operation, 
where u = 10i + 6j and v = 8i — 5j. 10. 7 S=t5 =, =) 


1 7.8 
31. -ut+sv a2. y> 4% 41. v= 6i— 1jju=2i+ 4j 


33. GROUND SPEED OF A PLANE A plane is flying at an air- 42. u=i- djpv it 5 
speed of 400 mph at a heading of 204°. A wind of 45 mph 
is blowing from the east. Find the ground speed of In Exercises 43 and 44, find proj,v. 
the plane. 

43. v = (—2,5); w = (5, 4) 

34. ANGLE OF A RAMP A 40-pound force keeps a 320-pound 
object from sliding down an inclined ramp. Find the angle 
of the ramp. 


44. v = 4i — 7j;w = -2i - 5j 


45. WorK A 120-pound box is dragged 14 feet along a level 
floor. Find the work done if a force of 60 pounds with a 
direction angle of 38° is used. Round to the nearest 
foot-pound. 


»»» Quantitative Reasoning: Trigonometry and Great Circle Routes 


— A great circle is a circle on a sphere’s surface whose center is the same as the cen- 
ZI ter of the sphere. A great circle is a path on the sphere with the smallest curvature, 
and hence an arc of a great circle is the shortest path between two given points on 
the sphere. The distance between any two points on a sphere is called the great 
circle distance for the given points. 

Great circle routes are often used by pilots when winds are not a significant 
factor. A formula that is used to estimate the great circle distance d, measured in 
radians, between two airports is given by 


d=cos ‘[cos(lat1) cos(lat2) cos(lon1—lon2) + sin(lat1) sin(lat2)] (1) 


where lat! is the latitude of airport 1, lon1 is the longitude of airport 1, lat2 is the 

latitude of airport 2, and lon2 is the longitude of airport 2. 

; ’ For example, the coordinates of New York’s John F. Kennedy airport (JFK) are 

a igrar mie caesar at ceo 40°39’ N and 73°47’ W. The coordinates of London’s Heathrow airport (LHR) are 
51°29' N and 0°27’ W. Converting each of these coordinates to radians gives 


Heathrow airport. 
(lat1, lon1) ~ (0.709476, —1.287756) 
(lat2, lon2) ~ (0.898554, —0.007854) 
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Note: North latitudes and east longitudes are represented by positive radian 
values, whereas south latitudes and west longitudes are represented by negative 
radian values. Substitute the radian values into Formula (1) to produce 
d ~ 0.869496 radian. Because the earth is nearly spherical with a radius of about 
3960 miles, we can convert d to miles by multiplying by 3960. 


d ~ 0.869496 xX 3960 ~ 3443 


Rounded to the nearest 10 miles, the great circle distance from JFK to LHR is 
approximately 3440 miles. 

To fly a great circle route, the pilot must adjusts his or her heading several 
times during the flight. The following formulas can be used to find the initial head- 
ing (h1) a pilot should use to fly a great circle route from airport 1 to airport 2. 

If sin(lon2 — lon1) > 0, then 


_ _,| sin(lat2) — sin(lat1) cos(d) 
ae sin(d) cos(lat1) | (2) 
Otherwise, 
_ 4. _-1} sin(lat2) — sin(lat1) cos(@) 
pee ae sin(d) cos(lat1) (3) 


In Formulas (2) and (3), each of the values lat1, lat2, and d must be in radians. 
Also, these formulas are not valid if airport 1 is located at the North or South Pole. 

To find the initial heading required to fly the great circle route from JFK to 
LHR, we first note that 


sin(lon2 — lon1) = sin[—0.007854 — (—1.287756)] ~ 0.957988 


Because sin(lon2 — lon1) > 0, we use Formula (2) to find the initial heading. Sub- 
stitute 0.709476 for latl, 0.898554 for lat2, and 0.869496 for d to produce 
hl ~ 0.896040 radian. Converting to degrees gives 51° as the initial heading from 
JFK to LHR, to the nearest degree. 


QR1. Find the great circle distance, in miles, between Orlando International air- 
port (KMCO) (latitude = 0.496187 radian, longitude = —1.419110 radians) 
and Los Angeles International airport (LAX) (latitude = 0.592409 radian, 
longitude = —2.066611 radians). Use 3960 miles as the radius of Earth. 
Round to the nearest 10 miles. 


QR2. Find the initial heading needed to fly the great circle route from KMCO to 
LAX. Round to the nearest degree. 


QR3. Find the great circle distance, in miles, between JFK and Denver Interna- 
tional airport (KDEN) (latitude = 0.695717 radian, longitude = —1.826892 
radians). Use 3960 miles as the radius of Earth. Round to the nearest 
10 miles. 


QR4. Find the initial heading required to fly the great circle route from KDEN to 
JFK. Round to the nearest degree. 
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1. 
2. 


3. 
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Chapter 4 Test 


Solve triangle ABC if A = 70°, C = 16°, and c = 14. 


Find B in triangle ABC if A = 140°, b = 13, and a = 45. 


In triangle ABC, C = 42°, a = 20, and b = 12. Find side c. 


4. In triangle ABC, a = 32, b = 24, and c = 18. Find angle B. 


In Exercises 5 to 7, round your answers to two significant 
digits. 


5. 


Given angle C = 110°, side a = 7.0, and side b = 12, find 
the area of triangle ABC. 


. Given angle B = 42°, angle C = 75°, and side b = 12, find 


the area of triangle ABC. 


. Given side a = 17, side b = 55, and side c = 42, find the 


area of triangle ABC. 


. Given v = —2i + 3j, find Ilvll. 


. A vector has a magnitude of 12 and direction 220°. Write 


an equivalent vector in the form v = ai + @j, Round a 
and a, to four significant digits. 


Cumulative Review Exercises 


. Find the distance between P(—3, 4) and B(4, —1). 
. Given f(x) = cos x and g(x) = sin x, find (f + g)(x). 


. Given f(x) = sec x and g(x) = cos x, find (f ° g)(x). 
. Given f(x) = > — 3, find f7'(x). 


. How is the graph of F(x) = f(x — 2) + 3 related to the 


graph of y = f(x)? 


. For the right triangle 


shown at the right, 


find a. a 15cm 


. Graph y = 3 sin 7x. 


Applications of Trigonometry 


10. 


11. 


12. 


13. 


14. 


15. 


10. 


11. 


12. 


Find 3u—5v given the vectors u=2i-—3j and 


v=5i+ 4j. 
Find the dot product of u = —2i + 3j and v = 5i + 3j. 


Find the smallest positive angle, to the nearest degree, 
between the vectors u = (3,5) and v = (—6, 2). 


One ship leaves a port at 1:00 P.M. traveling at 12 mph ata 
heading of 65°. At 2:00 P.M. another ship leaves the port 
traveling at 18 mph at a heading of 142°. Find the distance 
between the ships at 3:00 P.M. 


Two fire lookouts are located 12 miles apart. Lookout A is 
at a bearing of N32°W from lookout B. A fire was sighted 
at a bearing of S82°E from A and N72°E from B. Find the 
distance of the fire from lookout B. 


A triangular commercial piece of real estate is priced at 
$8.50 per square foot. Find the cost, to the nearest $100, of 
the lot, which measures 112 feet by 165 feet by 140 feet. 


1 
. Graph y = aon 2x. 


. Graph y = 2 sin(ax) + 1. 


Find the amplitude, period, and phase shift of the graph 
fy =3ein( <x - 
ofy = 3sin| 7x — = J. 


Find the amplitude, period, and phase shift of the graph 
of y = sinx + cos x. 


Find c for the triangle at the 
right. 


10 cm id 


12cm 


13. 


14. 


15. 


16. 


17. 


1 ‘ 
Verify the identity —— — cos x = sin x tan x. 
cos x 


oad ee fe 
Evaluate sin sin 3) ) 

Evaluate tan|{ cos”! 2 
13] ])° 


1 
Solve sin x tan x — > tanx = 0 for 0 sx< 27. 


Find the magnitude and the positive direction angle for 
the vector (4, —3). Round the angle to the nearest tenth of 
a degree. 


18. 


19. 


20. 
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Find the angle between the vectors v = (1,2) and 
w = (—2,3). Round to the nearest tenth of a degree. 


HEADING OF A BOAT A person who can row at 3 mph in 
still water wants to row due west across a river. This river 
is flowing north to south at a rate of 1 mph. Determine the 
heading of the boat that is required to travel due west 
across the river. 


GROUND SPEED AND COURSE OF A PLANE An airplane is 
traveling with an airspeed of 515 mph at a heading of 
54.0°. A wind of 150 mph is blowing at a heading of 120.0°. 
Find the ground speed and the course of the plane. 


J 


A fractal image produced on a computer. As 
you zoom in on a region, additonal details 
of the fractal are displayed. 


Fractal images can be produced 
using complex numbers and simple 
algebraic procedures. 


ably 
a Se 
3 Online Study Center 

“© For online student resources, such 
as section quizzes, visit this website: 
college.hmco.com/info/aufmannCAT6e 
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Complex Numbers 


5.1 Complex Numbers 
5.2 Trigonometric Form of Complex Numbers 
5.3. De Moivre’s Theorem 


Fractals 


A fractal is a geometric figure that reveals greater detail and 
complexity as it is magnified over and over. Traditional 
Euclidean figures, such as a circle, a parabola, and a 
hyperbola, appear simpler as they are magnified. For 
instance, if you use a computer to repeatedly zoom in on a 
region of one of these figures, the figure starts to appear 
more and more like a straight line. However, as you 


repeatedly zoom in on a region of a fractal, more and more 
complex details of the figure are displayed. 

The word fractal was first used by the mathematician Benoit B. 
Mandelbrot (1924—_). Earlier mathematicians such as Cantor, Lebesgue, 
Julia, Koch, Hausdorff, Peano, Bolzano, and Sierpinski developed many 
concepts regarding fractals; however, these ideas were largely neglected until 
Mandelbrot publicized The Fractal Geometry of Nature in 1977. 

Many fractals are generated using complex numbers and a feedback 
process. The process starts by substituting a complex number into a complex 
function to produce an output. The output is substituted back into the 
function and the process is repeated. The Exploring Concepts with 
Technology on page 356 and the Quantitative Reasoning feature on 
page 359 explain the details of how a fractal called the Mandelbrot set is 
generated and how you can use a graphing calculator to produce its graph. 


ion and Subtraction 
nplex Numbers 


It may seem strange to just in- 
vent new numbers, but that is 
how mathematics evolves. For 
instance, negative numbers were 
not an accepted part of mathe- 
matics until well into the thir- 
teenth century. In fact, these 
numbers often were referred to 
as “fictitious numbers.” 

In the seventeenth century, Rene 
Descartes called square roots of 
negative numbers “imaginary 
numbers,” an unfortunate choice 
of words, and started using the 
letter /to denote these numbers. 
These numbers were subjected 
to the same skepticism as nega- 
tive numbers. 

It is important to understand that 
these numbers are not imaginary 
in the dictionary sense of the 
word. This misleading word is 
similar to the situation of nega- 
tive numbers being called ficti- 
tious. 

If you think of a number line, 
then the numbers to the right of 
zero are positive numbers and 
the numbers to the left 

of zero are negative numbers. 
One way to think of an imagi- 
nary number is to visualize 

it as up or down from zero. See 
the Project on page 342 for more 
information on this topic. 
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Complex Numbers 


© Introduction to Complex Numbers 


Recall that V9 = 3 because 3* = 9. Now consider the expression V—9. To find 
V—9, we need to find a number c such that c? = —9. However, the square of 
any real number c (except zero) is a positive number. Consequently, we must 
expand our concept of number to include numbers whose squares are negative 
numbers. 

Around the seventeenth century, a new number, called an imaginary number, 
was defined so that a negative number would have a square root. The letter i was 
chosen to represent the number whose square is —1. 


The imaginary unit, designated by the letter i, is the number such that i* = —1. 


The principal square root of a negative number is defined in terms of i. 


Definition of an Imaginary Number 


If a is a positive real number, then V—a = iVa. The number iV 4 is called 
an imaginary number. 


Example 
V-36 =iV36=6i V—-18 =iV18 =3iv2 
V=—23 =i1V 23 V=1=iV1=i 


It is customary to write 7 in front of a radical sign, as we did for iV 23, to avoid 
confusing Vai with Vai. 


Definition of a Complex Number 


A complex number is a number of the form a + bi, where a and D are real 
numbers and i = V —1. The number a is the real part of a + bi, and b is the 
imaginary part. 


Example 
=) ar by ¢ Real part: —3; imaginary part: 5 
2 = yi ¢ Real part: 2; imaginary part: —6 
5 ¢ Real part: 5; imaginary part: 0 
71 ¢ Real part: 0; imaginary part: 7 


Note from these examples that a real number is a complex number whose imagi- 
nary part is zero, and an imaginary number is a complex number whose real part 
is zero, and whose imaginary part is not zero. 
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The imaginary unit /is important 
in the field of electrical engineer- 
ing. However, because the letter / 
is used by engineers as the sym- 
bol for electric current, these en- 
gineers use / for the complex 
unit. 


Complex numbers 
at+bi 


Real numbers 
a+0i 
(b=0) 


@ QUESTION What are the real part and imaginary part of 3 — 5i? 


Note from the diagram at the left that the set of real numbers is a subset of the 
complex numbers, and the set of imaginary numbers is a separate subset of 
the complex numbers. The set of real numbers and the set of imaginary numbers 
are disjoint sets. 

Example 1 illustrates how to write a complex number in the standard form 
a + bi. 


> a Complex Number in St 


Write 7 + V —45 in the forma + bi. 
Solution 7+ V—-45 =7+iV45 

=7+iV9-V5 
=7+3iV5 


= Addition and Subtraction of Complex Numbers 


All the standard arithmetic operations that are applied to real numbers can be 
applied to complex numbers. 


Definition of Addition and Subtraction of Complex Numbers 


Ifa + biandc + di are complex numbers, then 
Addition (a+ bi) + (c+ di)=(a+c)+(b+d)i 
Subtraction (a + bi) —(c+ di) =(a—c)+ (b-day 


Basically, these definitions say that to add two complex numbers, add the real 
parts and add the imaginary parts. To subtract two complex numbers, subtract the 
real parts and subtract the imaginary parts. 


ex Numbers 


Simplify. 

a. (7—-2i)+(-2+4i) b. (-9 +41 - (2 -6i) 

Solution 

a. (7 — 21) + (-2 + 4) = (7 + (-2)) + (-24+ 41 =542i 

b. (-9 + 4i) — (2 -— 6) =(—-9 — 2) + (4 — (-6))i = —11 + 103 


@ ANSWER Real part: 3; imaginary part: —5 


product of radical expressions 
requires that the radicand be a 
positive number. Therefore, when 
multiplying expressions containing 
negative radicands, we first must 
rewrite the expression using i and 


a positive radicand. 
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© Multiplication of Complex Numbers 


When multiplying complex numbers, the term i” is frequently a part of the prod- 
uct. Recall that i? = —1. Therefore, 
3i(5i) = 1517 = 15(—1) = —15 
—2i(6i) = —12i* = —12(-1) = 12 
4i(3 — 2i) = 12i — 8i* = 12i — 8(-1) = 8 + 12i 
When multiplying square roots of negative numbers, first rewrite the radical ex- 
pressions using 7. For instance, 
V—-6 + V—24 =iV6 + iV24 -V=6 = iV6, V—24 = iV24 
= 1°V144 = -1- 12 
en [z 


Note from this example that it would have been incorrect to multiply the radi- 
cands of the two radical expressions. To illustrate: 


V-6- V—24 # V(—6)(—24) 


@ QUESTION What is the product of V —2 and V —8? 


To multiply two complex numbers, we use the following definition. 


Definition of Multiplication of Complex Numbers 


Ifa + biand c + di are complex numbers, then 


(a + bi)(c + di) = (ac — bd) + (ad + bc)i 


Because every complex number can be written as a sum of two terms, it is 
natural to perform multiplication on complex numbers in a manner consistent 
with the operation defined on binomials and the definition i? = —1. By using this 
analogy, you can multiply complex numbers without memorizing the definition. 


Simplify. a. (3—4i)(2+5i) b. (2+ V—3)(4 -5V-3) 


Solution 
a. (3 — 4i)(2 + 5i) =6 + 15i — 8i — 20i7 
= 6+ 15i — 8i — 20(-1) + Replace i? by —1. 
=6+ 151 — 81 + 20 + Simplify. 
= 26 + 7i 
Continued » 


@ ANSWER V-2-V-8 =iV2-iV8 =i?V16 1:4 4 
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Some graphing calculators 
can be used to perform 
operations on complex 
numbers. Here are some 
typical screens for a 
TI-83/TI-83 Plus/TI-84 Plus 
graphing calculator. 

Press | MODE |. Use the 
down arrow key to 
highlight a + bi. 


0123456789 
Degree 
Par Pol Seq 


The following screen 
shows two examples of 
computations on complex 
numbers. To enter an i, use 
2nd| [i], which is located 
above the decimal point key. 


(3-4i)(2+5i) 


(6-11i)/(5+e2i) 


Complex Numbers 


b. (2+ V-3)(4 — 5V-3) = (2 + iV3)(4 - 5iV3) 
= 8 — 10iV3 + 41V3 — 5i(3) 
= 8 — 10iV3 + 47V3 — 5(-1)(3) 
= 8 — 10iV3 + 4iV3 + 15 = 23 — 61V3 


® Division of Complex Numbers 


5 
Recall that the number Wi is not in simplest form because there is a radical ex- 


pression in the denominator. Similarly, 7 is not in simplest form because 


i = V-—1. To write this expression in simplest form, multiply the numerator and 
denominator by i. 


3 1 3i_ 3i : 
a ie a! ra 
Here is another example. 
$6) 8-6 fo 6 3 —o(-1) Site. 4 _ 3, 
2i 2i i 2i? 2(-1) =2 2 


eee _  24+V3 

Recall that to simplify the quotient 5 4 28" 
nominator by the conjugate of 5 + 2V3, which is 5 — 2\V3. In a similar manner, 
to find the quotient of two complex numbers, we multiply the numerator and de- 
nominator by the conjugate of the denominator. 

The complex numbers a + bi and a — bi are called complex conjugates or con- 
jugates of each other. The conjugate of the complex number z is denoted by Z. For 
instance, 


we multiply the numerator and de- 


2+5i=2-5i and 3-41=3+4i 
Consider the product of a complex number and its conjugate. For instance, 
(2 + 5i)(2 — 5i) = 4 — 107 + 10i — 2577 
=4-— 25(-1) =4+4 25 
= 29 


Note that the product is a real number. This is always true. 


Product of Complex Conjugates 
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The next example shows how the quotient of two complex numbers is deter- 
mined by using conjugates. 


16 —- 111 
implify: ————— 
a a 542i 
Solution 
= um = b= i : eS au ¢ Multiply numerator and 
5 + 2i 94+ 2 5 2i denominator by the conjugate 
_ BO = 392i = Bot + 221 . of the denominator. 
5? + 2? 
_ 80 = 321 = Sar + 22(—1) 
25 +4 
_ 80= 871 = 22 
29 
_ 58 — 871 
29 
_ 2912 = 31) _ : 
= 9 =2-31 


=" Powers of i 


The following powers of i illustrate a pattern: 

ii=i P=i*-i=1-i=i 
?v=-1 if =i*-i7=1(-1) =-1 
B=i?-i=(-1i=-i i =i*-P=1(-) = -i 
f=?-i?=(-1)(-HN=1 8=@"=P=1 


Because i* = 1, (i*)" = 1" = 1 for any integer n. Thus it is possible to evaluate pow- 
ers of i by factoring out powers of i*, as shown in the following: 


i” = (i*)- i = 1 - i =1- (-i) = -i 


The following theorem can also be used to evaluate powers of i. 


Powers of i 
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Evaluate: i‘? 


Solution 
Use the powers of i theorem. 


« Remainder of 153 + 4 is 1. 


Ag X Topics for Discussion 


What is an imaginary number? What is a complex number? 
How are the real numbers related to the complex numbers? 
Is zero a complex number? 


What is the conjugate of a complex number? 


LE I a a 


If a and b are real numbers and ab = 0, then a = 0 or b = O. Is the same true 
for complex numbers? That is, if u and v are complex numbers and uv = 0, 
must one of the complex numbers be zero? 


> Exercise Set 5.1 


In Exercises 1 to 10, write the complex number in standard 19. 8i — (2 — 8i) 20. 3 — (4 — 5i) 
form. 
23. V—50:-V—-2 24. V—-12-V-—27 
3. V—98 4. V—27 
25. 3(2 + 5i) — 2(3 — 2i) 26. 3i(2 + 5i) + 2i(3 — 4i) 
5. V16+ V-81 6. V25+V—-9 
27. (4 + 2i)(3 — 4i) 28. (6 + 5i)(2 — 5i) 
7.5+V-49 yp 8. 6-v-1 
29. (—3 — 4i)(2 + 7i) 30. (—5 — i)(2 + 31) 
9.8 —- V-18 10. 11 + V—48 
31. (4 — 5i)(4 + 57) 
In Exercises 11 to 36, simplify and write the complex number 32. (3 + 7i)(3 — 7i) 
in standard form. 
11. (5 +21) + (6-71) 12. (4 — 8i) + (5 + 3i) 33. (3 + V—4)(2 —- V-9) 
13. (—2 — 41) — (5 — 81) 14. (3 — 5i) — (8 — 24) D) 34. (5 + 2V—16)(1 — V—25) 
45. (1 — 33) + (7 = 23) 16. (2 - 6i) + (4-71) 35. (3 + 2V-18)(2 + 2V—-50) 
17. (-3-5i)-(7-5i) 18. 6-31) -2 + 9) 36. (5 — 3V/—48)(2 — 4V-27) 


In Exercises 37 to 54, write each expression as a complex 
number in standard form. 


6 —8 
37. — 338. — 
i 2i 
+ 3i - 
39. 6 oe! 40. 4 Bl 
1 4i 
1 5 
ae 2i 348 
21 51 
43. M4. ai 
Set 4+i 
45. 445i 46. 345i 
3+ 2i 8-i 
es )) 48. cae 
—7 + 261 —4 — 391 
49, ————_ ._ 
9 4+ 3 60 5 — 2i 
51. (3 — 5i)* 52. (2 + 4i)* 
53. (1 + 2i)° 54. (2 — i)° 


In Exercises 55 to 62, evaluate the power of i. 


5b. i? 56. i 57. -i* 58. —i°! 


yoo. ae 62. i 


Connecting Concepts» 
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FRACTAL GEOMETRY Many fractal images are generated by 
substituting an initial value into a complex function, calcu- 
lating the output, and then using the output as the next 
value to substitute into the function. The process is then 
repeated indefinitely. This recycling of outputs is called iter- 
ation, and each output is called an iterate. In Exercises 63 to 
66, we will use the letter z to symbolize a complex number. 
The initial value is called the seed and is denoted by Z). Suc- 
cessive iterates are denoted by Z;, 2), 23, ... - 


63. Let f(z) = z + 4 + 37. Begin with the intial value 
Zp = —2 + 1. Determine Z,, Zp, ..., Zs. 


64. Let f(z) = 2iz. Begin with the intial value z) = 1 + 3/. 
Determine 21, 22, ..., Z5- 


65. Let f(z) = iz. Begin with the intial value z) = 1 — 7. 
Determine Z,, 22, Z3, and Z,. Find a pattern and use it to 
predict Zs, Z6, Z7, and Zs. 


66. Let f(z) = z’. Begin with the intial value z) = 0.51. 
Determine Z,, Z2, and Z3. 


: —b + Vb? — 4ac 
In Exercises 67 to 72, evaluate — a3 for the 
given values of a, b, and c. Write your answer as a complex 


number in standard form. 


67.a=3,b=-3,c=3 68.a=2,b=4,c=4 


69.a=2,b=6,c=6 70.a=2,b=1,c=3 


71.a=4,b=—-4,c=2 72.a=3,b=-2,c=4 


The property that the product of conjugates of the form 
(a + bi)(a — bi) is equal to a? + b? can be used to factor 
the sum of two perfect squares over the set of complex num- 
bers. For example, x? + y? = (x + yi)(x — yi). In Exercises 73 
to 78, factor the binomial over the set of complex numbers. 


73. x° + 16 74. x? +9 
75. 27> + 25 76. z? + 64 
77. 4x? + 81 78. 9x7 +1 


79. Show that if x = 1 + 2i, then x? — 2x +5 =0. 
80. Show that if x = 1 — 27, then x* — 2x +5 =0. 


81. When we think of the cube root of 8, V8, we normally 
mean the real cube root of 8 and write \/8 = 2. How- 
ever, there are two other cube roots of 8 that are com- 
plex numbers. Verify that —1 + iV3 and —1 —iV3 are 
cube roots of 8 by showing that (—1 + iV3)° = 8 and 
(-1-iV3)=8. 
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82. It is possible to find the square root of a complex number. 


2 
Verify that Vi = ve (1 + i) by showing that 


as opt 


83. Simplify i+ i? +3 +i4 +0 +i% 


84. Simplifyi +i? + i +i4+-- +i 


ARGAND DIAGRAM Just as we can graph a real number on a 
real number line, we can graph a complex number. This is ac- 
complished by using one number line for the real part of the 
complex number and one number line for the imaginary part 
of the complex number. These two number lines are drawn 
perpendicular to each other and pass through their respective 
origins, as shown below. 

The result is called the complex plane or an Argand diagram 
after Jean-Robert Argand (1768-1822), an accountant and am- 
ateur mathematician. Although he is given credit for this rep- 
resentation of complex numbers, Caspar Wessel (1745-1818) 
actually conceived the idea before Argand. 

To graph the complex number 3 + 4i,start at 3 on the real 
axis. Now move 4 units up (for positive numbers move up; for 
negative numbers move down) and place a dot at that point, 
as shown in the diagram. The graphs of several other complex 
numbers are also shown. 


Imaginary axis 
rN 


-5+7ie | 
344i 
4t+3 ' 
| | 
\4 
4 n py jo 
-8 -4 | 4 8 Real axis 
“ET es 5i 
= OL 
-4-61@ T 
8+ 


In Exercises 1 to 8, graph the complex number. 


1.2+ 51 2. 4-31 3. -2 + 61 


5. 4 6. —2i 7. 31 8-5 


The absolute value of a complex number is given by 
ja + bi] = Va? + b?. In Exercises 9 to 12, find the absolute 
value of the complex number. 


9.2 Dr 10. 4 — 3i 11.-2:46¢ 12: =3-— 51 
13. The additive inverse of a + bi is —a — bi. Show that the 
absolute value of a complex number and the absolute 


value of its additive inverse are equal. 


14. A real number and its additive inverse are the same 
distance from zero but on opposite sides of zero on a 
real number line. Describe the relationship between the 
graphs of a complex number and its additive inverse. 
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Trigonometric Form of Complex Numbers 


Prepare for this section by completing the following exercises. The answers can be 
found on page A22. 


PS1. Simplify: (1 + (2 + 4) [5.1] 
PS2. Simplify: 5 [5.1 


PS3. What is the conjugate of 2 + 37? [5.1] 


PS4. What is the conjugate of 3 — 57? [5.1] 


PS5. Use the quadratic formula to find the solutions of x? + x = —1. [1.1/5.1] 


PS6. Solve: x? + 9 = 0 [1.1/5.1] 


=" Trigonometric Form of a Complex Number 


Real numbers are graphed as points on a number line. Complex numbers can 
be graphed in a coordinate plane called the complex plane. The horizontal axis 
of the complex plane is called the real axis; the vertical axis is called the imagi- 
nary axis. 

A complex number written in the form z = a + bi is written in standard form 
or rectangular form. The graph of a + bi is associated with the point P(a, b) in the 
complex plane. Figure 5.1 shows the graphs of several complex numbers. 

The length of the line segment from the origin to the point (—3, 4) in the 
complex plane is the absolute value of z= —3 + 4i. See Figure 5.2. From 
the Pythagorean Theorem, the absolute value of z = —3 + 41 is 


V(-3P + = V25 =5 


+ Imaginary axis 


+ @. 
| 2+4i 


Real axis 


4 
_~ 


a ee ae 


3-3 
e 


—4 @ —4i 4 Re 


Figure 5.1 Figure 5.2 
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Definition of the Absolute Value of a Complex Number 


The absolute value of the complex number z = a + bi, denoted by |z|, is 


\z| = |a + bil = Ve? + 0B? 


Thus |z| is the distance from the origin to z (see Figure 5.3). 
@ QUESTION The conjugate of a + biisa — bi. Does |a + bil = |a — bil? 


A complex number z = a + bi can be written int 
in terms of trigonometric functions. Consider the 
complex number graphed in Figure 5.4. We can 
write a and b in terms of the sine and the cosine. 


cos 0 = sin 6 = — 
r r 
a=rcosé b=rsin@ 
where r = |z| = Va? + b?. Substituting for a and Figure 5.4 


binz =a + bi, we obtain 
z=rcos@ + irsin@ = r(cos @ + isin @) 


The expression z = r(cos 6 + isin @) is known as the trigonometric form of a com- 
plex number. The trigonometric form of a complex number is also called the polar 
form of the complex number. The notation cos 6 + isin @ is often abbreviated as 
cis 0 using the c from cos 9, the imaginary unit i, and the s from sin 0. 


Trigonometric Form of a Complex Number 


In this text we will often write the trigonometric form of a complex number in 
its abbreviated form z = rcis 6. The value of r is called the modulus of the com- 
plex number z, and the angle @ is called the argument of the complex number z. 
The modulus r and the argument 6 of a complex number z = a + bi are given by 


b 
r=Va+ b? and cos =~, sin 0 = — 


@ ANSWER Yes, because Va? + 0? = Va? + (—b). 


Figure 5.5 


Figure 5.6 


> Re 
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b 
We also can write a = wn|* 


, where a is the reference angle for 6. Due to 


the periodic nature of the sine and cosine functions, the trigonometric 
form of a complex number is not unique. Because cos 6 = cos(@ + 2k7) and 
sin 0 = sin(@+ 2k7), where k is an integer, the complex numbers 


rcis 9 and rcis(@ + 2k7r) are equal. For example, 2 cis = =2 co(Z + 2m). 


6 


Trigonometric 


Write z = —2 — 2i in trigonometric form. 


Solution 


Find the modulus and the argument of z. Then substitute these values in the 
trigonometric form of z. 


r= V(-2? + (-2? = V8 = 2V2 


To determine 6, we first determine a. See Figure 5.5. 


4 * ais the reference angle of angle 0. 


a = tan 
-1|=2 -1 ° 
a = tan =| — 5 1=45 *a=-2andb= -2 
@ = 180° + 45° = 225° ¢ Because z is in the third quadrant, 


180° < 9 < 270°. 
The trigonometric form is 


z=rcis@ = 2V2 cis 225° 


°r=2V2, 0 = 225° 


Write a Complex Number in Standard Form 


Write z = 2 cis 120° in standard form. 


Solution 


Write z in the form r(cos 6 + isin @) and then evaluate cos @ and sin 6. See 
Figure 5.6. 


1 
z = 2 cis 120° = 2(cos 120° + isin 120°) = a(- + i) =-1+iv3 


2 2 
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= The Product and Quotient of Complex Numbers Written 
in Trigonometric Form 


Let z; and z, be two complex numbers written in trigonometric form. The 
product of z; and z can be found by using trigonometric identities. If 
Z, = 1r,(cos 0, + isin 0,) and z = r2(cos 6 + isin 6), then 
ZZ. = 1(cos 6, + isin 0;) - r(cos @2 + isin 62) 

= 1:12(cos 6, cos 6) + icos 6; sin 6. + isin 6; cos 6, + i? sin 6, sin >) 

= r12[ (cos 0, cos 6. — sin 6; sin 62) + i(sin 0; cos 62 + cos 6; sin 62) | 

= nr[.cos(0, + 62) + isin(@, + 62)] + Identities for cos(0, + 6.) 

and sin(@, + 6.) 


Thus, using cis notation, we have Z1Z2 = Nz cis(O, + 62). 


The above result is called the Product Property of Complex Numbers. It states 
that the modulus for the product of two complex numbers in trigonometric form 
is the product of the moduli of the two numbers, and the argument of the product 
is the sum of the arguments of the two numbers. 


Im Find the product of z; = —1 + iV3 and z = —V3 + i by using the 
trigonometric forms of the complex numbers. Write the answer in stan- 
dard form. 


Solution 


Write each complex number in trigonometric form. Then use the Product 
Property of Complex Numbers. See Figure 5.7. 


s . _ 20 
1 Re a= —1 + iV3 =2cis> h=2,0= = 
Figure 5.7 _ Sar 
. Z = -V3 +i=2cis— ee ee 
6 6 
20 57 
Z1Z2 = 2cis — - 2 cis — 
142 3 6 
[20 oT 
= 4 cis av ¢ The Product Property of 
3 6 
Complex Numbers 
,_ oT 
= 4 cis > ¢ Simplify. 
= 4| cos ae + isin elu 
2 2 


= 4(0 — i) = —4i 


Figure 5.8 
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Similarly, the quotient of z,; and z, can be found by using trigonometric iden- 
tities. If z; = r,(cos 6, + isin 6;) and z, = r(cos 6 + isin 42), then 


Z, _ m(cos 6, + isin 4) 


Z (cos @ + isin 4) 
r(cos 6, + isin 6;)(cos 6 — isin 6) 
r(cos 0 + isin 0:)(cos 0 — isin 0) 


r,(cos 0, cos 6 — icos 6, sin 6, + isin 6, cos 6 — i? sin & sin 0,) 


r(cos* 0. — i* sin? 6.) 


2 


[(cos 6, cos 6 + sin 6 sin 0) + i(sin 6, cos 6; — cos 6, sin 62) | 
1(cos* 0, + sin? 6,) 


- “WT cos( 6, — 6) + isin(6, — 6,)] « Identities for cos (6, — 0), 
Ty sin (0, — 6), and 


cos’ 0, + sin’ 0, 


“ : : Zy Py 
Thus, using cis notation, we have — =—cis(0, — @,). 
Z2 ie 


The above result is called the Quotient Property of Complex Numbers. It states 
that the modulus for the quotient of two complex numbers in trigonometric form 
is the quotient of the moduli of the two numbers, and the argument of the quo- 
tient is the difference of the arguments of the two numbers. 


Find the quotient of z, = —1 + iand z = V3 — i by using the trigonometric 
forms of the complex numbers. Write the answer in standard form. Round 
approximate constants to the nearest thousandth. 


Solution 


Write the numbers in trigonometric form. Then use the Quotient Property of 
Complex Numbers. See Figure 5.8. 


z= —-1+i=V2cis 135° 1, = V2, 0, = 135° 
Z = V3 — i = 2 cis 330° * ry = 2, 0 = 330° 
zm -1+i_ V2cis 135° 

Zo VW3-i  2cis330° 


¢ The Quotient Property of 
= 7 cis(—195°) Complex Numbers 
¢ Simplify. 
2 
= V2 cos(~195" + isin(—195°)] 
2 
= V2 (cos 195° — isin 195°) * cos(—x) = cos x, 
2 sin(—x) = —sin x 


= —0.683 + 0.1837 
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Here is a summary of the product and quotient theorems. 


Product and Quotient Properties of Complex Numbers 
Written in Trigonometric Form 


Ag rf Topics for Discussion 


1. Describe an algebraic procedure that can be used to verify that the absolute 
value of a + bi is equal to the absolute value of —a + bi. 


2. Describe the graph of all complex numbers with an absolute value of 5. 
4 
3. Describe two different methods that can be used to simplify ri 


4. The complex numbers z; and z, both have an absolute value of 1. What is the 
absolute value of the product z|z2? Explain. 


5. Explain how to use the Product Property of Complex Numbers to prove that 
the product of a complex number and its conjugate is a real number. 
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Exercise Set 5.2 


In Exercises 1 to 8, graph each complex number. Find the ab- 
solute value of each complex number. 


1. ZH 42 = 23 2.2=4-4i 3.z2=V3-i 
4.z2=1+iVv3 5. z = —2i 6.z=-5 
7.z2=3-5i 8.2=-5-4i 


In Exercises 9 to 20, write each complex number in trigo- 
nometric form. 


9.z=1-i 10.z2=-4-4i 1.z2=V3-i 
p12. 2=14+iVv3 §= 13. 2=3i 14. 2 = -2i 
15.z=-5 16.z=3 


18. z = —2V2 + 21V2 
20. z= V2 —iV2 


17. z= —-8 + 8iV3 


19. z= —2 — 2i1V3 


In Exercises 21 to 38, write each complex number in standard 
form. 


21. z = 2(cos 45° + i sin 45°) 

22. z = 3(cos 240° + isin 240°) 

23. z = (cos 315° + isin 315°) 

24. z = 5(cos 120° + isin 120°) 

25. z = 6 cis 135° 26. z = cis 315° 


27. z = 8 cis 0° 28. z = 5 cis 90° 


re) 
29. z 2( cos isin =) 


31. z= 3(cos ty isin 22) 32. z = 5(cos 7 + isin 77) 


2 2 
3 4 

33. z= Bist 34, z= 9 cis 
rl 3 

35. z= 9 cis 36. z = cis 


37. z=2cis2 38. z=5cis4 


In Exercises 39 to 46, multiply the complex numbers. Write 
the answer in trigonometric form. 


39. 2 cis 30° - 3 cis 225° 40. 4 cis 120° - 6 cis 315° 
41. 3(cos 122° + isin 122°) - 4(cos 213° + i sin 213°) 


42. 8(cos 88° + isin 88°) - 12(cos 112° + isin 112°) 


7 cos 3 1sin 3 cos 5 1 SL 5 


1 4 
44. 5 cis — - 3cis 7 AS. 4cis2.4- 6cis 4.1 


12 
46. 7 cis 0.88 - 5 cis 1.32 
In Exercises 47 to 54, divide the complex numbers. Write the 


answer in standard form. Round approximate constants to 
the nearest thousandth. 


a7 32 cis 30° 15 cis 240° 
” 4 cis 150° * 3 cis 135° 
49 27(cos 315° + isin 315°) 9(cos 25° + i sin 25°) 
* O(cos 225° + isin 225°) * 3(cos 175° + isin 175°) 
12 cis = 10 cis i 
os 52, ——— 
4ci baa 5 cis a 
At7 fc 
cis = ri 


25(cos 3.5 + isin 3.5) 


53 18(cos 0.56 + isin 0.56) 
* 5(cos 1.5 + isin 1.5) 


* 6(cos 1.22 + isin 1.22) 


In Exercises 55 to 62, perform the indicated operation 
in trigonometric form. Write the solution in standard 
form. Round approximate constants to the nearest 
ten-thousandth. 


55. (1 — iV3)(1 + i) )) 56. (V3 - i)(1 +i V3) 


57. (3 — 3i)(1 + i) 58. (2 + 2i)(V3 — i) 
1+iv3 1+i 
59.5 )) 60. 4 
V2 —iV2 1+iV3 
ar a ar =r 
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In Exercises 63 to 68, perform the indicated operation in (2 — 5i)(1 — 6i) 


trigonometric form. Write the solution in standard form. 


63. (V3 — i)(2 + 2(2 — 27-V3) 
64. (1 — (1 + iV3)(V3 — i) 


V3 +iV3 


os (1 — iV3)(2 - 21) 


66. 


67. (1 — 3i)(2 + 3i)(4 + 5i) 68. 


In Exercises 69 and 70, the notation Z is used to represent the 
conjugate of the complex number z. 


(2 — 2iV3)(1 = iV3) 69. Use the trigonometric forms of z and Z to find z - z. 


4AV3 + 4i 


70. Use the trigonometric forms of z and Z to find = 


Z 


1. A GEOMETRIC INTERPRETATION Multiplying a real number number by i, the imaginary unit. Now multiply a complex 
by a number greater than 1 increases the magnitude of number by i and note the effect. The use of a complex 
that number. For example, multiplying 2 by 3 triples the plane may be helpful in your explanation. 


magnitude of 2. Explain the effect of multiplying a real 


De Moivre's Theorem 


Prepare for this section by completing the following exercises. The answers can be 
found on page A22. 


PS2. Find the real root of x? — 8 = 0. 

PS3. Find the real root of x° — 243 = 0. 

PS4. Write 2 + 27 in trigonometric form. [5.2] 

PS5. Write 2(cos 150° + i sin 150°) in standard form. [5.2] 


2 2 
PS6. Find the absolute value of 7 - a [5.2] 


= De Moivre’s Theorem 


De Moivre’s Theorem is a procedure for finding powers and roots of complex 
numbers when the complex numbers are expressed in trigonometric form. This 
theorem can be illustrated by repeated multiplication of a complex number. 

Let z = rcis 6. Then z’ can be written as 


z-z=rcisé-rcisé 


2 =r cis 20 


Abraham de Moivre (1667-1754) 
was a French mathematician 
who fled to England during the 
expulsion of the Huguenots in 
1685. 

De Moivre made important 
contributions to probability the- 
ory and analytic geometry. In 
1718 he published The Doctrine 
of Chance, in which he devel- 
oped the theory of annuities, 
mortality statistics, and the con- 
cept of statistical independence. 
In 1730 de Moivre stated the the- 
orem shown above Example 1, 
which we now call De Moivre’s 
Theorem. This theorem is signifi- 
cant because it provides a con- 
nection between trigonometry 
and mathematical analysis. 

Although de Moivre was 
well respected in the mathemati- 
cal community and was elected 
to the Royal Society of England, 
he never was able to secure a 
university teaching position. His 
income came mainly from tutor- 
ing, and he died in poverty. 

De Moivre is often remem- 
bered for predicting the day of 
his own death. At one point in 
his life, he noticed that he was 
sleeping a few minutes longer 
each night. Thus he calculated 
that he would die when he 
needed 24 hours of sleep. As it 
turned out, his calculation was 
correct. 
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The product z* - z is 
2-z=r'cis20-rcis 0 
2=rcis30 


If we continue this process, the results suggest a formula known as De Moivre’s 
Theorem for the nth power of a complex number. 


De Moivre’s Theorem 


Find (2 cis 30°)°. Write the answer in standard form. 


Solution 
By De Moivre’s Theorem, 
(2 cis 30°)? = 2° cis(5 - 30°) 
= 2°[cos(5 - 30°) + isin(5 - 30°)] 
= 32(cos 150° + isin 150°) 


1 
= 2(-“2 + i) = -16V3 + 161 


Find (1 + i)® using De Moivre’s Theorem. Write the answer in standard 

form. 

Solution 

Convert 1 + 7 to trigonometric form and then use De Moivre’s Theorem. 
(1 + i)® = (V2 cis 45°)® = (V2)* cis 8(45°) = 16 cis 360° 

= 16(cos 360° + isin 360°) = 16(1 + 07) = 16 


@ QUESTION Is (1 + i)*a real number? 


@ answer Yes. (1 + i) = (V2 cis 45°)’ = (V2)* cis 180° = —4. 
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= De Moivre’s Theorem for Finding Roots 


De Moivre’s Theorem can be used to find the nth roots of any number. 


De Moivre’s Theorem for Finding Roots 


Find the three cube roots of 27. 


ALGEBRAIC SOLUTION VISUALIZE THE SOLUTION 
Write 27 in trigonometric form: 27 = 27 cis 0°. Then, from De Moivre’s Im} 
Theorem for finding roots, the cube roots of 27 are 3 at a 
-l+- i 
ab ° 2 2 
UW, = 27° Pe cea fork =0,1,2 
Substitute for k to find the three cube roots of 27. Ba 
‘o ‘0 4 4 Re 
wy = 27" cis 0° k= 0; 7S. 0 
= 3(cos 0° + isin 0°) be edar 
=3 Ge ca 
w, = 27"? cis 120° k= 1, E80 | 129° 
3 Figure 5.9 
= 3(cos 120° + isin 120°) 
3. 3V3. Note that the arguments of 
= ie ee the three cube roots of 27 are 
” P 0°, 120°, and 240° and that 
w, = 27" cis 240° ok=2; oe = 240° [to] = [wal = |w2| = 3. In 
ae 5 geometric terms, this means 
= 3(cos 240 FSi 240°) that the three cube roots of 27 
9 _ S55, are equally spaced on a circle 
ee 9 ' centered at the origin with a 
oct. tien! radius of 3. 
For k = 3, 3 = 360°. The angles start repeating; thus there are 


only three cube roots of 27. The three cube roots are graphed in Figure 5.9. 
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AMPLE 4 Find the Fifth Roots of a Complex Number 
Find the fifth roots of z = 1 + iV3. 


ALGEBRAIC SOLUTION VISUALIZE THE SOLUTION 


Write z in trigonometric form: z = r cis 6. saa 


r=VP+(V3h=2 
z = 2cis 60° o> tan YS = 6 


From De Moivre’s Theorem, the modulus of each root is W/2, and the 


eS hae a, i 


arguments are determined by 


5 y 
60° + 360°k 
tw, = W/2 cis ———— °k=0,1,2,3,4 
Substitute for k to find the five fifth roots of z. Figure 5.10 
wh = W/2 cis 12° *k=0; wee 212" The five fifth roots of 1 + iV3 
are graphed in Figure 5.10. Note 
w, = W/2 cis 84° ok=1; SU So aes that the roots are equally spaced 
5 on a circle with center (0, 0) and a 
fe) Oo, : 5, => 

ww, = Wi cis 156° sg +o ere radius of V2 ~ 1.15. 
Ws; = W/2 cis 228° k= 3, OTROS _ 208" 
wW, = V/2 cis 300° k= 4, Se OO = 300" 


Keep the following properties in mind as you compute the n distinct nth roots 
of the complex number z. 


Properties of the nth Roots of z 


A web applet is available to 
show the nth roots of a 


complex number. This 
applet, Nth Roots, can be 
found on our website at 
college.hmco.com/info / 
aufmannCAT 
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Argument Property 
0 
Given that the argument of z is 6, then the argument of w is = and the 


arguments of the remaining nth roots can be determined by adding 


te} 


6 
multiples of (or = if you are using radians) to a 


@ QUESTION Are all fourth roots of 1 equally spaced on a circle with center 
(0, 0) and radius 1? 


Ag \ Topics for Discussion 


1. How many solutions are there for z = (a + bi)*? How many solutions are 
there for z° = a + bi? Explain. 


2. Tosolve z* = 16, a student first observes that z = 2 is one solution. The other 
solutions are equally spaced on a circle with center (0, 0) and radius 2, so the 
student reasons that z = 27, z = —2, and z = —2iare the other three solutions. 
Do you agree? Explain. 


3. If|z| = 1, then the 7 solutions of w” = z all have an absolute value of 1. Do you 
agree? Explain. 


4. If zis a solution of z* =c + di, then the conjugate of z is also a solution. Do 
you agree? Explain. 


@ ANSWER Yes. 


Exercise Set 5.3 


In Exercises 1 to 16, find the indicated power. Write the an- 13. (2 + 2i)’ 14. (2V3 = 2i)° 
swer in standard form. 
1. [2(cos 30° + isin 30°)]* 2. (cos 240° + isin 240°)” 15. (2 - m2) Dy 16. (-2 4. 3 ey 
3. [2(cos 240° + i sin 240°)]° 
4. [2(cos 45° + i sin 45°)] In Exercises 17 to 30, find all of the indicated roots. Write all 
: answers in standard form. Round approximate constants to 
5. (2 cis 225°) y 6. (2 cis 330°)! the nearest thousandth. 
17. The two square roots of 9 
7. | 2ci of ; 8. | 4ci 20 ( 
7 ae: A ae 18. The two square roots of 16 
9. (1 - i) 10. (1 + iv3)° 19. The six sixth roots of 64 


11. (1 + i) 12. (2 — 2iV3) 20. The five fifth roots of 32 


»»» Connecting Concepts» »»»»»»»»: 


43. 


44. 


45. 


. The five fifth roots of —1 

. The four fourth roots of —16 

. The three cube roots of 1 

. The three cube roots of i 

. The four fourth roots of 1 + 7 

. The five fifth roots of —1 + 7 

. The three cube roots of 2 — 2iV3 

. The three cube roots of —2 + 2iV3 

. The two square roots of —16 + 16iV3 


. The two square roots of —1 + iV3 


Show that the conjugate of z = r(cos @ + isin 6) is equal to 
Z = r(cos 6 — isin 6). 


Show that if z = r(cos 9 + isin 6), then 


z!=r (cos @-— isin 6) 


Show that if z = r(cos 9 + isin 6), then 


z*=r (cos 26 — isin 26) 


Note that Exercises 44 and 45 suggest that if 
z= r(cos @ + isin 6), then, for positive integers n, 


46. 


z "=r "(cos né — isin né) 


Use the above equation to find z™* for z = 1 — i V3. 


5.3 De Moivre’s Theorem 355 


In Exercises 31 to 42, find all roots of the equation. Write the 
answers in trigonometric form. 


31. 


33. 


35. 


37. 


39. 


41. 


47. 


48. 


x>+8=0 32. x° — 32 =0 
x'+i=0 34. x° — 21 =0 

x° — 27=0 36. x° + 32i=0 

x* + 81=0 38. x° — 641 =0 
x*—(1-iV3)=0 40. x° + (2V3 — 2i) =0 
x3 +(1+iV3)=0 42. x° — (4 — 4i) =0 


SUM OF THE nTH ROOTS OF 1 Make a conjecture about the 
sum of the nth roots of 1 for any natural number n = 2. 
(Hint: Experiment by finding the sum of the two square 
roots of 1, the sum of the three cube roots of 1, the sum of 
the four fourth roots of 1, the sum of the five fifth roots of 
1, and the sum of the six sixth roots of 1.) 


PRODUCT OF THE nTH ROOTS OF 1 Make a conjecture about 
the product of the nth roots of 1 for any natural number 
n = 2. (Hint: Experiment by finding the product of the 
two square roots of 1, the product of the three cube roots 
of 1, the product of the four fourth roots of 1, the product 
of the five fifth roots of 1, and the product of the six sixth 
roots of 1.) 


1. 


VERIFY IDENTITIES Raise (cos 6+ isin 6) to the second 
power by using De Moivre’s Theorem. Now square 
(cos @+ isin @) as a binomial. Equate the real and 
imaginary parts of the two complex numbers and 
show that 


a. cos 20 = cos? 6 — sir’ 0 


b. sin 20 = 2 sin @cos 0 


2. 


DISCOVER IDENTITIES Raise (cos @ + isin 6) to the fourth 
power by using De Moivre’s Theorem. Now find the fourth 
power of the binomial (cos @ + isin 6) by multiplying. 
Equate the real and imaginary parts of the two complex 
numbers. 


a. What identity have you discovered for cos 46? 


b. What identity have you discovered for sin 46? 
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The Mandelbrot Iteration Procedure 


The following procedure is called the Mandelbrot iteration procedure. 


Mandelbrot Iteration Procedure 


Applying the Mandelbrot iteration procedure to a complex number Zp gener- 
ates a sequence of numbers 21, 22, Z3,.... The numbers Z;, Z2, Z3,... are called iter- 
ates. In this case, the iterates are generated using the complex function 
f(z) = 2 + zp. The number 2, is referred to as the seed or initial value. If you change 
the seed, a different sequence of iterates is generated. Some seeds generate iterates 
that grow without bound; some seeds generate iterates that approach a constant; 
and some seeds generate iterates that are cyclic. For instance: 


© Let 2) = 1. Then 
yZ=V41=2,2=241=5,23=5 +1= 26, 2 = 26> +1 = 677 

In this case, the iterates grow larger and larger. 

© Let Zz) = —1. Then 
Z = (-1) + (-1) = 0, z = 0? + (-1) = -1, z3 = (-1)? + (-1) = 0 

In this case, the iterates cycle: 0, —1,0, —1,0,.... 

© Let Z) = 0.25. Then 
Z, = 0.257 + 0.25 = 0.3125, z) = 0.3125? + 0.25 = 0.34765625, 
Z3 = 0.34765625° + 0.25 ~ 0.3708648682 


In this case, subsequent iterates can be calculated easily using a graphing 
calculator and the method shown below. 


Store the seed in Z. Press ENTER. } 0.25-Z 


= Zh 

Store Z? plus the seed in Z. Press | Z2+0.25-Z 
ENTER to produce the next iterate. Zy 
=Z, 
=Z5 


.3875407504 J = Z, 


1. Use a graphing calculator to continue the above Mandelbrot iteration pro- 
cedure, with Zz) = 0.25, to find Zs, 210, Z199, ANA Z299. It can be shown that the se- 
quence of iterates is approaching a constant. What constant do you think the 
sequence of iterates is approaching? 
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2. Let Z =i. Use the Mandelbrot iterartion procedure to find 2, Z, Z;,and Z.. 
What happens as the iteration procedure progresses? 


The black region in Figure 5.11 is called the Mandelbrot set. The Mandelbrot 
set consists of all complex numbers for which the absolute value of each of their 
Mandelbrot iteration procedure iterates Z1, 22, Z3,... is less than or equal to 2. 


Imaginary part 


1 


0.75 


0.25 


0.00 


-0.25 


-0.75 


~1.25 


25 


—2.00 


=1.50 


-1.00 -0.50 
Real part 


0.00 0.50 


Figure 5.11 


The Mandelbrot set has been called the most complex object in the realm of 
mathematics. There are many Internet sites that provide additional information 
on the Mandelbrot set. Visit some of these sites and use the computer programs 
that are provided to graph the Mandelbrot set and zoom in on different regions of 
the graph to see some of its complex structure. 


Chapter 5 Summary 


5.1 Complex Numbers 


The number /, called the imaginary unit, is the number such 
that? = -1. 


If a is positive real number, then V—a = iVa. The number 
iVa is called an imaginary number. 


A complex number is a number of the form a + bi, where a 
and b are real numbers and i = V —1. The number a is the 
real part of a + bi, and b is the imaginary part. 


The complex number a + bi and a — bi are called complex 
conjugates or conjugates of each other. 


5.2 Trignometric Form of Complex Numbers 


The complex number z = a + bi can be written in trigono- 
metric form as 


z=r(cos@ + isin@) =rcis 0 
b 
where a = rcos 0,b =rsin0@,r = Va + UW’, and tan 0 = -— 
a 


If z; = r,(cos 6; + isin 6;) and z, = 1r,(cos 62 + isin 62), then 


21 


r 
ZZ. = MP2 cis(O, + 2) and 7 cis: — 0») 
2 


2 


Operations on Complex Numbers 5.3 De Moivre’s Theorem 
(a+ bi) + (c+ di)=(at+c)+(b+d)i e De Moivre’s Theorem 
(a + bi) — (c+ di)=(a-—c)+ (b-d)i If z = rcis 6 and n is a positive integer, then 
(a + bi)(c + di) = (ac — bd) + (ad + be)i z" =r" cis 16 

: : : e Ifz =rcis 6, then the n distinct roots of z are given by 
a+bi at+bi c-di : 

i a di e¢ Multiply the numerator and § + 360°k 
Bee TS ae denominator by the conju- wm = 1" cis - fork =0,1,2,...,n—1 


gate of the denominator. 
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») ) Chapter 5 Assessing Concepts 


1. True or false: The real number 7 is also a complex number. 


2. True or false: The product of a complex number z and its 
conjugate Z is a real number. 


3. True or false: z = cos 45° + i sin 45° is a square root of i. 
4. True or false: V-—4- V-9 = 6 


5. If |z| = 1, describe the geometric relationship among the 
graphs of the fourth roots of z. 


6. How many solutions exist for the equation z = (1 + i)°? 
7. How many solutions exist for the equation z° = (1 + i)? 
8. Does |a + bi] = Va* + (bi)?? 


9. What is the conjugate of — 3 — 5i? 


10. What is the modulus of 2( cos a + isin z), 


»\ » Chapter 5 Review Exercises 


In Exercises 1 to 4, write the complex number in standard 
form and give its conjugate. 


1.3-V-64 2. V-4+6 
3. -2+V—-5 4. -5-V-27 


In Exercises 5 to 20, simplify and write the complex number 
in standard form. 


5. (V—4)(V—4) 6. (=V-—2\(W-3) 


7. (3 + 7i) + (2 —5i) 8. (3 — 4i) + (—6 + 81) 


9. (6 — 8i) — (9 - 111) 10. (—3 — 5i) — (2 + 101) 


11. (5 + 3i)(2 — 5i) 12. (—2 — 3i)(—4 + 71) 


13. = 14, 2S 
15. i(2i) — (1 + i? 16. (2 — 1° 
17. (3 + V—4) — (-3 — V=16) 

18. (—2 + V—9) + (-3 — V-81) 


19. (2 — V—3)(2 + V—3) 
20. (3 — V—5)(2 + V—5) 


In Exercises 21 to 24, simplify and write each complex 
number as i, —i, 1, or —1. 


In Exercises 25 to 28, find the absolute value of each complex 
number. 


25. |—8il 26. |2 — 3il 


27. |-4 + 5il 28. |-1 - jj 


In Exercises 29 to 32, write the complex number in trigono- 
metric form. 


29.z=2-2i 30.z2=-V3+i 


31.z2=-3 + 2i 32.z=4-i1 


In Exercises 33 to 36, write the complex number in standard 
form. Round approximate constants to the nearest thousandth. 


33. z = 5(cos 315° + isin 315°) 


34. z=6 Lag 
: 3 3 


35. z = 2(cos2 + isin 2) 


36. z = 3(cos 115° + isin 115°) 


In Exercises 37 to 42, multiply the complex numbers. Write 


the answer in standard form. 


37. 3(cos 225° + isin 225°) - 10(cos 45° + isin 45°) 


38. 5(cos 162° + isin 162°) - 2(cos 63° + isin 63°) 
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In Exercises 49 to 54, find the indicated power. Write the an- 
swer in standard form. 


49. [3(cos 45° + isin 45°) } 


50.  cos( 22) + isin( 22) | 


39. 3(cos 12° + isin 12°) - 4(cos 126° + isin 126°) 


51. (1 — iV3)’ 52. (—2 — 2i)!° 

40. (cos 23° + isin 23°) - 4(cos 233° + isin 233°) 
53. (V2 - iV2)° 5A. (3 — 4i)° 

41. 3(cos 1.8 + isin 1.8) - 5(cos 2.5 + isin 2.5) 

42. 6(cos 3.1 + isin 3.1) « 5(cos 4.3 + isin 4.3) In Exercises 55 to 60, find the indicated roots. Write the an- 
swer in trigonometric form. 

In Exercises 43 to 48, divide the complex numbers. Write the 55. The three cube roots of 27i 


answer in trigonometric form. 


6(cos 50° + i sin 50°) 
” 2(cos 150° + isin 150°) 


40(cos 66° + 7 sin 66°) 
” 8(cos 125° + isin 125°) 


10(cos 3.7 + isin 3.7) 
* 6(cos 1.8 + isin 1.8) 


* 8(cos 5.2 + isin 5.2) 


56. The four fourth roots of 81 


30(cos 165° + isin 165°) 
10(cos 55° + isin 55°) 57. The four fourth roots of 256 
2(cos 150° + isin 150°) 58. The five fifth roots of -16V2 — 16V2i 


" \/2(cos 200° + i sin 200°) 


59. The four fourth roots of 81 
A(cos 1.2 + isin 1.2) 


60. The three cube roots of —125 


»»» Quantitative Reasoning: Graphing the Mandelbrot Set 


PROGRAM: MANBROT 
Disp " THIS PROGRAM " 
Disp “ GRAPHS THE TOP " 
Disp “ HALF OF THE " 
Disp "MANDELBROT SET " 
Disp"" 

Disp " PRESS ENTER " 
Disp " TO START " 
Pause 

24] 
AxesOff:ClrDraw:FnOff 
-2—Xmin:1.03-Xmax 
O0—Ymin:2—-Ymax 
For(A,-e,.4,.032) 
For{B,0, V (4-2), .032) 
Pt-On(A,B) 

(A+Bi)S 

SZ 

For (C,0,0) 

(Z°+S)3Z 

If abs(Z)>2 

Then 

Pt-Off(A,B) 

IoC 

End:End:End:End 
StorePic 2 


{4 The T1-83/T1-83 Plus/T1-84 Plus program at the left graphs the top half of 
the Mandelbrot set. The bottom half of the Mandelbrot set is a reflection 
across the x-axis of the top half. See Figure 5.11 on page 357. The program uses the 
Mandelbrot iteration procedure, presented in the Exploring Concepts with Tech- 
nology on page 356, to generate the iterates Z,, Z2, Z3, .... In theory, a complex number 
Zo is defined to be an element of the Mandelbrot set if and only if the absolute 
value of each of its iterates is less than or equal to 2. In reality, a calculator or com- 
puter program cannot check an infinite number of iterates, but a fairly accurate 
graph can be produced by checking the first 24 iterates. If the program finds that 
the absolute values of the first 24 iterates of zp are all less than or equal to 2, then 
the program assumes that Z is an element of the Mandelbrot set and plots a point 
at Z) in the complex plane. If the program finds an iterate whose absolute value is 
greater than 2, then the program does not plot a point at zy. After the graph is pro- 
duced, it is stored in memory, location Pic 2. You can recall the graph by pressing 
RecallPic 2. The RecallPic instruction is found in the DRAW STO menu. 
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10. 


. Simplify (3 + V—4) + (7 


. Simplify (-1 + V—25) — (8 


Chapter 5 


QR1. 


QR2. 


OR3. 


OR4. 
OR5. 
OR6. 


Chapter 5 Test 


. Write 6 + V—9 in the forma + bi. 


. Simplify: V —18 


standard form. 


in standard form. 


. Simplify: (V —12)(V —3) 
. Simplify: °° 
. Simplify: (3 + 7i) — (—2 — 91) 


. Simplify: (—6 — 9i)(4 + 3i) 


. Simplify: (3 — 5i)(—3 + 5i) 


4 — 5i 
i 


Simplify: 


V—9). Write the answer in 


VV —16). Write the answer 


Complex Numbers 


Use the MANBROT program to graph the top half of the Mandelbrot set. 
The program requires about 25 minutes to complete the graph. The pro- 
gram step 24 — I sets the number of iterates to check. You can make the 
program run faster by using a natural number less than 24, but the graph 
will be less accurate. The graph will be slightly more accurate if you use a 
natural number larger than 24, but the program will run slower. 


Examine the graph from Exercise QR1 or Figure 5.11 to determine which of 
the following complex numbers are elements of the Mandelbrot set. The 
LWINDOLU settings for the program are Xmin = —2, Xmax =1.03, Ymin =O, 
and Ymax = 2. 


—0.25 + 0.251, -1 + 0.11, —0.75 + 0.751, 0.1 + 0.27 


Examine the iterates of —2 to verify that —2 is an element of the Mandel- 
brot set. 


What is the first iterate of 27? Is 2i an element of the Mandelbrot set? 
Which step in the program applies the Mandelbrot iteration procedure? 


Search the Internet for additional information on the Mandelbrot set. 
Describe two properties of the Mandelbrot set that you find the most 
interesting. 


ae 277i 
11. Simplify: remy 
12. Simplify: — 


13. Find the absolute value of 3 — 51. 
14. Write 3 — 31 in trigonometric form. 
15. Write —67 in trigonometric form. 


16. Write 4(cos 120° + isin 120°) in standard form. 


17. Write 5(cos 225° + isin 225°) in standard form. 


18. Simplify 3(cos 28° + i sin 28°) - 4(cos 17° + isin 17°). 
Write the answer in standard form. 


19. Simplify 5(cos 115° + isin 115°) - 4(cos 10° + isin 10°). 
Write the answer in standard form. 


20. 


21. 


22. 


10. 


11. 


. What is the domain of f(x) = 


. Find c in the domain of f(x) = 


Shasiiey 24(cos 258° + i sin 258°) 
P™Y ~ 6(cos 78° + isin 78°) 
standard form. 


. Write the answer in 


Simpli 18(cos 50° + isin 50°) 
Plity 3 (cos 140° + isin 140°)" 
standard form. 


Write the answer in 


Simplify (2 — 2/3)". Write the answer in standard 
form. 


Cumulative Review Exercises 


. Solve x* — x — 6 <0. Write the answer using interval 


notation. 


2 
; 2? 
x—-A4 


x 
x+1 


such that f(c) = 2. 


x21 


. Given f(x) = sin 3x and ¢(x) = 2 find (f° ¢)(x). 


x 


. Given f(x) = a find f~1(3). 


— jl’ 


3 
. Convert > radians to degrees. 


. Find the length of the hy- 
potenuse a for the right tri- 
angle shown at the right. a 
38° 
20 cm 


. If t is any real number, what are the values of a and b for 


the inequality a = sint = b? 


. Graph y = 3 sin 7x. 


1 7X 
Graph y = = tan ct 


: ‘ sin x 
Verify the identity ius cot x. 
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In Exercises 23 to 25, write the indicated roots and solutions 
in trigonometric form. 


23. 


24. 


25. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


Find the six sixth roots of 64. 
Find the three cube roots of —1 + iV3. 


Find the five solutions of z° + 32 = 0. 


. Express sin 2x cos 3x — sin 3x cos 2x in terms of the sine 


function. 


4 12 
Given sina = 5 in Quadrant I and cos B = B in Quad- 


rant IV, find cos(a + B). 


Find the exact value of sin sin-(2) + cos ( -3) | 


Solve sin 2x = V3 sin x for 0 <x < 27. 


For the triangle at 
the right, find the 
length of side c. 
Round to the near- 
est ten. 


Find the angle between the vectors v = 3i + 2j and 
w = 5i — 3j. Round to the nearest tenth of a degree. 


Work A force of 100 pounds on a rope is used to drag a 
box up a ramp that is inclined 15°. If the rope makes an 
angle of 30° with the ground, find the work done in mov- 
ing the box 15 feet along the ramp. Round to the nearest 
foot-pound. 


Write the complex number 2 + 2i in trigonometric form. 


Find the three cube roots of —27. Write the roots in stan- 
dard form. 


6 Topics in Analytic Geometry 


6.1 Parabolas 

6.2 Ellipses 

6.3 Hyperbolas 

Circle 6.4 Rotation of Axes 


6.5 Introduction to Polar Coordinates 


; 6.6 Polar Equations of the Conics 
Ellipse 


6.7. Parametric Equations 


Conic Sections and Their Applications 


The study of the geometric figures called conic sections 
is one of the topics of this chapter. Each of these figures 
rere Hyperbola is formed by the intersection of a plane and a cone.! 
The ancient Greeks were the first to study the 


conic sections. Their study was motivated by the many 
new and interesting mathematical concepts they were able to discover, 
without regard to finding or producing practical applications. The ancient 
Greeks would be surprised to learn that their study of the conic sections 
helped produce a body of knowledge with many practical applications in 
several diverse fields, including astronomy, architecture, engineering, and 
satellite communications. Exercise 55 on page 386 illustrates a medical 
application of conic sections, and Exercise 47 on page 373 illustrates an 
application of conic sections in the design of a ski with a parabolic sidecut. 


$ SSG 


Ret 
5 Online Study Center 
‘4 a 
“ For online student resources, such 1Only one branch of the hyperbola in the figure is displayed; however, all hyperbolas have 


as section quizzes, visit this website: two branches that are formed by the intersection of a plane and a double-napped cone as 
college.hmco.com/info/aufmannCAT shown in Figure 6.1 on page 363. 
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4 Parabolas 


ith Vertex The graph of a circle, an ellipse, a parabola, or a hyperbola can be formed by the 
intersection of a plane and a cone. Hence these figures are referred to as conic 
sections. See Figure 6.1. 


ith Vertex 


Axis Axis Axis 


‘ \ Hyperbola 


Parabola 


take note 
Figure 6.1 


If the intersection of a plane and a Cones intersected by planes 


cone is a point, a line, or two . F ; ; . 
P A plane perpendicular to the axis of the cone intersects the cone in a circle 


(plane C). The plane E, tilted so that it is not perpendicular to the axis, intersects 
intersection is called a degenerate the cone in an ellipse. When the plane is parallel to a line on the surface of the 
conic section. cone, the plane intersects the cone in a parabola. When the plane intersects both 
portions of the cone, a hyperbola is formed. 


intersecting lines, then the 


DCU, © Parabolas with Vertex at (0, 0) 


Appollonius (262-200 B.c.) wrote 


: ; : In addition to the geometric description of a conic section just given, a conic 
an eight-volume treatise entitled 


: pene : section can be defined as a set of points. This method uses specified conditions 
On Conic Sections in which he j , tle hs . . 
Suticad ihetorulasdae silanes about a curve to determine which points in the coordinate system are points of the 
conic sections. He was the first graph. For example, a parabola can be defined by the following set of points. 
to use the words parabola, 


Hi h la. en 
ellipse and: Ny pereeld Definition of a Parabola 


A parabola is the set of points in a plane that are equidistant from a fixed 
line (the directrix) and a fixed point (the focus) not on the directrix. 


The line that passes through the focus and is perpendicular to the directrix is 

called the axis of symmetry of the parabola. The midpoint of the line segment 

between the focus and directrix on the axis of symmetry is the vertex of the 
. parabola, as shown in Figure 6.2. 
x Using this definition of a parabola, we can determine an equation of a parabola. 
iDinracthinc Suppose that the coordinates of the vertex of a parabola are V(0, 0) and the axis of 
symmetry is the y-axis. The equation of the directrix is y = —p, p > 0. The focus lies 
on the axis of symmetry and is the same distance from the vertex as the vertex is from 
Figure 6.2 the directrix. Thus the coordinates of the focus are F(0, p), as shown in Figure 6.3. 


| 
| 
I 
| 
| 
| 
| 
| 
| 
| 
o 
| 
| 
| 
| 


Vertex 
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v4 Let P(x, y) be any point P on the parabola. Then, using the distance formula 
and the fact that the distance between any point P on the parabola and the focus 
is equal to the distance from the point P to the directrix, we can write the equation 


d(P, F) = d(P, D) 
By the distance formula, 
V(x — OP + (y— pr =ytp 
Now, squaring each side and simplifying, we get 
(Vix= OF + (y= PY P= Cy + py? 
x? + y? — 2py + p? =y? + 2py + p’ 


D(x, -p) 


Figure 6.3 
x? = Apy 
This is the standard form of the equation of a parabola with vertex at the 
= => origin and the y-axis as its axis of symmetry. The standard form of the equation of 
: a parabola with vertex at the origin and the x-axis as its axis of symmetry is 
ae oC Sy mime derived in a similar manner. 


See page 54. 


Standard Forms of the Equation of a Parabola 
with Vertex at the Origin 


these statements and provide 


connections to earlier topics on 


symmetry. 
y y vs I 
aes Dp, y) 4 P(x, y) P(x, y) 4 Dp, y) 
=p, ahaa ia , Sal —p, 
x2 =4py, p>0 Directix y =—p PY, r : y 4) is PY, 
aaa eae (i ee ies \\d(P,F)=d(P,D) —d(P, F)=d(P, D) | 
‘ Focus Focus - Vertex 
| Fe, 0) F(p, 0) Pa VO,0)_! 
x —_ x 
P(x, y) ipl Pl 
es ee eee 2 = Apy, p <0 
Directix y =—p = SPU P 2. 
Directix ! ee ald aa ! Directix 
d(P, F)=d(P, D) x=-p| i\x=—p 
a. The graph of x* = 4py b. The graph of x? = 4py c. The graph of y? = 4px d. The graph of y* = 4px 
with p > 0 with p < 0 with p > 0 with p < 0 


Figure 6.4 


6.1 Parabolas 365 


@ QUESTION Does the graph of y* = —4x open up, down, to the left, or to the 
right? 


Find the focus and directrix of the parabola given by the equation 


a 
y a 


Solution 


Because the x term is squared, the standard form of the equation is 
2 
x° = Apy. 


sl 2 
=-—x 
ao 
x? = —2y + Write the given equation 


in standard form. 

Comparing this equation with x* = 4py gives 
4p = —2 
1 


2 


Because p is negative, the parabola opens 
down, and the focus is below the vertex (0, 0), 
as shown in Figure 6.5. The coordinates of the 


1 1. 
focus are (0, = i). The equation of the -8 + 


directrix is y = = Figure 6.5 


Find the equation in standard form of the parabola with vertex at the origin 
and focus at (—2, 0). 


Solution 


Because the vertex is (0, 0) and the focus is at (—2, 0), p = —2. The graph of 
the parabola opens toward the focus, so in this case the parabola opens to 


Continued > 


@ ANSWER The graph opens to the left. 
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the left. The equation in standard form of the parabola that opens to the left 
is y* = 4px. Substitute —2 for p in this equation and simplify. 


y? = 4(—2)x = —8x 


The equation of the parabola is y* = —8x. 


The graph of y* = —8x is shown in Figure 6.6. Note that the graph is not the 

graph of a function. To graph y* = —8x with a graphing utility, we first solve 
-9 2 for y to produce y = +V —8x. From this equation we can see that for any 

x <0, there are two values of y. For example, when x = —2, 


y = +V(-8)(—2) = +V16 = +4 
= The graph of y* = —8x in Figure 6.6 was constructed by graphing both 
Figure 6.6 Yl = V —8x and Ye = —V —8x in the same window. 


™ Parabolas with Vertex at (h, k) 


The equation of a parabola with a vertical or horizontal axis of symmetry and with 
vertex at a point (i, k) can be found by using the translations discussed previously. 
Consider a coordinate system with coordinate axes labeled x’ and y’ placed so that 
its origin is at (h, k) of the xy-coordinate system. 

i The relationship between an ordered pair in the x'y’-coordinate system and in 
k the xy-coordinate system is given by the transformation equations 


(h, kb) 


x'=x-h 
ySynk 
Figure 6.7 Now consider a parabola with vertex at (h, k), as shown in Figure 6.7. Create a new 


coordinate system with axes labeled x’ and y’ and with its origin at (h,k). The 
equation of a parabola in the x'y’-coordinate system is 


(x)? = 4py' (2) 


Using the transformation Equations (1), we can substitute the expressions for 
x' and y’ into Equation (2). The standard form of the equation of a parabola with 
vertex (h, k) and a vertical axis of symmetry is 


(x — h)* = 4p(y — k) 


Similarly, we can derive the standard form of the equation of a parabola with 
vertex (h, k) and a horizontal axis of symmetry. 


(1) 


RY 


(0, 0) 
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Standard Forms of the Equation of a Parabola 
with Vertex at (h, k) 


Figure 6.8 
In Example 3 we complete the square to find the standard form of a parabola, 
and then use the standard form to determine the vertex, focus, and directrix of the 
parabola. 
Find the equation of the directrix and the coordinates of the vertex and focus 
of the parabola given by the equation 3x + 2y? + 8y —4=0. 
Solution 
Rewrite the equation so that the y terms are on one side of the equation, and 
then complete the square on y. 
3x + 2y* + 8y -4=0 
a = 2y? + 8y ee | 
Completing the Square 2(y? + 4y) = —3x + 4 
See page 26. 2(y? + 4y + 4) = -3x +448 + Complete the square. Note that 
2 - 4 = 8 is added to each side. 
2(y + 2)? = —3(x — 4) + Simplify and factor. 
3 
(y+2)= 5 & — 4) - Write the equation in 


standard form. 

Comparing this equation to (y — k)? = 4p(x — h), we have a parabola that 
3 3 

opens to the left with vertex (4, —2) and 4p = — >" Thus p = —-—. 


8 
The coordinates of the focus are 


Continued > 
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Figure 6.9 


os 


a ca a cE 


Figure 6.10 


The equation of the directrix is 


Choosing some values for y and finding the corresponding values for x, 
we plot a few points. Because the line y = —2 is the axis of symmetry, for 
each point on one side of the axis of symmetry there is a corresponding 
point on the other side. Two points are (—2, 1) and (—2, —5). See Figure 6.9. 


Solution 


The vertex is the midpoint of the line segment joining the focus (3, 2) and 


o-( 


the point (—1, 2) on the directrix. 


a 222) a5) 


The standard form of the equation is (y — k)? = 4p(x — h). The distance 
from the vertex to the focus is 2. Thus 4p = 4(2) = 8, and the equation of the 
parabola in standard form is (y — 2)* = 8(x — 1). See Figure 6.10. 


= Applications 


A principle of physics states that when light is reflected from a point P on a sur- 
face, the angle of incidence (that of the incoming ray) equals the angle of reflection 
(that of the outgoing ray). See Figure 6.11. This principle applied to parabolas has 


3\ _ 35 
8 8 


Find the equation in standard form of the parabola with directrix x = —1 
and focus (3, 2). 


2 


some useful consequences. 


Incident 
beam | 


Angle of | 


incidence _ / 
xr 


Reflected 
beam 


Angle of 


\ _ reflection 


Figure 6.11 


dard Form of 
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Reflective Property of a Parabola 


Tangent at P A cross section of the reflecting mirror of a telescope has the shape of a parabola. 
a=8 The incoming parallel rays of light are reflected from the surface of the mirror to 
the eyepiece. See Figure 6.13. 

Flashlights and car headlights also make use of this reflective property. 
The light bulb is positioned at the focus of the parabolic reflector, which causes the 


reflected light to be reflected outward in parallel rays. See Figure 6.14. 


Figure 6.12 


Eyepiece \ 


Parabolic 
mirror 


Figure 6.13 Figure 6.14 


When a parabola is revolved about its axis, it produces a three-dimensional 
surface called a paraboloid. The focus of a paraboloid is the same as the focus of the 
parabola that was revolved to generate the paraboloid. The vertex of a paraboloid 
is the same as the vertex of the parabola that was revolved to generate the parab- 
oloid. In Example 5 we find the focus of a satellite dish that has the shape of a 
paraboloid. 


A satellite dish has the shape of a paraboloid. The signals that it receives are 
reflected to a receiver that is located at the focus of the paraboloid. If the 


Ve dish is 8 feet across at its opening and 1.25 feet deep at its center, determine 
Bae the location of its focus. 
‘Axis 
(parallel to ; 
Parabolic incoming Solution 
satellite signal) 


Figure 6.15 shows that a cross section of the paraboloid along its axis of 
symmetry is a parabola. Figure 6.16 shows this cross section placed in a 
rectangular coordinate system with the vertex of the parabola at (0, 0) and 
the axis of symmetry of the parabola on the y-axis. The parabola has an 
equation of the form 


Receiver 


Figure 6.15 Apy = x? 
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Because the parabola contains the point (4, 1.25), this equation is satisfied by 
the substitutions x = 4 and y = 1.25. Thus we have 


vs 4p(1.25) = 4 
Focus i 5p = 16 

Op 4*T Satellite P 
dish _ 16 
ae aia ' | (4, 1.25) P 5 

Ss The focus of the satellite dish is on the axis of symmetry of the dish, and it is 
1 
Figure 6.16 3— feet above the vertex of the dish. See Figure 6.16. 


Ag \ Topics for Discussion 


1. Do the graphs of the parabola given by y = x’ and the vertical line given by 
x = 10,000 intersect? Explain. 


2. A student claims that the focus of the parabola given by y = 8x’ is at (0,2) 
because 4p = 8 implies that p = 2. Explain the error in the student’s reasoning. 


3. The vertex of a parabola is always halfway between its focus and its directrix. 
Do you agree? Explain. 


A tutor claims that the graph of (x — h)* = 4p(y — k) has a y-intercept of 
2 


h 
0, ip + k }. Explain why the tutor is correct. 


>» Exercise Set 6.1 


1. Examine the following four equations and the graphs i. 95 ii. 
labeled i, ii, iii, and iv. Determine which graph is the 
graph of each equation. ea sass 


=2.5 —28 
2 
b. x° = 4y Xscl=10, Yscl=10 


d. y? = —12x 5.6 12.6 


2. Examine the following four equations and the graphs 
labeled i, ii, iii, and iv. Determine which graph is the 
graph of each equation. 


a. (y— 3" =x-2 b. (y — 3)? = —2(x — 2) 


c. ly —3)=(x- 2) d. —2(y — 3) = (x — 2) 


I 6.2 ll 6.2 
V(2, 3) V(2, 3) 
-9.4 9A 9.4 94 
26 6.2 
iii. 6.2 iv. 6.2 
V(2, 3) ue) 
-9.4 94 -94 94 
-6.2 6.2 


In Exercises 3 to 28, find the vertex, focus, and directrix of the 
parabola given by each equation. Sketch the graph. 


3. x? = —4y 4. 2y?=x 

5. yasr )) «. va -ty 

7. (x — 2) = 8(y + 3) 8. (y + 1° = 6(x — 1) 
9. (y+ 4) = —4(x — 2) 10. (x — 3 = —(y + 2) 
11. (y—-1’ =2x+8 12. (x + 2) = 3y — 6 
13. (2x — 4)? = 8y — 16 14. (3x + 6) = 18y — 36 
15. x? + 8x -y+6=0 16. x° — 6x +y +10=0 
W7xt+y?—3y+4=0 18.x-—y?>—-4y+9=0 
19. 2x — y? - 6by +1=0 20. 3x + y? + 8¥+4=0 


21.x2+3x+3y-1=0 p22. x7+5x-4y-1=0 


23. 2x? — 8x — 4y +3 =0 24. 6x — 3y” 


12y + 4=0 


25. 2x + 4y? + 8y -5=0 26. 4x7 —-12x+ 12y+7 


I 
ro) 


27. 3x* — 6x — 9y + 4=0 28. 2x — 3y7 + 9y¥ +5 =0 


29 


)) 30 


31 


)) 32 


33 


34. 


35. 


36. 


37. 


38. 
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. Find the equation in standard form of the parabola with 
vertex at the origin and focus (0, —4). 


. Find the equation in standard form of the parabola with 
vertex at the origin and focus (5, 0). 


. Find the equation in standard form of the parabola with 
vertex at (—1, 2) and focus (—1, 3). 


. Find the equation in standard form of the parabola with 
vertex at (2, —3) and focus (0, —3). 


. Find the equation in standard form of the parabola with 
focus (3, —3) and directrix y = —5. 


Find the equation in standard form of the parabola with 
focus (—2, 4) and directrix x = 4. 


Find the equation in standard form of the parabola that 
has vertex (—4, 1), has its axis of symmetry parallel to the 
y-axis, and passes through the point (—2, 2). 


Find the equation in standard form of the parabola that 
has vertex (3, —5), has its axis of symmetry parallel to the 
x-axis, and passes through the point (4, 3). 


STRUCTURAL DEFECTS Ultra- 

sound is used as a nondestruc- 

tive method of determining 

whether a support beam for a 

structure has an internal frac- 

ture. In one scanning proce- 

dure, if the resulting image is a parabola, engineers know 
that there is a structural defect. Suppose that a scan 
produced an image whose equation is 


x 0.325y? + 13y + 


120 


Determine the vertex and focus of the graph of this 
parabola. 


FOUNTAIN DESIGN A fountain in a shopping mall has two 
parabolic arcs of water intersecting as shown below. The 
equation of one parabola is y = —0.25x? + 2x and the 
equation of the second parabola is 


y 0.25x7 +4.5x 


16.25 


How high above the base of the fountain do the parabolas 
intersect? All dimensions are in feet. 
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SATELLITE DISH A satellite dish has the shape of a parabo- 
loid. The signals that it receives are reflected to a receiver 
that is located at the focus of the paraboloid. If the dish is 
8 feet across at its opening and 1 foot deep at its vertex, 
determine the location (distance above the vertex of the 
dish) of its focus. 


RADIO TELESCOPES The y 
antenna of a radio tele- 

scope is a paraboloid 

measuring 81 feet across 

with a depth of 16 feet. fh ee 
Determine, to the nearest . 
tenth of a foot, the dis- - 
tance from the vertex to re ont 4 

the focus of this antenna. 


Parabolic 
cross section 


CAPTURING SOUND During televised football games, 
a parabolic microphone is used to capture sounds. 
The shield of the microphone is a paraboloid with a 
diameter of 18.75 inches and a depth of 3.66 inches. To 
pick up the sounds, a microphone is placed at the focus of 
the paraboloid. How far (to the nearest tenth of an inch) 
from the vertex of the paraboloid should the microphone 
be placed? 


on) THE LOVELL TELESCOPE The Lovell Telescope is a 

radio telescope located at the Jodrell Bank Observa- 
tory in Cheshire, England. The dish of the telescope has 
the shape of a paraboloid with a diameter of 250 feet. The 
distance from the vertex of the dish to its focus is 75 feet. 


Topics in Analytic Geometry 


a. Find an equation of a cross section of the paraboloid 
that passes through the vertex of the paraboloid. 
Assume that the dish has its vertex at (0,0) and a 


vertical axis of symmetry. 


b. Find the depth of the dish. Round to the nearest foot. 


43. « \ The surface area of a paraboloid with radius r and 
depthd is given by S= ae + 4d?) — 73], 


Approximate (to the nearest 100 square feet) the surface 


area of 


a. the radio telescope in Exercise 40. 


b. the Lovell Telescope (see Exercise 42). 


44, THE HALE TELESCOPE The parabolic mirror in the Hale tel- 
escope at the Palomar Observatory in southern California 
has a diameter of 200 inches and a concave depth of 
3.75375 inches. Determine the location of its focus (to the 


nearest inch). 


Focus 
(0, p) 
Not drawn 
to scale 
Parabolic 


(100, 3.75375) areas 


3.75375 | i- 
100 | —50 50 
kk 200 in. >| 


(100, 3.75375) 


Cross Section of the Mirror in the Hale Telescope 


45. THE Lick TELESCOPE The parabolic mirror in the Lick tele- 
scope at the Lick Observatory on Mount Hamilton has a 
diameter of 120 inches and a focal length of 600 inches. 
(Note: The focal length of a parabolic mirror is the dis- 
tance from the vertex of the mirror to the mirror’s focus.) 
In the construction of the mirror, workers ground the 
mirror as shown in the following diagram. Determine the 


dimension a, which is the concave depth of the mirror. 


Ya 
Focus 
TT? (0, 600) 
Not drawn 
to scale | 
600 in. T Parabolic 
mirror 


(-60, a) il 
af rf 
"60 30 30 60 
20 in. >| 


(60, a) 


Cross Section of the Mirror in the Lick Telescope 


46. HEADLIGHT DESIGN A light source is to be placed on the 


47. 


axis of symmetry of the parabolic reflector shown in the 
figure below. How far to the right of the vertex point 
should the light source be located if the designer wishes 
the reflected light rays to form a beam of parallel rays? 


Vertex 


Axis of 


Parabolic symmetry 


reflector 


k— 6in.—| 


Ski DESIGN Many contemporary skis have parabolic 
sidecuts that allow a skier to carve tighter turns than are 
possible with traditional skis. In the following diagram, 
x is the directed distance to the right or left of the y-axis 
(with x and y measured in millimeters). The x-axis is on 
the center horizontal axis of the ski. The vertex of the 
parabolic sidecut is V(0, 32). 


In Exercises 49 to 51, use the following definition of latus 
rectum: The line segment that has endpoints on a parabola, 
passes through the focus of the parabola, and is perpendi- 
cular to the axis of symmetry is called the /Jatus rectum of the 


parabola. 


49. 


50. 


51. 


Latus rectum 


Find the length of the latus rectum for the parabola x* = 4y. 


Find the length of the latus rectum for the parabola 
y> = —8x. 


Find the length of the latus rectum for any parabola in 
terms of |p|, the distance from the vertex of the parabola 
to its focus. 


48. 
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parabolic 
sidecut 


(—800, 53) 


shovel 


a. Find the equation in standard form of the parabolic 
sidecut. 


b. How wide is the ski at its shovel (the widest point near 
the front of the ski), where x = 900? Round to the 


nearest millimeter. 
The only information we have about a particular 
\ parabola is that (2,3) and (—2,3) are points on 
the parabola. Explain why it is not possible to find 
the equation of this particular parabola using just this 
information. 


The result of Exercise 51 can be stated as the following 
theorem: Two points on a parabola will be 2|p| units on each 
side of the axis of symmetry on the line through the focus 
and perpendicular to that axis. 


52. 


53. 


54. 


55. 


56. 


57. 


Use the theorem to sketch a graph of the parabola given 
by the equation (x — 3)? = 2(y + 1). 


Use the theorem to sketch a graph of the parabola given 
by the equation (y + 4)? = —(x — 1). 


By using the definition of a parabola, find the equation in 
standard form of the parabola with V(0, 0), F(—c, 0), and 
directrix x = c. 


Sketch a graph of 4(y — 2) = x|x| — 1. 


Find the equation of the directrix of the parabola with 
vertex at the origin and focus at the point (1, 1). 


Find the equation of the parabola with vertex at the origin 
and focus at the point (1,1). (Hint: You will need the 
answer to Exercise 56 and the definition of a parabola.) 
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Mirage by InnovaToys 


3-D OPTICAL ILLUSION In the photo below, a If you try to touch the strawberry, you will discover that 
strawberry appears to float above a black disc. the strawberry is not located where it appears. Search the 


Internet to discover how parabolic mirrors are used to 
create this illusion. Write a few sentences, along with a 
diagram that explains how the illusion is accomplished. 


Photo source: http:/ /innovatoys.com/ 


c/OPT 


PS6. 


PS1. 


PS2. 


PS3. 


PS4. 


PS5. 


Ellipses 


Prepare for this section by completing the following exercises. The answers can be 
found on page A25. 


Find the midpoint and the length of the line segment between P,(5, 1) and 
P(—1,5). [1.2] 


Solve: x? + 6x — 16 = 0 [1.1] 
Solve: x? — 2x = 2 [1.1] 
Complete the square of x? — 8x and write the result as the square of a binomial. [1.2] 


Solve (x — 2)° + y* = 4 for y. [1.2] 


Graph: (x — 2)? + (y + 3)? = 16 [1.2] 


An ellipse is another of the conic sections formed when a plane intersects a right 
circular cone. If B is the angle at which the plane intersects the axis of the cone and 


take note 
If a plane intersects a cone at the 
vertex of the cone so that the 
resulting figure is a point, the point 
is called a degenerate ellipse. See 


the accompanying figure. 


Vertex 


Degenerate ellipse 


Figure 6.18 
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a is the angle shown in Figure 6.17, an ellipse is formed when a < B < 90°. If 
B = 90°, then a circle is formed. 


Axis 


Figure 6.17 


As was the case for a parabola, there is a definition for an ellipse in terms of a 
certain set of points in the plane. 


Definition of an Ellipse 


An ellipse is the set of all points in the plane the sum of whose distances 
from two fixed points (foci) is a positive constant. 


Equipped only with a piece of string and two tacks, we can use this definition 
to draw an ellipse (see Figure 6.18). Tack the ends of the string to the foci, and 
trace a curve with a pencil held tight against the string. The resulting curve is an 
ellipse. The positive constant mentioned in the definition of an ellipse is the length 
of the string. 


= Ellipses with Center at (0, 0) 


The graph of an ellipse has two axes of symmetry (see Figure 6.19). The longer axis 
is called the major axis. The foci of the ellipse are on the major axis. The shorter 
axis is called the minor axis. It is customary to denote the length of the major axis 
by 2a and the length of the minor axis by 2b. The center of the ellipse is the mid- 
point of the major axis. The endpoints of the major axis are the vertices (plural of 
vertex) of the ellipse. 

A semimajor axis of an ellipse is a line segment that connects the center point of 
the ellipse with a vertex. Its length is half the length of the major axis. A semiminor 
axis of an ellipse is a line segment that lies on the minor axis and connects the cen- 
ter point with a point on the ellipse. Its length is half the length of the minor axis. 
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Figure 6.19 Figure 6.20 


Consider the point V,(a, 0), which is one vertex of an ellipse, and the points 

B(c,0) and F,(—c,0), which are the foci of the ellipse shown in Figure 6.20. 

The distance from V, to F, is a + c. Similarly, the distance from V, to F is a — c. 

From the definition of an ellipse, the sum of the distances from any point on the 

Pey “1 ompse to the foci is a positive constant. By adding the expressions a + canda — c, 
we have 


(a+c)+(a-—c)=2a 


RY 


Now let P(x, y) be any point on the ellipse (see Figure 6.21). By using the defi- 
nition of an ellipse, we have 


Figure 6.21 d(P,F,) + d(P, FE) = 2a 
Viator ty + Ve = cP + = 2a 


Subtract the second radical from each side of the equation, and then square 
each side. 


[Vater + y?) = [2a - Vax — er + y?] 
(xtcP t+ y= 40 -4aV(x —cP + yt+(x-—cht+y¥ 
x24 2ex+ + y? = 40? — 4aV(x — cP Fy? +x? - 2x42 +7? 
Acx — 4a? = —4aV(x — cP? +? 
[-x +a) = lave — cP + yf + Divide by —4, and then 


square each side. 


ce =la0 +f =x = leer tee + ay 


—ax? + cx? - ay? = -a' + ac? ¢ Rewrite with x and y terms 
on the left side. 
Seo = ae =<) + Factor. 
—b°x* — ay? = —a°b? + Let b? = a? — c’. 
x2 y? 
—>+ P =] ¢ Divide each side by —a7b’. The 
a 


result is an equation of an ellipse 
with center at (0, 0). 
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Standard Forms of the Equation of an Ellipse 
with Center at the Origin 


(0, b) 


(a, 0) 


R 


(a, 0) 


(0, -b) 


a. Major axis on x-axis 


YA 
(0, a) 
(0, c) 
(b, 0) (, 0) x 
(0, -c) 
(0, -a) 


b. Major axis on y-axis 


Figure 6.22 


2 2: 
@ QuesTiION For the graph of - ae Se = 1, is the major axis on the x-axis or 


the y-axis? 


EXAMPLE 1 ) Find the Vertices and Foci of an Ellipse 


2 2 
Find the vertices and foci of the ellipse given by the equation = + 7 =1. 
Sketch the graph. 
Solution 


Because the y” term has the larger denominator, the major axis is on the 
y-axis. 
v=49 P=5 C=e0-P 
t=7 b=5 = 49 — 25 = 24 
c= V24 =2V6 


Continued > 


@ ANSWER Because 25 > 16, the major axis is on the y-axis. 
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(0,-7) 


wa 
25 49 
Figure 6.23 
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(0, 0) 


Figure 6.25 


RY 


RY 


The vertices are (0, 7) and (0, —7). The foci are (0, 2V6) and (0, -2V6). See 
Figure 6.23. 


An ellipse with foci (3,0) and (—3, 0) Yh 
and major axis of length 10 is shown in 5+ 


Figure 6.24. To find the equation of the ellipse 
in standard form, we must find a’ and b’. 
Because the foci are on the major axis, the 
major axis is on the x-axis. The length of the 
major axis is 2a. Thus 2a = 10. Solving for a, 
we have a = 5 and a* = 25. 

Because the foci are (3,0) and (—3,0) 
and the center of the ellipse is the midpoint 
between the two foci, the distance from the 
center of the ellipse to a focus is 3. Therefore, 


6,0) 


R 


c = 3. To find b*, use the equation x + y ai 
25 16 
Cee aera 972 
c= a =F Figure 6.24 
9=25- 
b> = 16 
; : . _ x y? 
The equation of the ellipse in standard form is 35 + i. 1. 


© Ellipses with Center at (h, k) 


The equation of an ellipse with center at (h,k) and with a horizontal or vertical 
major axis can be found by using a translation of coordinates. On a coordinate 
system with axes labeled x’ and y’, the standard form of the equation of an ellipse 
with center at the origin of the x'y'-coordinate system is 
1y2 1y)2 
ey 0, 
a b? 


Now place the origin of the x’y'-coordinate system at (H,k) in an xy-coordinate 
system. See Figure 6.25. 
The relationship between an ordered pair in the x'y'-coordinate system and 
one in the xy-coordinate system is given by the transformation equations 
x'=x-h 
y=y—k 
Substitute the expressions for x’ and y’ into the equation of an ellipse. The equa- 
tion of the ellipse with center at (i, k) is 


(x= hy? (y =k? _ 
a b° 


1 
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(h-a,k) f (h+a,k) 


oe 
Th (h-ob (h+c,k) The standard form of the equation of an ellipse with center at (,k) and 
major axis parallel to the x-axis (see Figure 6.26a) is given by 


(Cla) ae et te 


5 il, @=b 
a b 
a. Major axis parallel to x-axis 
The length of the major axis is 2a. The length of the minor axis is 2b. The 
mn coordinates of the vertices are (h + a,k) and (h — a,k), and the coordinates 
T (h, k+a) of the foci are (h + c,k) and (h — c,k), where c? = a? — 0’. 
1 ee 
The standard form of the equation of an ellipse with center at (,k) and 
4 major axis parallel to the y-axis (see Figure 6.26b) is given by 
(i,k) 
a h 2 saa k Bs 
| eae WE as, ree, 
aT x 
Tk) The length of the major axis is 2a. The length of the minor axis is 2b. The 
(h, k—a) coordinates of the vertices are (, k + a) and (h,k — a), and the coordinates 
b. Major axis parallel to y-axis of the foci are (i,k + c) and (h, k — c), where c? = a@? — 0’. 
Figure 6.26 
EXAMPLE 2 
Find the center, vertices, and foci of the ellipse 
Ax? + 9y? — 8x + 36y + 4 = 0. Sketch the graph. 
Write the equation of the ellipse in standard form by completing the square. 
i Ax? + 9y? — 8x + 36y + 4=0 
Ax* — 8x + 9y? + 36y = —4 
= A(x? — 2x) + 9(y? + 4y) = —4 
x 
A(x? — 2x +1) + %(y* + 4y + 4) =—-4+4+ 36 
V,(-2, -2) bf x @ 9V,(4,-2) A(x — 1)? + 9(y + 2) = 36 
, _ 4)2 +9) 
x ee 
F,(1 — \5, -2) F,(1+ 5, -2) 9 
: ‘ From the equation of the ellipse in standard form, the 
(x — 1) ; (y + 2) 1 Because the larger denominator is 9, the 
? 4 major axis is parallel to the x-axis and a* = 9. Thus a = 3. 
Figure 6.27 


Continued > 
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To find the coordinates of the foci, we find c. 
C=7-P=9-4=5 
c=V5 
The foci are (1 NS, —2) and (1 =e, —2). See Figure 6.27. 


A graphing utility can be used to graph an ellipse. For instance, consider the 
equation 4x? + 9y? — 8x + 36y + 4 = 0 from Example 2. Rewrite the 
equation as 

9y? + 36y + (4x7 — 8x + 4) =0 


In this form, the equation is a quadratic equation in terms of the variable y 
TO REVIEW 


with 
: A =9,B = 36,andC = 4x7 — 8x + 4 


Quadratic Formula 
See page 5. Apply the quadratic formula to produce 
—36 + V1296 — 36(4x7 — 8x + 4) 
a 18 


—36 + V1296 — 36(4x? — 8x + 4 
a + EO I the part of the 


ellipse on or above the line y = —2 (see Figure 6.28). 


The graph of Yi = 


— V1296 — 36(4x7 — 8x + 4 
36 — V1296 = x — 8x ds the part of the 


ellipse on or below the line y = —2, as shown in Figure 6.28. 


The graph of Y2= — 


-6 
Figure 6.28 
One advantage of this graphing procedure is that it does not require us to 


write the given equation in standard form. A disadvantage of the graphing 
procedure is that it does not indicate where the foci of the ellipse are located. 
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E Find the Equation of an Ellipse 


Find the standard form of the equation of the ellipse with center at (4, —2), 
foci F,(4, 1) and F,(4, —5), and minor axis of length 10, as shown in Figure 6.29. 


F,(4, 1) 
e 


Ry 


Solution 


Because the foci are on the major axis, the major axis is parallel to the 
y-axis. The distance from the center of the ellipse to a focus is c. The distance 
between the center (4, —2) and the focus (4, 1) is 3. Therefore, c = 3. 

The length of the minor axis is 2b. Thus 2b = 10 and b = 5. 

To find a*, use the equation c* = a? — b’. 


9=<a° — 25 
a = 34 


Figure 6.29 


Thus the equation in standard form is 


(x= 4y (y+ 2h _ 
25 34 


1 


© Eccentricity of an Ellipse 


The graph of an ellipse can be very long and thin, or it can be much like a circle. 
The eccentricity of an ellipse is a measure of its “roundness.” 


Eccentricity (e) of an Ellipse 


unlike a circle the ellipse is, and 


therefore the longer and thinner it 
is. A circle is also a conic section. 
Its standard form is given on 


page 25. 


Eccentricity = 0.87 
Figure 6.30 Figure 6.31 


Because c < a, for an ellipse, 0 < e < 1. When e ~ 0, the graph is almost a 
circle. When e ~ 1, the graph is long and thin. See Figure 6.31. 
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of an Elli 


EXAMPLE 4 Find the 


Find the eccentricity of the ellipse given by 8x” + 9y* = 18. 


Solution 
First, write the equation of the ellipse in standard form. Divide each side of 
the equation by 18. 
2 2 
ae a 
18 =18 
2 2 
a? yy 
9 2 
2 2 
a4 <aa te 
9/4 2 9 9/4 


The last step is necessary because the standard form of the equation has 
coefficients of 1 in the numerator. Thus 


9 3 
=. and a 


Use the equation c* = a’ — b’ to find c. 


9 | 1 1 
a, d = ,/—=— 
4 q Se Ne 2 
Now find the eccentricity. 
a ae 
e=- = ES 
a 3/2 3 
sd cae 
The eccentricity of the ellipse is re 
Mercury 0.206 
Venus 0.007 a Applications 
Earth 0.017 
Aisne 0.093 be) The planets travel around the sun in elliptical orbits. The sun is located at a 
; ~ focus of the orbit. The eccentricities of the orbits for the planets in our solar 
Jepiet a system are given in Table 6.1. 
Saturn 0.051 
Uranus 0.046 
Neptune 0.005 @ QUESTION Which planet has the most nearly circular orbit? 


@ ANSWER Neptune has the smallest eccentricity, so it is the planet with the most nearly 
circular orbit. 
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The terms perihelion and aphelion are used to denote the position of a planet in its 
orbit around the sun. The perihelion is the point nearest the sun; the aphelion is 
the point farthest from the sun. See Figure 6.32. The length of the semimajor axis of 
a planet's elliptical orbit is called the mean distance of the planet from the sun. 


} oe Perihelion ————— Aphelion ee 


me 4 


N 
e ee Center Planet oS 


}+—— Mean distance mera! 


Figure 6.32 


OR) Earth has a mean distance of 93 million miles and a perihelion distance 
~ of 91.5 million miles. Find an equation for Earth’s orbit. 
Solution 


A mean distance of 93 million miles implies that the length of the semi- 
major axis of the orbit is a = 93 million miles. Earth’s aphelion distance is 
the length of the major axis less the length of the perihelion distance. Thus 


Aphelion distance = 2(93) — 91.5 = 94.5 million miles 
The distance c from the sun to the center of Earth’s orbit is 
c = aphelion distance — 93 = 94.5 — 93 = 1.5 million miles 
The length b of the semiminor axis of the orbit is 
b= Va — 2 = V93? — 1.57 = V'8646.75 
An equation of Earth’s orbit is 


7 + ~ 
93° 8646.75 


Sound waves, although different from light waves, have a similar reflective 
property. When sound is reflected from a point P on a surface, the angle of inci- 
dence equals the angle of reflection. Applying this principle to a room with an 
elliptical ceiling results in what are called whispering galleries. These galleries are 
based on the following theorem. 
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a=B 
Figure 6.33 
Elliptical ceiling of a 
whispering gallery 


88 ft | 


Figure 6.34 


Reflective Property of an Ellipse 


The reflective property of an ellipse can be used to show that sound waves, or 
light waves, that emanate from one focus of an ellipse will be reflected to the other 
focus. 

The Statuary Hall in the Capitol Building in Washington, D.C., is a whisper- 
ing gallery. A person standing at one focus of the elliptical ceiling can whisper and 
be heard by a person standing at the other focus. John Quincy Adams, while a 
member of the House of Representatives, was aware of this acoustical phenome- 
non. He situated his desk at a focus of the elliptical ceiling, which allowed him to 
eavesdrop on the conversations of his political adversaries, who were located near 
the other focus. 


Ihienarinan GCallary 
fhispering Gallery 


A room 88 feet long is constructed to be a whispering gallery. The room has 
an elliptical ceiling, as shown in Figure 6.34. If the maximum height of the 
ceiling is 22 feet, determine where the foci are located. 


Solution 


The length a of the semimajor axis of the elliptical ceiling is 44 feet. The 
height b of the semiminor axis is 22 feet. Thus 

e=2-P 

c? = 44? — 22? 

c = V4 — 22? = 38.1 feet 


The foci are located about 38.1 feet from the center of the elliptical ceiling, 
along its major axis. 


Ag NY Topics for Discussion 


1. In every ellipse, the length of the semimajor axis a is greater than the length 
of the semiminor axis b and greater than the distance c from a focus to the cen- 
ter of the ellipse. Do you agree? Explain. 


2. How many vertices does an ellipse have? 


Every ellipse has two y-intercepts. Do you agree? Explain. 


4. Explain why the eccentricity of every ellipse is a number between 0 and 1. 


>) » Exercise Set 6.2 


6.2 
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1. Examine the following four equations and the graphs 
labeled i, ii, iii, and iv. Determine which graph is the 


graph of each equation. 


a (x+1P | (y — 2) 


9 1 
2: 2 
x _Yy 
ce —+<2=1 
4 9 
l 3.1 
-47 
3.1 
iii. 7.2 
CED) 
—9.4 
-5.2 


1 


. Examine the following four equations and the graphs 


labeled i, ii, iii, and iv. Determine which graph is the 


graph of each equation. 


: @=3P Wear 
. dl 4 
«, ka (y — 2 
, 25 16 
i. 3.1 
—4.7 
31 
iii. 51 
C(3, 2) 
0 
-1.1 


1 


1 


4.7 


9.4 


In Exercises 3 to 34, find the center, vertices, and foci of the 
ellipse given by each equation. Sketch the graph. 


3. 
x2 y° 
+5 =1 
B 16 4 
5. 
Hy y—2y 
. + 1 
q 9 16 
7. 
ii 3.1 
9. 
Shy 47 
-3.1 11. 
iv. 4.6 13. 
GE) 
-47 4.7 15. 
-1.6 
17. 
19. 
r¥ 21. 
.—t+2=1 
? 9 4 
23. 
x2 y’ 
.-+4=1 
at 6 25. 
Tr a 26. 
27. 
9.4 9.4 
)) 28. 
“Re 29. 
iv. 8.2 30. 
C(3, 2) 
31. 
-9.4 9.4 
32. 


2: 2) 2 2 
~ 42-1 447-1 
16 25 49 36 
x2 y’ x y’ 
—~+4= -ot+=1 
ca B64 35 
x2 2 x2 y’ 
—+4= .>4+4=1 
ae a ae 
Ax? y’ x2 Oy? 
—+5=1 10. —+—-=1 
9 16 OG ae 
— 2/2 2 4 3)2 + 1) 
(x= 3) (y + 2y a2, @ +5 yt _, 
25 16 9 16 
(x+ 2% ¥? x (y- 2 
= +2=1 14, — +4 =1 
9 25 25 81 
—1P _ 2)\2 2 _ 2)2 
= 1" y=3) cg ty 
21 4 9 7 
= 2 ae 2 + 2. 2 
ax = 1, (y+) 24 1g, & 6) 25y" 4 
16 9 25 144 
3x? + 4y? = 12 20. 5x? + 4y? = 20 
25x? + 16y* = 400 )) 22. 25x? + 12y? = 300 
64x? + 25y? = 400 24. 9x? + 64y? = 144 
4x? + y*? — 24x — 8y + 48 =0 
x? + 9y? + 6x — 36y + 36 = 0 


5x? + 9y? — 20x + 54y + 56 = 0 


9x? + 16y? + 36x — 16y — 104 = 0 


16x? 
16x? 
25x? 


16x? 


80 = 0 


+ 9y? + 36y — 108 = 0 


16y? + 50x — 32y — 359 =0 


+ 9y? — 64x — 54y +1 =0 
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33. 


34. 


2 2 1 1 
8x" + 25y° — 48x + 50y + 47 = 0 y 50 


Ax? + 9y? + 24x + 18y + 44=0 


51. 


In Exercises 35 to 46, find the equation in standard form of 


each ellipse, given the information provided. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


45. 


46. 


Center (0,0), major axis of length 10, foci at (4,0) and 
(—4, 0) 53 


Center (0,0), minor axis of length 6, foci at (0,4) and 
(0, —4) 


Vertices (6, 0), (—6, 0); ellipse passes through (0, —4) and 
(0, 4) 


Vertices (7,0), (—7,0); ellipse passes through (0,5) and 55. 


(0, =5) 


Major axis of length 12 on the x-axis, center at (0, 0); 
ellipse passes through (2, —3) 


Major axis of length 8, center at (0,0); ellipse passes 
through (—2, 2) 


Center (—2, 4), vertices (—6, 4) and (2, 4), foci at (—5, 4) 
and (1, 4) 


Center (0,3), minor axis of length 4, foci at (0,0) and 
(0, 6) 


. Center (2,4), major axis parallel to the y-axis and of 


length 10; ellipse passes through the point (3, 3) 


. Center (—4, 1), minor axis parallel to the y-axis and of 


length 8; ellipse passes through the point (0, 4) 
Vertices (5, 6) and (5, —4), foci at (5, 4) and (5, —2) 


Vertices (—7, —1) and (5, —1), foci at (—5, —1) and (3, —1) 


In Exercises 47 to 54, use the eccentricity of each ellipse to 56 
find its equation in standard form. 


47. 


48. 


49. 


2 
Eccentricity 5! major axis on the x-axis and of length 10, 


center at (0, 0) 


3 
Eccentricity V foci at (9, 0) and (—9, 0) 


2 
Foci at (0, —4) and (0, 4), eccentricity 3 


52. 


54. 


. CONSTRUCTION A circular 


1 
. Foci at (0, —3) and (0, 3), eccentricity rs 


2 
Eccentricity 5" foci at (—1, 3) and (3, 3) 


1 
Eccentricity a foci at (—2, 4) and (—2, —2) 


2 
. Eccentricity 3° major axis of length 24 on the y-axis, center 


at (0, 0) 


sec F ; F 
Eccentricity 5’ major axis of length 15 on the x-axis, center 


at (0, 0) 


Be MEDICINE A lithotripter is an instrument used to 
remove a kidney stone in a patient without having 
to do surgery. A high-frequency sound wave is emitted 
from a source that is located at the focus of an ellipse. The 
patient is placed so that the kidney stone is located at the 
other focus of the ellipse. If the equation of the ellipse is 
2 2 
sue + a = 1 (x and y are measured in centimeters), 
where, to the nearest centimeter, should the patient’s 
kidney stone be placed so that the reflected sound hits 
the kidney stone? 


Ultrasound 
emitter 


Elliptic 7 
reflector 


vent pipe is placed on a 
roof that has a slope of 
4 

57 as shown in the figure 
at the right. 


a. Use the slope to find 
the value of h. 


b. The intersection of the 
vent pipe and the roof 


57. 


59. 


>) 60. 


. 


is an ellipse. To the nearest hundredth of an inch, what are 
the lengths of the major and minor axes? 


c. Find an equation of the ellipse that should be cut from 
the roof so that the pipe will fit. 

bo) THE ORBIT OF SATURN The distance from Saturn to 
* the sun at Saturn’s aphelion is 934.34 million miles, 

and the distance from Saturn to the sun at its perihelion is 


835.14 million miles. Find an equation for the orbit of 
Saturn. 


934.34 million 
miles 


THE ORBIT OF VENUS Venus has a mean distance 
from the sun of 67.08 million miles, and the distance 
from Venus to the sun at its aphelion is 67.58 million 
miles. Find an equation for the orbit of Venus. 


WHISPERING GALLERY An architect wishes to design a 
large room that will be a whispering gallery. The ceiling of 
the room has a cross section that is an ellipse, as shown in 
the following figure. 


Elliptical ceiling of a 
whispering gallery 


+ 100 ft | 


How far to the right and left of center are the foci 
located? 


WHISPERING GALLERY An architect wishes to design a 
large room 100 feet long that will be a whispering gallery. 
The ceiling of the room has a cross section that is an 
ellipse, as shown in the following figure. 


61. 


® 
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Elliptical ceiling of a 
whispering gallery 


YA 


If the foci are to be located 32 feet to the right and the left 
of center, find the height h of the elliptical ceiling (to the 


nearest tenth of a foot). 
jo) HALLEY’S COMET Find the equation of the path of 
* Halley’s comet in astronomical units by letting one 
focus (the sun) be at the origin and letting the other focus 
be on the positive x-axis. The length of the major axis of 
the orbit of Halley’s comet is approximately 36 astronom- 
ical units (36 AU), and the length of the minor axis is 9 AU 
(1 AU = 92,960,000 miles). 


ELLIPTICAL POOL TABLE A pool table in the shape of 
an ellipse has only one pocket, which is located at a 
focus of the ellipse. A cue ball is placed at the other focus 
of the ellipse. Striking the cue ball firmly in any direction 
causes it to go into the pocket (assuming no side or back 
spin is introduced to the motion of the cue ball). Explain 
why this happens. 
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63. BRIDGE CLEARANCE During the 1960s, the London Bridge 
was dismantled and shipped to Lake Havasu City, 
Arizona, where it was reconstructed. Use the following 
diagram of an arch of the bridge to determine the vertical 
distance h from the water to the arch 55 feet to the right of 
point O, which is the center of the semielliptical arch. The 
distance from O to the water is 1 foot. Round to the near- 
est foot. 


kk 150 ft >| 


64. ELLIPTICAL GEARS The figure below shows two elliptical 
gears. Search the Internet for an animation that demon- 
strates the motion of an elliptical gear that is driven by 
another elliptical gear rotating at a constant speed. 
Explain what happens to the gear on the left as the gear on 
the right rotates once at a constant angular speed. 


Source: http://www:stirlingsouth.com/richard / 
develop/engines_under_development.htm 


»»» Connecting Concepts» 
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65. CONSTRUCTION A carpenter needs to cut a semielliptical 
form from a 3-foot by 8-foot sheet of plywood, as shown 
in the following diagram. 


a. Where should the carpenter place the push pins? 


b. How long is the string that connects the push pins? 


|«—— 4 ff ——-+| 


i 8 ft >| 


66. « » OrBIT OF MARS Mars travels around the sun in an 
— elliptical orbit with the sun located at a focus of the 
orbit. The orbit has a major axis of 3.04 AU and a minor 
axis of 2.99 AU. (1 AU is 1 astronomical unit, or approxi- 
mately 92,960,000 miles, the average distance of Earth 
from the sun.) Estimate, to the nearest million miles, the 
perimeter of the orbit of Mars. [Note: The approximate 
perimeter of an ellipse with semimajor axis a and semi- 


minor axis b is P = 7 V2(a? + b*).] 


In Exercises 67 to 69, use the quadratic formula to solve 
=| for yin terms of x. Then use a graphing utility to graph 
each equation. 


67. 16x* + 9y? + 36y — 108 = 0 


68. 8x? + 25y? — 48x + 50y + 47 =0 


69. 4x? 


70. Explain why the graph of 4x* + 9y — 16x — 2 = Ois or is 
not an ellipse. Sketch the graph of this equation. 


In Exercises 71 to 74, find the equation in standard form of 
each ellipse by using the definition of an ellipse. 


71. Find the equation of the ellipse with foci at (—3,0) and 


9 
(3, 0) that passes through the point | 3, a} 


72. Find the equation of the ellipse with foci at (0,4) and 
9 
(0, —4) that passes through the point 5° 4). 


73. Find the equation of the ellipse with foci at (—1,2) and 
(3, 2) that passes through the point (3, 5). 


74. Find the equation of the ellipse with foci at (—1,1) and 
(—1, 7) that passes through the point =, 1). 


In Exercises 75 and 76, find the latus rectum of the given 
ellipse. A line segment with endpoints on the ellipse that is 
perpendicular to the major axis and passes through a focus 
is a latus rectum of the ellipse. 


Latus rectum 


75. 


76. 


77. 


78. 
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Find the length of a latus rectum of the ellipse given by 
@=1) (rr iy 
9 "16 


1 


Find the length of a latus rectum of the ellipse given by 
9x? + 16y* — 36x + 9%6y + 36 =0 


Show that for any ellipse, the length of a latus rectum 


_ 2b’ 
is —. 
a 


Use the definition of an ellipse to find the equation of an 
ellipse with center at (0, 0) and foci at (0, c) and (0, —c). 


1. KKEPLER’S LAWS The German astronomer Johannes 
Sy Kepler (1571-1630) derived three laws that 
describe how the planets orbit the sun. Write an essay that 
includes biographical information about Kepler and a 
statement of Kepler’s Laws. In addition, use Kepler’s 
Laws to answer the following questions. 


a. Where is a planet located in its orbit around the sun 
when it achieves its greatest velocity? 


b. What is the period of Mars if it has a mean distance 
from the sun of 1.52 astronomical units? (Hint: Use 
Earth as a reference with a period of 1 year and a mean 
distance from the sun of 1 astronomical unit.) 


2. NEPTUNE The position of the planet Neptune was 

discovered by using celestial mechanics and 

mathematics. Write an essay that tells how, when, and by 
whom Neptune was discovered. 


. (Az) GrapH THE COLOssEUM Some of the Colosseum 
scenes in the movie Gladiator (Universal Studios, 
2000) were computer-generated. 


: -weceeecea 


nnn Sr aaaeat nn 


a. You can create a simple but accurate scale image of the 
exterior of the Colosseum by using a computer and 
the mathematics software program Maple. Open a 
new Maple worksheet and enter the following two 
commands. 


with(plots); 

plots[implicitplot3d]((x%2) /(307.5%2)+(y%2) /(255%2)= 
1, x= -310..310, y= -260..260, z=0..157, 
scaling=CONSTRAINED, style=PATCHNOGRID, 
axes=FRAMED); 


Execute each of the commands by placing the cursor in 


a command and pressing the |ENTER| key. After 


execution of the second command, a three-dimensional 
graph will appear. Click and drag on the graph to 
rotate the image. 


b. A graphing calculator can also be used to generate a 
simple “graph” of the exterior of the Colosseum. Here 
is a procedure for the TI-83/TI-83 Plus/TI-84 Plus 
graphing calculator. 

Enter the following in the WINDOW menu. 


Xmin=-4.7. Xmax=4.7 Xscl=l Ymin=—Y 
Ymax=9 Yscl=1 


Enter the following equations in the Y= menu. 
YieV (9-X7} Y2=¥44 Y3=-Yi Yu=Y3+4 
Press: QUIT (2nd MODE) 


Enter: Shade(Y3,Yu) and press ENTER. 
Note: “Shade(” is in the DRAW menu. 


Explain why this “Colosseum graph” appears to 

be constructed with ellipses even though the 
functions entered in the Y= menu are the equations of 
semicircles. 
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Hyperbolas 


Prepare for this section by completing the following exercises. The answers can be 
found on page A27. 


PS1. Find the midpoint and the length of the line segment between P,(4, —3) and 
P,(—2, 1). [1.2] 


PS2. Solve: (x — 1)(x + 3) =5 [1.1] 
PS3. Simplif ee 
Ag 


PS4. Complete the square of 4x? + 24x and write the result as the square of a binomial. [1.2] 


2 2 


PS5. Solve — — 4 = 1 for y. [1.2] 
4 9 

ps Geo eg [6.2] 
[ Hake note | Ahyperbola is a conic section formed 
ao when a plane intersects a right circular 
If a plane intersects a cone along cone at a certain angle. If B is the angle 
the axis of the cone, the resulting at which the plane intersects the axis 
curve is two intersecting straight of the cone and a is the angle shown in 


Figure 6.35, a hyperbola is formed 
when 0° < B < a or when the plane is 
parallel to the axis of the cone. 


lines. This is the degenerate form of 


a hyperbola. See the accompanying 


ngure, As with the other conic sections, 

there is a definition of a hyperbola in 

terms of a certain set of points in the 

plane. 

I 
Figure 6.35 
Definition of a Hyperbola 
A hyperbola is the set of all points in the plane the difference between whose 
distances from two fixed points (foci) is a positive constant. 
Degenerate hyperbola 


This definition differs from that of an ellipse in that the ellipse was defined in 
terms of the sum of two distances, whereas the hyperbola is defined in terms of the 
difference of two distances. 
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Conjugate , y = Hyperbolas with Center at (0, 0) 
axis | 
The of a hyperbola shown in Figure 6.36 is the line segment joining 
8) the intercepts. The midpoint of the transverse axis is called the of the 
Tansee V,(a, 0) hyperbola. The cor is a line segment that passes through the center of 
_ a y vA the hyperbola and is perpendicular to the transverse axis. 
F,(-c, 0) x The length of the transverse axis is customarily represented as 2a, and the 


distance between the two foci is represented as 2c. The length of the conjugate axis 
is represented as 2b. 

The of a hyperbola are the points where the hyperbola intersects the 
transverse axis. 

To determine the positive constant stated in the definition of a hyperbola, 


V,(-a, 0) 


Figure 6.36 consider the point V,(a,0), which is one vertex of a hyperbola, and the points 
F(c,0) and F,(—c,0), which are the foci of the hyperbola (see Figure 6.37). 
v4 The difference between the distance from V,(a,0) to F(c,0), c — a, and the 


distance from V,(a, 0) to F,(—c, 0), c + a, must be a constant. By subtracting these 
distances, we find 


c-a \(c — a) — (c + a)| = |—2al = 2a 


/ 
‘ - Thus the constant is 2a, and it is the length of the transverse axis. The absolute 
eh File 0) value is used to ensure that the distance is a positive number. 


Standard Forms of the Equation of a Hyperbola 
with Center at the Origin 


Fi .37 7 i 
igure 6.3 Transverse Axis on the x-Axis 


(-a, 0) (a,0) 
on ig 


(-¢, 0) (c,0)  * 


Transverse Axis on the y-Axis 


a. Transverse axis on the x-axis 


y 
(0, c) 


(0, a) 


(0, -a) 


(0, -c) 


b. Transverse axis on the y-axis 


. By looking at the equations, it is possible to determine the location of the 
Figure 6.38 


transverse axis by finding which term in the equation is positive. When the x? 
term is positive, the transverse axis is on the x-axis. When the y’ term is positive, 
the transverse axis is on the y-axis. 
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2 
@ QUESTION For the graph of o = 


or the y-axis? 


‘Ss 
i 1, is the transverse axis on the x-axis 


x? 2 
Consider the hyperbola given by the equatio: rar S = 1. Because the x? 
term is positive, the transverse axis is on the x-axis, a” = 16, and thus a = 4. The 


vertices are (4, 0) and (—4, 0). To find the foci, we determine c. 


C=074+0=164+9=25 


“oT c=V25=5 
‘ , The foci are (5, 0) and (—5, 0). The graph is shown in Figure 6.39. 
ane SOs | Each hyperbola has two asymptotes that pass through the center of the 
16 9 hyperbola. The asymptotes of the hyperbola are a useful guide to sketching 
Figure 6.39 the graph of the hyperbola. 


Asymptotes of a Hyperbola with Center at the Origin 


x? oy? y2 x2 
a. Asymptotes of 2 1 b. Asymptotes of 2 1 
Figure 6.40 


One method for remembering the equations of the asymptotes is to write the 
equation of a hyperbola in standard form, then replace 1 by 0 and solve for y. 


2 2 2 
x _Y 
—+5=0 so y= >x,ory=+—x 
a b? y ia ’ Y a 
2 2: 2 
¥-~=0 so y? “x ory=+—x 
a b? b 


@ ANSWER Because the y*-term is positive, the transverse axis is on the y-axis. 


Ds Ot 
9 4 : 
Figure 6.41 
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Find the vertices, foci, and asymptotes of the hyperbola given by the 
2 


2 
equation 2 = a = 1. Sketch the graph. 
Solution 


Because the y’ term is positive, the transverse axis is on the y-axis. We know 
that a? = 9; thus a = 3. The vertices are V;(0, 3) and V,(0, —3). 


C=74+P=9+4 
c=V13 


The foci are F(0, V13) and F0, -~V73). 
Because a = 3 and b = 2 (b’ = 4), the equations of the asymptotes are 
ue Wee 3 
y= yxand y ha 
To sketch the graph, we draw a rectangle that has its center at the origin 
and has dimensions equal to the lengths of the transverse and conjugate 
axes. The asymptotes are extensions of the diagonals of the rectangle. See 
Figure 6.41. 


™ Hyperbolas with Center at (h, k) 


Using a translation of coordinates similar to that used for ellipses, we can write 
the equation of a hyperbola with center at the point (i,k). Given coordinate axes 
labeled x’ and y’, an equation of a hyperbola with center at the origin is 


GY (y’¥ _ 
a b? t (1) 


Now place the origin of this coordinate system at the point (h,k) of the 
xy-coordinate system, as shown in Figure 6.42. The relationship between an 
ordered pair in the x'y'-coordinate system and one in the xy-coordinate system is 
given by the transformation equations 


x'=x—h ay y's 
Yayo k 
Substitute the expressions for x’ and y’ into 
Equation (1). The equation of a hyperbola with 
center at (h, k) is 
(xh) (y= 
eo BP 


id 


(h, k) 
sd 


1 


Figure 6.42 
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7 
\ “ [ V(h+a,k) 
“Eng p> 

ae, 


Fi(i-c,k) @ oA @ F(h+c,k) 
* % 
7 % 
rs \ 
7 4 
Zz % 
V ‘ 
7 x - 
7 \ x 
if \ 
7 q 
if 
4 


b x 
Yoko) 


a. Transverse axis parallel to the x-axis 


N 7 
S ae 
Ss Eee) i 
x 7 
\ Ps 
\ 7 
is # 
* an 
V.(h, k +a) . - 
eee ie ¥ jh ey 
(h, Kw y=k b (x —h) 
Vi(h, ka) Pats 
mi 
€ Sy 
Z| BS oe 
7 ™ x 
ee e <n 
ah F(h, k-c) a 
eB Ng 


y-k=—F(x-h) 


b. Transverse axis parallel to the y-axis 
Figure 6.43 


in Analytic Geometry 


The standard form of the equation of a hyperbola with center at (h, k) and 
transverse axis parallel to the x-axis (see Figure 6.43a) is given by 
GS ht VY Sh: 
e BF. 


The coordinates of the vertices are V;(i + a,k) and V,(h — a,k). The 
coordinates of the foci are F,(h + c,k) and E(h — c,k), where c? = a* + b?. 


1 


b 
The equations of the asymptotes are y — k = ae = (A). 


The standard form of the equation of a hyperbola with center at (h, k) and 
transverse axis parallel to the y-axis (see Figure 6.43b) is given by 


(ya ke rh) 

ae ae, 
The coordinates of the vertices are V,(h,k + a) and V,(h, k — a). The 
coordinates of the foci are F,(h, k + c) and E,(h, k — c), where c? = a* + b?. 


The equations of the asymptotes are y — k = + : (oe = 10). 


EXAMPLE 2 


Find the center, vertices, foci, and asymptotes of the hyperbola given by the 
equation 4x* — 9y? — 16x + 54y — 29 = 0. Sketch the graph. 


Write the equation of the hyperbola in standard form by completing the 
square. 
Ax” — 9y? — 16x + 54y — 29 =0 
Ax? — 16x — 9y? + 54y = 29 
A(x? — 4x) — 9(y* — 6y) = 29 
A(x? — 4x + 4) — 9(y* — 6y + 9) = 29 + 16 — 81 


A(x — 2)? — 9(y — 3)? = -36 
(Var. (=o 


1 
4 9 


YA 


8 eo 
F,(2,3 + 13) 
e 


Me 
To ie ‘e tay 
4 V2, 1) “ee 


——. 
F,(2, 3 - ¥13) 
2 as 


(y= 


SP _ = 2/ 


4 


9 
Figure 6.44 
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The coordinates of the center are (2, 3). Because the term containing (y — 3) 
is positive, the transverse axis is parallel to the y-axis. We know that a* = 4; 
thus a = 2. The vertices are (2,5) and (2,1). See Figure 6.44. To find the 
coordinates of the foci, we find c. 


C=7+P=44+9 
c=V13 
The foci are (2,3 + V13) and (2,3 — 13). We know that b? = 9; thus 


2 
b = 3. The equations of the asymptotes are y — 3 = (2) (x — 2), which 
simplifies to 

2,13 

3 


A graphing utility can be used to graph a hyperbola. For instance, consider 
the equation 4x? — 9y* — 16x + 54y — 29 = 0 from Example 2. Rewrite the 
equation as 
—9y* + 54y + (4x? — 16x — 29) =0 
In this form, the equation is a quadratic equation in terms of the variable y 
with 
A= —9,B =54,and C = 4x? — 16x — 29 


Apply the quadratic formula to produce 
_ —54 + V2916 + 36(4x? — 16x — 29) 


—18 


—54 + V2916 + 36(4x7 — 16x — 29) 
—18 
branch of the hyperbola (see Figure 6.45). 


—54 — V2916 + 36(4x7 — 16x — 29) 
—18 
branch of the hyperbola, as shown in Figure 6.45. 
One advantage of this graphing 
procedure is that it does not require us to 
write the given equation in standard form. 
A disadvantage of the graphing procedure 
is that it does not indicate where the foci of 
the hyperbola are located. 


The graph of Y1 = is the upper 


The graph of Y2 = is the lower 


Figure 6.45 
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é= 2.23 


Figure 6.46 
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e=141 


=11 


e=1.03 


x2 y 
16 20 
Figure 6.47 


®" Eccentricity of a Hyperbola 


The graph of a hyperbola can be very wide or very narrow. The eccentricity of a 
hyperbola is a measure of its “wideness.” 


Definition of the Eccentricity (e) of a Hyperbola 


The eccentricity e of a hyperbola is the ratio of c to a, where c is the distance 
from the center to a focus and a is half the length of the transverse axis. 


C= = 
a 


For a hyperbola, c > a and therefore e > 1. As the eccentricity of the hyperbola 
increases, the graph becomes wider and wider, as shown in Figure 6.46. 


Find the standard form of the equation of the hyperbola that has eccentricity 


3 
57 center at the origin, and a focus at (6, 0). 


Solution 


Because the focus is located at (6, 0) and the center is at the origin, c = 6. An 
extension of the transverse axis contains the foci, so the transverse axis is on 
the x-axis. 


8 
2 a 
3 6 : 
_ oS ¢ Substitute 6 for c. 
2 a 
a=4 + Solve for a. 
To find b*, use the equation c* = a’ + b’ and the values for c and a. 
C=7+h 
36 = 16+)? 
b? = 20 
: x? y 
The equation of the hyperbola is a a 1. See Figure 6.47. 


©" Applications 


Orbits of Comets In Section 6.2 we noted that the orbits of the planets are ellip- 
tical. Some comets have elliptical orbits also, the most notable being Halley’s 
comet, whose eccentricity is 0.97. See Figure 6.48. 


te hay ITSO 


Caroline Herschel (1750-1848) 
became interested in mathe- 
matics and astronomy after her 
brother William discovered the 
planet Uranus. She was the first 
woman to receive credit for the 
discovery of a comet. In fact, 
between 1786 and 1797, she 
discovered eight comets. In 1828 
she completed a catalog of over 
2000 nebulae, a feat for which 
the Royal Astronomical Society 
of England presented her with 
its prestigious gold medal. 


Figure 6.50 
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Orbit of 
Halley's 


Saturn 


Not drawn to scale. 


Figure 6.48 


Other comets have hyperbolic orbits with the sun at a focus. These comets 
pass by the sun only once. The velocity of a comet determines whether its orbit is 
elliptical or hyperbolic. 


Hyperbolas as an Aid to Navigation Consider two radio transmitters, T; and 1), 
placed some distance apart. A ship with electronic equipment measures the 
difference between the times it takes signals from the transmitters to reach the ship. 
Because the difference between the times is proportional to the difference between 
the distances of the ship from the transmitters, the ship must be located on the 
hyperbola with foci at the two transmitters. 

Using a third transmitter, T;, we can find a second hyperbola with foci T, 
and T;. The ship lies on the intersection of the two hyperbolas, as shown in 
Figure 6.49. 


Figure 6.49 


Two radio transmitters are positioned along a coastline, 500 miles apart. See 
Figure 6.50. Using a LORAN (LOng RAnge Navigation) system, a ship 
determines that a radio signal from transmitter T; reaches the ship 

1600 microseconds before it receives a simultaneous signal from transmitter T). 


a. Find an equation of a hyperbola (with foci located at T; and T,) on which 
the ship lies. See Figure 6.50. (Assume the radio signals travel at 0.186 mile 
per microsecond.) 


b. If the ship is directly north of transmitter T,, determine how far (to the 
nearest mile) the ship is from the transmitter. 
Continued > 
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Solution 


a. The ship lies on a hyperbola at point B, with foci at T, and T,. The 


difference of the distances d(T, B) and d(T,, B) is given by 


Distance = rate X time 
= 0.186 mile/microsecond X 1600 microseconds 
= 297.6 mile 
This indicates that the ship is located on a hyperbola with transverse 
axis of length 297.6 miles. Thus 2a = 297.6 miles and a = 148.8 miles. 


Figure 6.50 shows that the foci are located at (250, 0) and (—250, 0). 
Thus c = 250 miles, and 


b = Vc? — a? = V2507 — 148.8? ~ 200.9 miles 


The ship is located on the hyperbola given by 


Pe 7 y? - 
148.8? 200.97 


b. If the ship is directly north of T;, then x = 250, and the distance from the 


ship to the transmitter T, is y, where 


__¥ _., _ BF 
200.97 148.87 
200.9 
= — 2 _ 82 = i 
Y = Tag 8 V250* — 148.8* ~ 271 miles 


The ship is about 271 miles north of transmitter T. 


Hyperbolas also have a reflective property that makes them useful in many 


applications. 


Reflective Property of a Hyperbola 


Ag \ Topics for Discussion 


1, 


In every hyperbola, the distance c from a focus to the center of the hyperbola 
is greater than half the length of the transverse axis. Do you agree? Explain. 


How many vertices does a hyperbola have? 
Explain why the eccentricity of every hyperbola is a number greater than 1. 


Is the conjugate axis of a hyperbola perpendicular to the transverse axis of the 
hyperbola? 
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)) Exercise Set 6.3 


1. Examine the following four equations and the graphs In Exercises 3 to 28, find the center, vertices, foci, and 
labeled i, ii, iii, and iv. Determine which graph is the asymptotes for the hyperbola given by each equation. Graph 
graph of each equation. each equation. 

2 2: 2 2 
x-1P (y-2) ev ¥ a a 4, = Le} 
a = yas ane. 16 25 16 9 
2 2 2 2 
yx (yaa) =a) yy x? , Ye. ee 
ce —-—=]1 d. 1 .—-==1 { ao = I 
4. 9 4 9 5 25 MD 6 35 36 
! 6.2 ii. 6.2 2 2 2 2 
a | a | 
7 9 5 64 
-9.4 94 -9.4 9.4 
4x2 y? x2 oy” 
9.—-+=1 10. —-=+=1 
9 16 9 16 
-6.2 6.2 
= 2 = 2 + 2 2 
(eg: ig 
iii. 8.2 iv. 8.2 16 9 25 4 
vt gree, yy GS 
ea ‘ aa ae ee los + 16 36 49 
+ 2. 2, 2 = Oa 
5 42 a5, @ 12" _ 4 _y 16. % — YF 
9 25 25 81 


2. Examine the following four equations and the graphs 
labeled i, ii, iii, and iv. Determine which graph is the 17. 
graph of each equation. 


Ax-1P (y+1yP_ 
16 9 


1 


eo (y+? _@-4P ig 
a. 23> = 1 b. 1 . 
2 4 9 36 _ — 
— 4) 2 2 
oe aad ee wee, 
36 9 4 


20. 4x? — y? = 16 
. 16y? — 9x? = 144 


94 22. Sy? — 25x? = 225 


i 
a 
i 
e 
Qa 
= 
a= 
| 
= 
2 
a 
N 
nS 
| = 
xo 
iS 
a 
iy 
N Nh 
eo —_= 


. 9y? — 36x7 = 4 


i 
ca 
Q 

| 

a 
iv 


24. 16x? — 25y? = 9 
iii. 6.2 iv. 


a 
N 


I 
a ‘ 
Q 

De 

gS 


25. x° — y*> — 6x + BY —-3 =0 


“ae a “ae B84 96. 4x? — 25y? + 16x + 50y — 109 =0 


-1) 


27. 9x? — 4y? + 36x — 8y + 68 =0 


)) 28. 16x? — 9y? — 32x — 54y + 79 =0 
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In Exercises 29 to 34, use the quadratic formula to solve 48. Passing through (6, 1), slope of an asymptote 2, center 
for y in terms of x. Then use a graphing utility (3, 3), transverse axis parallel to the x-axis 


to graph each equation. 


29. 


30. 


31. 


32. 


33. 


34. 


2 Do if i 1 
4x" — yo + 32x + by + 39 =0 In Exercises 49 to 54, use the eccentricity to find the equation 


in standard form of each hyperbola. 


x? — 1l6y? + 8x — 64y + 16 =0 
49. Vertices (1, 6) and (1, 8), eccentricity 2 


9x? — 16y? — 36x — 64y + 116 = 0 


. . a) 
2x? — 9y? + 12x — 18y + 18 =0 y) 50. Vertices (2, 3) and (—2, 3), eccentricity 


4x* — 9y? + 8x — 18y — 6 =0 51. Eccentricity 2, foci (4, 0) and (—4, 0) 


2x* — 9y* — 8x + 36y — 46 = 0 


4 
52. Eccentricity 3° foci (0, 6) and (0, —6) 


In Exercises 35 to 48, find the equation in standard form of 53. Center (4, 1), conjugate axis of length 4, eccentricity 4 

the hyperbola that satisfies the stated conditions. (Hint Fe : i. ' : 3 
int: There are two answers. 

35. Vertices (3,0) and (—3, 0), foci (4, 0) and (—4, 0) 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


54. Center (—3, —3), conjugate axis of length 6, eccentricity 2 


Vertices (0,2) and (0, —2), foci (0,3) and (0, —3) (Finis there area answers) 


Foci (0, 5) and (0, —5), asymptotes y = 2x and 


f= oy 55. LORAN Two radio transmitters are positioned along the 


coast, 250 miles apart. A signal is sent simultaneously 
from each transmitter. The signal from transmitter T, is 
received by a ship’s LORAN 500 microseconds after the 
ship receives the signal from T,. The radio signals travel 
at 0.186 mile per microsecond. 


Foci (4, 0) and (—4, 0), asymptotes y = x and 
y=-x 


Vertices (0,3) and (0, —3), passing through (2, 4) 
a. Find an equation of a hyperbola, with foci at T; and 


Vertices (5,0) and (—5, 0), passing through (—1, 3) T,, on which the ship is located. 
A eel ee 1 . 4) and b. If the ship is 100 miles east of the y-axis, determine its 
ayes ge a vertices (0, 4) an distance from the coastline (to the nearest mile). 


(0, —4) 


2 2 
Asymptotes y = 3° and y = — 3 vertices (6, 0) and 
(-6, 0) 
Vertices (6, 3) and (2, 3), foci (7,3) and (1, 3) 


Vertices (—1,5) and (—1, —1), foci (—1, 7) and (—1, —3) 


5 
Foci (1, —2) and (7, —2), slope of an asymptote 7G 


Foci (—3, —6) and (—3, —2), slope of an asymptote 1 


Passing through (9, 4), slope of an asymptote 7 center y) 56. LORAN Two radio transmitters are positioned along the 
2 coast, 300 miles apart. A signal is sent simultaneously 


(7, 2), transverse axis parallel to the y-axis from each transmitter. The signal from transmitter T, is 


57. 


58. 


received by a ship’s LORAN 800 microseconds after the 
ship receives the signal from T,. The radio signals travel 
at 0.186 mile per microsecond. 


a. Find an equation of a hyperbola, with foci at T; and 
T,, on which the ship is located. 


b. If the ship continues to travel so that the difference of 
800 microseconds is maintained, determine the point at 
which the ship will reach the coastline. 


~~) Sonic Booms When a plane exceeds the speed of 
* sound, a sonic boom is produced by the wake of the 
sound waves. For a plane flying at 10,000 feet, the circular 
wave front can be given by 


y? = x? + (z — 10,000)? 
where z is the height of the wave front above Earth. 


See the diagram below. Note that the xy-plane is Earth’s 
surface, which is approximately flat over small distances. 


Find and name the equation formed when the wave front 
hits Earth. 


COOLING TOWER A vertical cross section of a cooling tower 
is a portion of a hyperbola, as shown in the following 
diagram. The standard form of the equation of the hyper- 
bolic cross section is 


x? (y — 220)? 
80? 180? 


1,0<y = 380 
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where x and y are measured in feet. The horizontal cross 
sections of the tower are circles. 


a. Find the radius of the top and the base of the tower. 
Round to the nearest foot. 


b. What is the smallest radius of a horizontal cross 
section? 


59. HYPERBOLIC GEAR The following diagram shows a cylin- 
drical worm gear driving a hyperbolic gear. 


hyperbolic gear 


Ny 
RARER 


Source: http://www.zakgear.com/Wormoid.html 


A center vertical cross section of the hyperbolic gear is 
shown below. The dimensions given are in inches. 


YY 
WAAC 


_s 


y=-0.6 


The vertical cross section of a hyperbolic gear 


V17 
The eccentricity of the hyperbolic cross section is s 


a. What is the equation in standard form of the hyper- 
bolic cross section? 


b. Find the length of diameter FG. Round to the nearest 
hundredth of an inch. 
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60. WATER WAVES If two pebbles are dropped into a pond at b. What is the equation of the curve in a.? 
different places F,(—2,0) and F,(2, 0), circular waves are 
propagated with F, as the center of one set of circular 
waves (in green) and F, as the center of the other set of 
circular waves (in red). 


In Exercises 61 to 68, identify the graph of each equation as 
a parabola, an ellipse, or a hyperbola. Graph each equation. 


61. 4x? + 9y? — 16x — 36y + 16 =0 


62. 2x? + 3y — 8x +2=0 


NN 


os 


63. 5x — 4y* + 24y - 11 =0 


cy 


> 
ef 


64. 9x? — 25y? — 18x + 50y = 0 


ae 


g 


65. x° + 2y — 8x =0 


Hae 


66. 9x* + 16y” + 36x — 64y — 44 =0 


67. 25x? + 9y? — 50x — 72y — 56 = 0 


Let P be a point at which the waves intersect. In the dia- 2 2 2 
(x - 32 + (y-42 =(x 41 
gram above, |F,P — F,P| = 2. Seay eae ee 2) 


a. What curve is generated by connecting all points P for 
which |F,P — F,P| = 2? 


» Connecting Concepts 


In Exercises 69 to 72, use the definition of a hyperbola to find xix] -y|y| > 
the equation of the hyperbola in standard form. 73. Sketch a graph of 6 & 1 


69. Foci (2, 0) and (—2, 0); passes through the point (2, 3) 
74, ECCENTRICITY Which of the following hyperbolas has the 


: . 5 larger eccentricity? 
70. Foci (0,3) and (0, —3); passes through the point 3° 3 


7 
71. Foci (0,4) and (0, —4); passes through the point (Z s) 


9 
72. Foci (5, 0) and (—5, 0); passes through the point (5, 3) 


1. a. A HYPERBOLIC PARABOLOID A hyperbolic paraboloid b. A HYPERBOLOID OF ONE SHEET Make a sketch of a 
X is a three-dimensional figure. Make a drawing of \ hyperboloid of one sheet. Explain the different cross 
a hyperbolic paraboloid. Explain the relationship that sections of the hyperboloid of one sheet. Do some research 
exists between the equations of the parabolic cross on nuclear power plants, and explain why nuclear cool- 
sections and the relationship that exists between the ing towers are designed in the shape of hyperboloids of 


equations of the hyperbolic cross sections. one sheet. 


Some choices of the constants A, 
B,C, D, E, and F may result in a 


degenerate conic or an equation 


that has no solutions. 
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Rotation of Axes 


Prepare for this section by completing the following exercises. The answers can be 
found on page A28. 


PS1. Expand cos(@ + £). [3.2] 


PS2. Expand sin(@ + B). [3.2] 


PS3. Solve cot 2a = 8 for0<a< i [3.6] 


PS4. Ifsina = Sand cos a = me with 0° < a < 360°, find a. [3.6] 


PS5. Identify the graph of 4x? — 6y? + 9x + 16y — 8 = 0. [6.3] 


PS6. Graph: 4x — y? — 2y + 3 = 0 [6.1] 


= The Rotation Theorem for Conics 


The equation of a conic with axes parallel to the coordinate axes can be written in 
a general form. 


General Equation of a Conic with Axes Parallel to 
Coordinate Axes 


The terms Dx, Ey, and F determine the translation of the conic from the origin. 
The general equation of a conic is a second-degree equation in two variables. A more 
general second-degree equation can be written that contains a Bxy term. 


General Second-Degree Equation in Two Variables 


The Bxy term (B # 0) determines a rotation of the conic so that its axes are no 
longer parallel to the coordinate axes. 
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Figure 6.52 
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A rotation of axes is a rotation of the x- and y-axes about the origin to another 
position denoted by x’ and y’. We denote the measure of the angle of rotation 
by a. 

Let P be some point in the plane, and let r represent the distance of P from 
the origin. The coordinates of P relative to the xy-coordinate system and the 
x'y'-coordinate system are P(x, y) and P(x’, y’), respectively. 

Let Q(x, 0) and R(0, y) be the projections of P onto the x- and the y-axis and 
let Q'(x',0') and R'(0', y') be the projections of P onto the x’- and the y’-axis. 
(See Figure 6.52.) The angle between the x'-axis and OP is denoted by 6. We can 
express the coordinates of P in each coordinate system in terms of a and 6. 

x =rcos(@ + a) x' =rcosé 
y =rsin(@ + a) y' =rsind 


Applying the addition formulas for cos(6 + a) and sin(@ + a), we get 


x =rcos(@ + a)=rcos@cosa — rsiné sina 


y =rsin(@ + a) =rsin@cosa + rcos @sing 

Now, substituting x’ for r cos @ and y’ for r sin 6 into these equations yields 
x=x'cosa—y'sina +x’ =rcos6,y’ =rsina 
y=y' cosa+ x'sina 


This proves the equations labeled (1) of the following theorem. 


Rotation-of-Axes Formulas 


The derivations of the formulas for x’ and y’ are left as an exercise. 

As we have noted, the appearance of the Bxy (B #0) term in the general 
second-degree equation indicates that the graph of the conic has been rotated. The 
angle through which the axes have been rotated can be determined from the fol- 
lowing theorem. 


Rotation Theorem for Conics 
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where 0° < 2a < 180° and 


A' =Acos’a + Bcosasina + Csin’a (4) 
C’ = Asin’ a — Bcosasina + C cos’ a (5) 
D' =Dcosa + Esina (6) 
E' = —-Dsina + Ecosa (7) 
oe (8) 


Equation (3) has an infinite number of solutions. Any rotation through an 
’ ; Be aa St 
angle a that is a solution of cot 2a = ae will eliminate the xy term. However, 


the equations of the conic in the rotated coordinate systems may differ, depending 
on the value of a that is used to produce these transformed equations. To avoid 
any confusion, we will always choose a to be the acute angle that satisfies 
Equation (3). 


@ QUESTION For x? — 4xy + 9y? + 6x — 8y — 20 =0, what is the value of 
cot 2a? 


Sketch the graph of 7x? — 6 V3xy + 13y? — 16 = 0. 


Solution 
We are given 
A=7, B=-6V3, C=13, D=0, E=0, and F=~16 
The angle of rotation a can be determined by solving 
A=-C. 716. =6 TW 
BO -6V3. -6V3 V3 3 
This gives us 2a = 60°, or a = 30°. Because a = 30°, we have 


sin ae and cos avs 
2 as 


cot 2a = 


We determine the coefficients A’, C’, D’, E', and F’ by using Equations (4) 


to (8). 
caf Vey V3\(1 i 
A'= (2) + (-6va)(2)(5) + (3) =4 
ee a V3\ (1 Ver. 
caf 3) - avail )(a) +19() -% 
Continued > 
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7x? — 6 V3xy + 13y? — 16 =0 
Figure 6.53 


7 


Figure 6.54 
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wow 
Sie 
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F'=F=-16 
The equation of the conic in the x'y'-plane is 4(x’)* + 16(y’)’ — 16 = 0 or 
(x' Gy’? 
et op ol 


This is the equation of an ellipse that is centered at the origin of an 
x'y'-coordinate system. The ellipse has a semimajor axis a = 2 anda 
semiminor axis b = 1. See Figure 6.53. 


In Example 1, the angle of rotation a was 30°, which is a special angle. In the 
next example, we demonstrate a technique that is often used when the angle of 
rotation is not a special angle. 


Sketch the graph of 32x* — 48xy + 18y* — 15x — 20y = 0. 


Solution 
We are given 


A=32, B=-—48, C=18, D=~-15, E=—20, and F=0 


Therefore, 
‘ A= _ 2-7 
es —48 24 
7 
Figure 6.54 shows an angle 2a for which cot 2a = — vi From Figure 6.54 we 
7 
conclude that cos 2a = — 35° The half-angle identities can be used to 


determine sin a and cos a. 


Sour fi — (-7/25)_ 4 a eee [1 + (-7/25) _ 3 
. 2 5 - 2 5 


A calculator can be used to determine that a ~ 53.1°. 
Equations (4) to (8) give us 


won) m8) 
caf} ()(8) ol) 


32x? 


48xy + 18y? — 15x 
Figure 6.55 


20y 


0 
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p= (-15)(2) + (-20)(4) = -25 


-(-15)(4) + (-20(2) =0 


F'=F=0 


E’ 


The equation of the conic in the x’y'-plane is 50(y’)* — 25x’ = 0, or 
1 
Cae = rid 


il | 
This is the equation of a parabola. Because 4p = 3’ we know p = 3 and the 


1 
focus of the parabola is at (z 0) on the x’-axis. See Figure 6.55. 


" The Conic Identification Theorem 
The following theorem provides us with a procedure that can be used to identify 


the type of conic that will be produced by graphing an equation that is in the form 
of the general second-degree equation in two variables. 


Conic Identification Theorem 


Each of the following equations has a graph that is a nondegenerate conic. 
Compute B* — 4AC to identify the type of conic given by each equation. 


a. 2x? — 4xy + 2y* — 6x -10=0 b. —2xy+11=0 


c. 3x* + 5xy + 4y?— 8x+10y+6=0 d. xy — 3y7+2=0 
Continued > 
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Solution 
a. Because B* — 4AC = (—4)? — 4(2)(2) = 0, the graph is a parabola. 
b. Because B* — 4AC = (—2)? — 4(0)(0) > 0, the graph is a hyperbola. 


c. Because B* — 4AC = 5* — 4(3)(4) < 0, the graph is an ellipse or a circle. 


d. Because B* — 4AC = P — 4(0)(—3) > 0, the graph is a hyperbola. 


© Use a Graphing Utility to Graph Second-Degree 
Equations in Two Variables 


To graph a general second-degree equation in two variables with a graphing 
utility, we first must solve the general equation for y. Consider the general 
second-degree equation in two variables 


Ax? + Bxy + Cy? + Dx + Ey +F=0 (9) 


where A, B, C, D, E, and F are real constants, and C # 0. To solve 
Equation (9) for y, we first rewrite the equation as 


Cy” + (Bx + E)y + (Ax? + Dx + F) =0 
Applying the quadratic formula to Equation (10) yields 


ye —(Bx + E) + V(Bx + E)? — 4C(Ax? + Dx + F) 
2c 


A TI-83/TI-83 Plus/TI-84 
Plus graphing calculator 
program is available to —(Bx + E) + V(Bx + EY — 4C(Ax? + Dx + F) 
graph a rotated conic a, 
section by entering its 

coefficients. This program, 

ROTATE, can be found on —(Bx + E) — V(Bx + E) — 4C(Ax? + Dx + F) 
our website at college Y2 = aC 

-hmco.com/info / 

aufmannCAT on the same grid. 


Thus the graph of Equation (9) can be constructed by graphing both 


Seanhing | itty tr Cranh a Canic 
| Graphing Utility to Graph a Conic 


=~ Use a graphing utility to graph each conic. 


a. 7x? + 6xy + 2.5y? — 14x + 4y+9=0 
b. x2+5xy + 3y? — 25x — 84y + 375 =0 
G 32° = bey + oy? = 1b = Ty 8 = 0 


Solution 


Enter y, (Equation 12) and y, (Equation 13) into the function editing menu of 
a graphing utility. 


a. 
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Store the following constants in place of the indicated variables. 


A=7, B=6 C=25, D=~-14, E=4, and F=9 


Graph y, and y, on the same screen. The union of the two graphs is an 
ellipse. See Figure 6.56. 


Store the following constants in place of the indicated variables. 


A=1, B=5, C=3, D 25, E=-—84, and F = 375 


Graph y, and ¥ on the same screen. The union of the two graphs is a 
hyperbola. See Figure 6.57. 


Store the following constants in place of the indicated variables. 


A=3, B=-6, C=3, D=-15, E=-12, and F=-8 


Graph y, and y, on the same screen. The union of the two graphs is a 
parabola. See Figure 6.58. 


x? + 5xy + 3y? — 25x — 84y + 375 =0 3x? — oxy + 3y* — 15x — 12y -8 =0 
Figure 6.57 Figure 6.58 


_)) Try Exercise 26, page 410 


Ag NY Topics for Discussion 
i, 


Two students disagree about the graph of x7 + y* = —4. One student states 
that the graph of the equation is an ellipse. The other student claims that the 
equation does not have a graph. Which student is correct? Explain. 


The graph of 4x? — y* = 0 consists of two intersecting lines. What are the 
equations of the lines? 


The graph of xy = 12 is a hyperbola. What are the equations of the asymptotes 
of the hyperbola? 


Explain why the graph of the ellipse in Figure 6.56 shows a gap at the left side 
and the right side of the ellipse. 


Explain why any conic that is given by a general second-degree equation in 
which D = 0 and E = 0 will have a quadratic equation in the rotated coordi- 
nate system with D' = 0 and E’ = 0. 
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In Exercises 1 to 8, find the acute angle of rotation a that 22 
eliminates the xy term. State approximate solutions to the 
nearest 0.1°. 23. 
1. xy =3 24. 
2. 5x” — 3xy — 5y> -1=0 25 
3. 9x? — 24xy + loy? — 320x — 240y = 0 y) 26. 
4. x* + Axy + 4y? — 6x —-5=0 27 
5. 5x? — 6 V3xy — 11y? + 4x — 3y +2=0 
6. 5x* + 4xy + 8y? — 6x + 3y — 12 =0 

28. 
7. 2x? +xy+y>-4=0 
8. —2x? + V3xy — 3y? + 2x + 6y + 36 =0 


In Exercises 9 to 20, find the acute angle of rotation a that 


eliminates the xy term. Then find an equation in x’ and y’- 


coordinates. Graph the equation. 


9. xy =4 
))p 10. xy = —10 
11. 6x? — 6xy + 14y* — 45 =0 


. 5x? — 2xy + 10y” — 6x — 9y — 20=0 
x? — oxy + y® — 2x -5y+4=0 
2x? — 10xy + 3y7-— x — 8y-7=0 
. 3x? — 6xy + 3y? + 10x — By —-2=0 
2x* — 8xy + 8y? + 20x — 24y —-3 =0 
. Find the equations of the asymptotes, relative to an 


xy-coordinate system, for the hyperbola defined by the 
equation in Exercise 13. Assume that the xy-coordinate 
system has the same origin as the x'y'-coordinate system. 


Find the coordinates of the foci and the equation of the 
directrix, relative to an xy-coordinate system, for the para- 
bola defined by the equation in Exercise 16. Assume that 
the xy-coordinate system has the same origin as the 
x'y'-coordinate system. 


. Find the coordinates of the foci, relative to an xy-coordinate 


system, for the ellipse defined by the equation in 
Exercise 11. Assume that the xy-coordinate system has the 
same origin as the x’y’-coordinate system. 


In Exercises 30 to 40, use the Conic Identification Theorem to 
identify the graph of each equation as a parabola, an ellipse 
(or a circle), or a hyperbola. 


12. 11x? — 10 V3xy + y? — 20 =0 - 
13. 7° +4 2y7-1=0 
‘ ae 31. 
14. 9x? — 24xy + 16y? + 100 = 0 | 
Se ee yy 32. 
15. 3x? + 2V3xy + y? + 2x —2V3y + 16 =0 ai 
16. x7 + 2xy + y2 +.2V2x — 2V2y =0 ae 
17. 9x* — 24xy + 16y* — 40x — 30y + 100 = 0 a5 
18. 24x? + 16 V3xy + 8y? — x + V3y —8=0 46 
19. 6x? + 24xy — y? — 12x + 26y + 11 =0 ‘s 
)) 20. x? + 4xy + 4y? — 2V5x + Vy =0 ah 
In Exercises 21 to 26, use a graphing utility to graph 39. 
each equation. 
21. 6x? sad 


xy + 2y? + 4x — 12y+7 


0 


xy =4 
x? + xy — y?-40=0 


11x? — 10 V3xy + y? — 20=0 


3x? + 2V3xy + y? — 3x + 2y + 20=0 
9x? — 24xy + 16y* + 8x — 12y — 20 =0 
Ax? — Axy + y? — 12y + 20=0 

5x? + Axy + 8y? — 6x + 3y — 12 =0 
5x? — 6 V3xy — lly? + 4x - 3y +2=0 
6x" — oxy + 14y? — 14x + 12y — 60 = 0 
6x? + 2V/3xy + 5y? — 3x + 2y — 20=0 
5x? — 2V3xy + 3y?- x+y -12=0 
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41. 


42. 


43. 


44. 


45. 


By using the rotation-of-axes equations, show that for 
every choice of a, the equation x* + y* =r? becomes 
(x'? ae (y')? = r. 


The vertices of a hyperbola are (1,1) and (—1, —1). The 
foci are (v2, v2) and (-V2, -V?2). Find an equation of 
the hyperbola. 


The vertices on the major axis of an ellipse are the points 
(2,4) and (—2, —4). The foci are the points (v2, 2V2) 
and (-v2, =2 V2). Find an equation of the ellipse. 


The vertex of a parabola is the origin, and the focus is the 
point (1,3). Find an equation of the parabola. 
AN INVARIANT THEOREM Let 

Ax? + Bxy + Cy? + Dx +Ey + F=0 


be an equation of a conic in an xy-coordinate system. Let 
the equation of the conic in the rotated x’y’-coordinate 
system be 


Al(x'? + Bix'y’ + C'(y'? +D'x' + E'y’ + F'=0 


46. 


47. 


48. 


Show that 
A'+C’=A4+C 


AN INVARIANT THEOREM Let 
Ax? + Bxy + Cy? + Dx + Ey +F =0 


be an equation of a conic in an xy-coordinate system. Let 
the equation of the conic in the rotated x’y’-coordinate 
system be 


Al(x'? + Bix'y’ + Cy’? + D'x' + E'y’ + F'=0 
Show that 
(B' — 4A'C’ = B? — 4AC 


Use the result of Exercise 46 to verify the Conic Identifica- 
tion Theorem, stated on page 407. 


Derive the equations labeled (2), page 404, of the rotation- 
of-axes formulas. 


USE THE INVARIANT THEOREMS The results of Exercises 45 
and 46 illustrate that when the rotation theorem is used to 
transform equations of the form 


Ax? + Bxy + Cy? -F=0 
to the form 
Al(x'P + C'(y'? — F=0 
the following relationships hold: 
A+C=A'+C’ and B* —4AC = (B') — 4A'C’ 


Use these equations to transform 
10x? + 24xy + 17y? —26 = 0 


to the form 
A'(x’P + C'(y'P — 26 =0 


without applying the rotation theorem. 
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P(r, @) 


- 
Polar axis 


Figure 6.60 


Topics in Analytic Geometry 


Introduction to Polar Coordinates 


Prepare for this section by completing the following exercises. The answers can be 
found on page A29. 


PS1. Is sin x an even or odd function? [2.5] 
PS2. Is cos x an even or odd function? [2.5] 
PS3. Solve tana = —V3 for 0 < a < 2r-. [3.6] 


1 
PS4. ifsina = ~~ and cos a = ~4, with 0° = a < 360% 44 


find a. [3.6] 


PS5. Write (r cos 6)” + (r sin 6)’ in simplest form. [3.1] 


PS6. For the graph at the right, find the coordinates of point 
A. Round each coordinate to the nearest tenth. [2.2] 


© The Polar Coordinate System 


Until now, we have used a rectangular coordinate system to locate a point in the 
coordinate plane. An alternative method is to use a polar coordinate system, wherein 
a point is located by giving a distance from a fixed point and an angle from some 
fixed direction. 

A polar coordinate system is formed by drawing a horizontal ray. The ray is 
called the polar axis, and the initial point of the ray is called the pole. A point 
P(r, 6) in the plane is located by specifying a distance r from the pole and an angle 
6 measured from the polar axis to the line segment OP. The angle can be measured 
in degrees or radians. See Figure 6.59. 

The coordinates of the pole are (0, 6), where @ is an arbitrary angle. Positive 
angles are measured counterclockwise from the polar axis. Negative angles are 
measured clockwise from the axis. Positive values of r are measured along the ray 
that makes an angle of @ from the polar axis. Negative values of r are measured 
along the ray that makes an angle of @ + 180° from the polar axis. See Figures 6.60 
and 6.61. 

In a rectangular coordinate system, there is a one-to-one correspondence 
between the points in the plane and the ordered pairs (x, y). This is not true for a 
polar coordinate system. For polar coordinates, the relationship is one-to-many. 
Infinitely many ordered-pair descriptions correspond to each point P(r, @) in a 
polar coordinate system. 

For example, consider a point whose coordinates are P(3, 45°). Because there 
are 360° in one complete revolution around a circle, the point P also could be writ- 
ten as (3, 405°), as (3, 765°), as (3,1125°), and generally as (3, 45° + n - 360°), 
where 1 is an integer. It is also possible to describe the point P(3, 45°) by (—3, 225°), 
(—3, —135°), and (3, —315°), to name just a few options. 


3 3x 
2 


Figure 6.61 


r=2 
Figure 6.64 
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The relationship between an ordered pair and a point is not one-to-many. That 
is, given an ordered pair (r, 0), there is exactly one point in the plane that corre- 
sponds to that ordered pair. 
= Graphs of Equations in a Polar Coordinate System 


A polar equation is an equation in r and 0. A solution to a polar equation is an or- 
dered pair (r, 0) that satisfies the equation. The graph of a polar equation is the set 
of all points whose ordered pairs are solutions of the equation. 


The graph of the polar equation 6 = 2 is a line. Because 6 is independent of 
r, 0 is z radian from the polar axis for all values of r. The graph is a line that 


makes an angle of z radian (30°) from the polar axis. See Figure 6.62. 


Polar Equations of a Line 


Nila 


—- 0 
(a, 0) 


a. 0=a b. rsin@é =a c. rcosé=a 


Figure 6.63 


Figure 6.64 is the graph of the polar equation r = 2. Because r is independent 
of 0, r is 2 units from the pole for all values of 6. The graph is a circle of radius 2 
with center at the pole. 


The Graph of r= a 
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Nia 


(r, 8) 


(r, -0) 


Symmetry with respect to 
the line @ = 0 


Figure 6.65 
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Suppose that whenever the ordered pair (1, 0) lies on the graph of a polar 
equation, (1, —@) also lies on the graph. From Figure 6.65, the graph will have sym- 
metry with respect to the line 6 = 0. Thus one test for symmetry is to replace 6 by 
—@ in the polar equation. If the resulting equation is equivalent to the original 
equation, the graph is symmetric with respect to the line 6 = 0. 

Table 6.2 shows the types of symmetry and their associated tests. For each 
type, if the recommended substitution results in an equivalent equation, the graph 
will have the indicated symmetry. Figure 6.66 illustrates the tests for symmetry 


with respect to the line 6 = = and for symmetry with respect to the pole. 


Table 6.2 Tests for Symmetry 


—6 for 0 The line 6 = 0 
a — 0 for 0, -rforr The line 6 = 0 
a — 0 ford The line @ = —- 
—6 for 6, —r forr The line 06 = = 
—rforr The pole 
am + @ for @ The pole 
a x 
2 2 
(r, @) 
¢ 
¢ 
, 
Fs 
4 (+ 
gia ae 


Symmetry with respect to the line 6 = = 


Symmetry with respect to the pole 


Figure 6.66 


The graph of a polar equation may have a type of symmetry even though a 
test for that symmetry fails. For example, as we will see later, the graph of 
r = sin 20 is symmetric with respect to the line 6 = 0. However, using the sym- 
metry test of substituting —0 for 6, we have 


sin 2(-0) = —sin 26 = -rer 


Thus this test fails to show symmetry with respect to the line @ = 0. The symme- 
try test of substituting 7 — 0 for 6 and —r for r establishes symmetry with respect 
to the line 6 = 0. 
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Show that the graph of r = 4 cos 6 is symmetric with respect to the line 
6 = 0. Graph the equation. 


Solution 


Test for symmetry with respect to the line 6 = 0. Replace 6 by —6. 
r =4cos(—0) = 4 cos 0 * cos(—0) = cos 0 


Because replacing 0 by —@ results in the original equation r = 4 cos 6, the 
graph is symmetric with respect to the line 0 = 0. 

To graph the equation, begin choosing various values of 6 and finding the 
corresponding values of r. However, before doing so, consider two further 
observations that will reduce the number of @-values you must choose. 

First, because the cosine function is a periodic function with period 2z,, it 
is only necessary to choose 6-values between 0 and 27 (0° and 360°). Second, 


2 
when a <0< me cos 6 is negative, which means that any 0 between 


these values will produce a negative r. Thus the point will be in the first or 
fourth quadrant. That is, we need consider only angles @ in the first or 
fourth quadrants. However, because the graph is symmetric with respect to 


the line @ = 0, it is only necessary to choose values of 6 between 0 and = 


By symmetry 
r=4cos0 0 T T T 7 7 7 7 7 
Figure 6.67 6 4 3 2 6 4 3 2 
4.0 3.5 2.8 2.0 0.0 35 2.8 2.0 0.0 


The graph of r = 4 cos 0 is a circle with center at (2, 0). See Figure 6.67. 


Polar Equations of a Circle 
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1 ur 
o 2 2 (2, Al 
(a, 0) 
29) 9 0 0 
a.r=a b. r=acosé c r=asing 
Figure 6.68 


Just as there are specifically named curves in an xy-coordinate system (such as 
parabola and ellipse), there are named curves in an r6-coordinate system. Two of 
the many types are the limacon and the rose curve. 


Polar Equations of a Limacgon 


The graph of r =a + bcos @ is shown in Figure 6.69 for various values of a 


and b. 
ua pd ds z 
2 2 Z 2 
0 0 0 0 
a =2 1<\\)<2 i}=1 aha 
Convex limagon Limacon Cardioid Limacon 
(no dimple) (with a dimple) (heart-shaped limacon) (with an inner loop) 


Figure 6.69 
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raph of a Limagon 


Sketch the graph of r = 2 — 2 sin 6. 


Solution 


From the general equation of a limagon r = a + b sin @ with |a| = |b| 
(|2| = |—2|), the graph of r = 2 — 2 sin @ is a cardioid that is symmetric with 


respect to the line @ = ae 


Because we know that the graph is heart-shaped, we can sketch the 
graph by finding r for a few values of 6. When 6 = 0,7 = 2. When 
0 => 1 = 0.When 6 = mr =2.When 0 == 
shaped curve through the four points 


7 377 
(2, 0), (0, a) (2, TT), and @ *2) 


produces the cardioid in Figure 6.70. 


,t = 4. Sketching a heart- 


r=2-2sin0 
Figure 6.70 


Solution 


From the general equation of a limacgon r = a + bcos 6, witha = 3 and 
b = —2, we know that the graph will be a limacgon with a dimple. The graph 
will be symmetric with respect to the line 6 = 0. 

Use polar mode with angle measure in radians. Enter the equation 
r = 3 — 2cos 6 in the polar function editing menu. The graph in Figure 6.71 
was produced with a TI-84 by using the following window: 


émin=0 Xmin=-6 Ymin=-4 


@max=en Xmax=6 Ymax=4 
éstep=0.1 Xscl=l Yscl=1 


-4 


r=3-2cos0é 


Figure 6.71 


When using a graphing utility in polar mode, choose the value of @step care- 
fully. If @step is set too small, the graphing utility may require an excessively long 
period of time to complete the graph. If @step is set too large, the resulting graph 
may give only a very rough approximation of the actual graph. 
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Polar Equations of Rose Curves 


a. r =acos 40 b. r =acos 50 
n = 4is even, 2n = 8 petals n = 5is odd, 5 petals 


Figure 6.72 


@ QUESTION How many petals are in the graph of 
a. r=4cos36? b. r=5sin 26? 


Sketch the graph of r = 2 sin 30. 


Solution 


From the general equation of a rose curve r = a sin nd, witha = 2 and n = 3, 
the graph of r = 2 sin 36 is a rose curve that is symmetric with respect to the 


line 0 = < Because n is an odd number (n = 3), there will be three petals 


in the graph. 
Choose some values for 6 and find the corresponding values of r. Use 


symmetry to sketch the graph. See Figure 6.73. 


; T 7 5a 7 71 7 
18 6 18 3 18 2 
0.0 1.0 2.0 1.0 0.0 —1.0 —2.0 
r =2sin30 
Figure 6.73 


@ ANSWER a. Because 3 is an odd number, there are three petals in the graph. 
b. Because 2 is an even number, there are 2(2) = 4 petals in the graph. 


r =4cos 20 
Figure 6.74 
20 2 1 (r, 6) 


KE 
VARS / 
PES 


| 
v|¥ 
| 


Figure 6.75 
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i| Use a graphing utility to graph r = 4 cos 26. 


Solution 


From the general equation of a rose curve r = a cos n6, witha = 4 and 

n = 2, we know that the graph will be a rose curve with 2n = 4 petals. The 

very tip of each petal will be a = 4 units away from the pole. Our symmetry 

tests also indicate that the graph is symmetric with respect to the line 6 = 0, 

7 

2 
Use polar mode with angle measure in radians. Enter the equation 

r = 4cos 26 in the polar function editing menu. The graph in Figure 6.74 was 

produced with a TI-84 by using the following window: 


the line 6 = —, and the pole. 


é@min=0 Xmin=-6 Ymin=-4 
@max=e2r Xmax=6 Ymax=4 
éstep=0.1 Xscl=l Yscl=1 


© Transformations Between Rectangular and 
Polar Coordinates 


A transformation between coordinate systems is a set of equations that relate the 
coordinates of a point in one system with the coordinates of the point in a second 
system. By superimposing a rectangular coordinate system on a polar system, we 
can derive the set of transformation equations. 

Construct a polar coordinate system and a rectangular system such that the 
pole coincides with the origin and the polar axis coincides with the positive x-axis. 
Let a point P have coordinates (x, y) in one system and (r, 6) in the other (r > 0). 

From the definitions of sin 0 and cos 0, we have 


x 
—=cos@d or x=rcosé 
r 


kd 


—=sin@ or y=rsiné 
r 


It can be shown that these equations are also true when r < 0. 
Thus, given the point (r, 6) in a polar coordinate system (see Figure 6.75), the 
coordinates of the point in the xy-coordinate system are given by 


x=rcosé y=rsiné 
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For example, to find the point in the xy-coordinate system that corresponds to the 
2 Z 
point | 4, a in the ré-coordinate system, substitute 4 for r and . for @ into the 


equations and simplify. 


3 2 
y = 4sin = = (2) =2V3 


Z 
The point (1 22) in the ré-coordinate system is (-2, 2vV3) in the xy-coordinate 


system. 

To find the polar coordinates of a given point in the xy-coordinate system, use 
the Pythagorean Theorem and the definition of the tangent function. Let P(x, y) be 
a point in the plane, and let r be the distance from the origin to the point P. Then 
r=Vx?+y?. 

From the definition of the tangent function of an angle in a right triangle, 


tang = 4% 
x 


y 


Thus @ is the angle whose tangent is a The quadrant for 6 depends on the sign 


of x and the sign of y. 
The equations of transformation between a polar and a rectangular coordinate 
system are summarized as follows: 


Transformations Between Polar and Rectangular Coordinates 
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Find the rectangular coordinates of the points whose polar coordinates 


are: a. (622 b. (—4, 30°) 


Solution 


Use the transformation equations x = r cos 6 and y = r sin 0. 
3 3 = 
a. n= 60s = -3°V2 y = 6sin[" =3V2 
3 
The rectangular coordinates of (« *2) are (-3 V2,3 V2). 


b. x= -4cos30°=-2V3 y= —4sin30° = -2 
The rectangular coordinates of (—4, 30°) are (-2 V3, —2), 


irom Re cta 


ngular to Polar 

Find the polar coordinates of the point whose rectangular coordinates are 
(—2, -2 V3). 

Solution 


Use the transformation equations r = Vx? + y* and tan 6 = “ 


r=V(-2" + (-2V3Y = V44+ 12 = V6 =4 


nV as 


tan 6 
ac =) 


: er : At 
From this and the fact that (-2, -2V3) lies in the third quadrant, 6 = a 


4 
The polar coordinates of (-2, =2 V3) are @ 2) 


© Write Polar Coordinate Equations as Rectangular 
Equations and Rectangular Coordinate Equations as 
Polar Equations 


Using the transformation equations, it is possible to write a polar coordinate 
equation in rectangular form or a rectangular coordinate equation in polar form. 
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Find a rectangular form of the equation r* cos 20 = 3. 


Solution 
r? cos 20 = 3 
r°(1 — 2 sin’? 6) =3 * cos 20 = 1 — 2sin? 0 
r? — 2r? sir? 6 = 3 
r? — 2(rsin 0) =3 
x? + y* — 2y* =3 “Pax + ising =~ 
x= =3 


A rectangular form of r* cos 20 = 3 is x° — y 


Sometimes the procedures of squaring each side of a polar equation or mullti- 
plying each side of a polar equation by r can be used to write the polar equation 
in rectangular form. In Example 9 we multiply each side of a polar equation by r 
to convert the equation from polar to rectangular form. 


Find a rectangular form of the equation r = 8 cos 0. 


Solution 
r = 8cos0 
r? = 8rcos 0 * Multiply each side by r. 
x? + y? = 8x + Use the equations r2= x2 + y? and x=rcos 0. 
(x? — 8x) + y7 =0 + Subtract 8x from each side. 
(x? — 8x + 16) + y*? = 16 + Complete the square in x. 
(x-4P +y=4 + Write in standard form. 
This equation is often used to write A rectangular form of r = 8 cos 0 is (x — 4) + y* = 4’. The graph of each of 


polar coordinate equations in these equations is a circle with center (4, 0) and radius 4. 


rectangular form. 


In Example 10, we use the transformation equations x =rcos@ and 
y =rsin 6 to convert a rectangular coordinate equation to polar form. 
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Find a polar form of the equation x* + y* — 2x = 3. 


Solution 
x? +y?—2x=3 


(rcos 6)? + (rsin 0)? — 2r cos 6 = 3 + Use the transformation 
equations x = rcos 0 
and y= rsin 0. 


r°(cos? 6 + sin’? 6) — 2r cos 6 = 3 + Simplify. 
r? — 2rcos@=3 


A polar form of x? + y? — 2x = 3isr? — 2rcos 0 =3. 


Ag \ Topics for Discussion 


1. In what quadrant is the point (—2, 150°) located? 
2. To explain why the graph of 0 = 2 is a line, a tutor rewrites the equation in 


the form 6 = a + 0-1. In this form, regardless of the value of r, 0 = a Use 
an analogous approach to explain why the graph of r = a is a circle. 


3. Two students use a graphing calculator to graph the polar equation 
r = 2 sin @. One graph appears to be a circle, and the other graph appears to 
be an ellipse. Both graphs are correct. Explain. 


4. Is the graph of r* = 6 cos 26 a rose curve with four petals? Explain your 
answer. 


Exercise Set 6.5 


In Exercises 1 to 8, plot the point on a polar coordinate In Exercises 9 to 24, sketch the graph of each polar 
system. equation. 
1. (2, 60°) 2. (3, —90°) 3. (1, 315°) 9.r=3 10.r=5 
4. (2, 400°) 5 (2a rm 11.9=2 12 ¢=-— 
. 77 7 7 4 - 7 6 ; , 3 
(-».%2) pion 13. r = 6 cos 0 )) 14. 1 =4sino 


15. r = 4 cos 20 )) 16. + = 5 cos 30 
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17. r=2sin 50 18. r= 3 cos 50 


19. r=2—3sin0 )) 20. r=2-—2cos0 


21. r=4+ 3sin0 22.r=2+ 4sin0 


23. r = 2[1 + 1.5 sin (—@)] 24. r= 4(1 — sin @) 


[4,) In Exercises 25 to 40, use a graphing utility to graph 
each equation. 


25. r=3 + 3cos0 )) 26. r=4-4sino 


27. r = 4 cos 30 28. r = 2 sin 40 

29. r = 3 sec 0 30. r = 4 csc 0 

31. r = —5 csc 0 y) 32. r = —4 sec 0 

33. r = 4sin (3.50) 34. r = 6cos (2.250) 

35.71r=0,0=0=67 36. r= —-0,0=0=67 

37.7r=2°.0<50527 38. r= ,0<0<4n 

99. 7 = 0.60878 + 2 cos 3d 40. 7 = 2608.98 + cos 50 
cos 0 cos 6 


In Exercises 41 to 48, transform the given coordinates to the 
indicated ordered pair. Round approximate angle measures 
to the nearest tenth of a degree. 


41. (1, —V3) to (r, 0) 


43. (-s, 22) to (x, y) 


42. (—2 V3, 2) to (r, 0) 


+) 44. (2 -4) to (x, y) 


45. (0, -4) to (x, y) 


47. (3,4) to (7, 0) 


46. (3, ==) to (x, y) 


)) 48. (12, -5) to (7,6) 


In Exercises 49 to 62, find a rectangular form of each of the 
equations. 


49. r=3cos0 )) 50. r = 2sina 

51. r= 3 sec 0 52. r=4Acscd 
T 

53. r=4 TAL = 
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85. 0 = —— 56. rcosé = —4 
57. r= tan@ y) 58. r = coté 

2 
a aa Ot Ta ane 


61. r(sin@ — 2cos 0) =6 62. r(2 cos @ + sind) =3 


In Exercises 63 to 74, find a polar form of each of the 
equations. 


63. y =2 64. x= —4 

65. y = V3x 66. y = x’ 

67. x =3 68. xy =4 

69. x7 +y?=4 )) 70. 2x - 3y =6 
71. x? = 8y 72. y? = 4y 

73. x° —y? = 25 74. x? + 4y? = 16 


[Ae] In Exercises 75 to 82, use a graphing utility to graph 
=| each equation. 


7 
75.r=3 cos(0 + =) 


76. += 2sinl @- — 
PY do n Re areera: 
SL 6 
7 

77. r=2 sin( 20 _ =) 


7 
78. r=3 cos( 0 + =) 


T 
79. r=2+2sin(0- =) 
80. r=3-2e03(04 
T 
81.r=1 +3e0(0 +) 


82. r=2-4sin 0-2) 
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Connecting Concepts 


83. ® Explain why the graph of r* = cos’ 6 and the graph 93. 


The graph of 
of r = cos @ are not the same. = 


; 6 
= 1.59" - 2.5 40 + sin’ — 
r cos sin’ Te 


84. Explain why the graph of r = cos 26 and the graph 
of r = 2 cos? 6 — 1 are identical. is a butterfly curve similar to the one shown below. 


In Exercises 85 to 92, use a graphing utility to graph 
each equation. 


85. r? = 4 cos 26 (lemniscate) 


86. r? = —2 sin 20 (lemniscate) 


87. r = 2(1 + sec 8) (conchoid) 
88. 1 = 2 cos 20 sec @ (strophoid) 


89. 10 = 2 (spiral) 


90. r = 2 sin 6 cos? 26 (bifolium) 


$1. 7 = 9 Use a graphing utility to graph the butterfly curve for 


92. r=1n0 a.0=<0<57 b. 065207 


For additional information on butterfly curves, read “The 
Butterfly Curve” by Temple H. Fay, The American Mathe- 
matical Monthly, vol. 96, no. 5 (May 1989), p. 442. 


1. A POLAR DISTANCE FORMULA Let P,(7,, 6,) and P,(1r2, 62) be 2. ANOTHER POLAR FORM FOR A CIRCLE 
two distinct points in the r6-plane. 
a. Verify that the graph of the polar equation 
a. Verify that the distance d between the points is r =asin@ + bcos @ is a circle. Assume that a and b 


d= V(n)? + (m)* — 212 cos (02 — 61) are not both 0; 


b. What are the center (in rectangular coordinates) and 


; hi f la to fi i - 
b. Use the above formula to find the distance (to the near ec sonido ihecce 


est hundredth) between (3, 60°) and (5, 170°). 
c. Does the formula 
d=V(14,)°+ (%%)? = 21 P2 cos (0;— 49) 


also produce the correct distance between P, and P,? 
Explain. 
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Polar Equations of the Conics 


Prepare for this section by completing the following exercises. The answers can be 
found on page A31. 


2 2: 
PS1. Find the eccentricity of the graph of = + a = 1. [6.2] 


PS2. What is the equation of the directrix of the graph of y* = 4x? [6.1] 


PS3. Solve y = 2(1 + yx) for y. [1.1] 


, what is the smallest positive value of x that must 


PS4. For the function f(x) = ———— 
1+ sinx 
be excluded from the domain of f? [1.3/2.2] 


PS5. Let e be the eccentricity of a hyperbola. Which of the following statements is 
true:e =0,0<e<1,e=1,ore> 1? [6.3] 


4 
PS6. Write — in terms of cos x. [3.1] 
2secx — 1 


= Polar Equations of the Conics 


The definition of a parabola was given in terms of a point (the focus) and a line 
(the directrix). The definitions of both an ellipse and a hyperbola were given in 
terms of two points (the foci). It is possible to define each conic in terms of a point 
and a line. 


Directrix Focus-Directrix Definitions of the Conics 


Let F be a fixed point and D a fixed line in a plane. Consider the set of all 


a(P,E : 
points P such that = x = e, where e is a constant. The graph is a 
parabola for e = 1, an ellipse for 0 < e < 1, and a hyperbola for e > 1. See 
Figure 6.76. 


The fixed point is a focus of the conic, and the fixed line is a directrix. The con- 
stant e is the eccentricity of the conic. Using this definition, we can derive the polar 
Figure 6.76 equations of the conics. 
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Standard Forms of the Polar Equations of the Conics 


& & 
mm 2 8 m 2 8 
3 3 3 3 
Sn 
6 Fld on me 
6 6 6 
0 T 0 
> lin 7m ln 
= 6 6 
73 6 
4n 5x An 5x 
3 3n 3 3 3n 3 
2 2 
ed ed 
1 r= => _(2 
(1) L=0cee 


r= > 
1+ ecosé 


Figure 6.77 


@ ouesTion Is the graph of r= 
hyperbola? 


a parabola, an ellipse, or a 


3 
@ ANSWER The eccentricity is 57 which is less than 1. The graph is an ellipse. 
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Directrix We will derive Equation (2). Let P(r, 0) be any point on a conic section. Then, 
by definition, 

AP, F) _ _ 

dP, D) ~ e or d(P,F) =e: d(P,D) 


From Figure 6.78, d(P, F) = r and d(P, D) = d(A, Q). But note that 
a(A, Q) = d(A, F) + dF, Q) =d + rcos6 


Thus 
r=e(d + rcos@) + d(P, F) = e- d(P, D) 
Figure 6.78 = ed + er cos 6 
r — ercos@ =ed ¢ Subtract er cos 6 from each side. 
ed 


r ¢ Solve for r. 


~ 1 =e¢088 


The remaining equations can be derived in a similar manner. 


™ Graph a Conic Given in Polar Form 


8 
2-3sin0 


Describe and sketch the graph of r = 


Solution 


Write the equation in standard form by dividing the numerator and 
denominator by 2, the constant term in the denominator. 


4 
| od 


3 
1 —-—sin@ 
> on 


a 
Because e is the coefficient of sin @ and e = > > 1, the graph is a hyperbola 


with a focus at the pole. Because the equation contains the expression sin 6, 


AF 
the transverse axis is on the line 0 = re 


3 
To find the vertices, choose 6 equal to = and oe The corresponding 


values of r are —8 and = The vertices are (-s, Z| and (8, = . By 
Figure 6.79 choosing 6 equal to 0 and 7, we can determine the points (4, 0) and (4, 77) on 
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the upper branch of the hyperbola. The lower branch can be determined by 
symmetry. 

Plot some points (r, 0) for additional values of 6 and corresponding 
values of r. See Figure 6.79. 


Describe and sketch th h of r = ———_.. 
escribe and sketch the graph of r = 5— 


Solution 


Write the equation in standard form by dividing the numerator and 
denominator by 2, which is the constant term in the denominator. 


2 
T= 


1 
1+. 0 
7 60s 


1 
Thus e = > and the graph is an ellipse with a focus at the pole. Because 


the equation contains the expression cos 0, the major axis is on the 
polar axis. 
To find the vertices, choose @ equal to 0 and 7. The corresponding values 


4 4 
for r are = and 4. The vertices on the major axis are re 0 } and (4, 77). Plot 


some points (7, 6) for additional values of 6 and the corresponding values 
: 3 
Figure 6.80 of r. Two possible points are | 2, = and | 2, = . See the graph of the ellipse 


in Figure 6.80. 


Find the polar equation of the parabola, shown in Figure 6.81 on page 430, 


with vertex at | 2, S and focus at the pole. 


Continued > 
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Solution 
Because the vertex is on the line 6 = 7 and the focus is at the pole, the axis 


of symmetry is the line 6 = on Thus the equation of the parabola must 


involve sin 6. The parabola has a horizontal directrix above the pole, so the 
equation has the form 


_ ed 
1+ esin@ 


The distance from the vertex to the focus is 2, so the distance from the focus 
to the directrix is 4. Because the graph of the equation is a parabola, the 
eccentricity is 1. The equation is 


_ aa) 
1+ (1)sin@ 


Figure 6.81 


*e=1,d=4 


fis 4 
LL sin ¢ 


@ QUESTION In Example 3, why is there no point on the parabola that corre- 


3 
sponds to @ = ae 


Ag \ Topics for Discussion 


12 
> la? Explain. 
2 > cos 6 2 parabola xplain 
2 sec 0 


2sec0+1 
holes. Where are the holes located? 


1. Is the graph of r = 


2. The graph of r = is an ellipse except for the fact that it has two 


3. Are there two different ellipses that have a focus at the pole and a vertex 


7 
at L> ? Explain. 


4. Does the parabola given by r = Pr have a horizontal axis of symmetry 


— 
1+ sin 
or a vertical axis of symmetry? Explain. 


4 


3 
@ aNsweR When 6 =, sin @ = —1. Thus 1 + sin 6 = 0, and r = ——— is 
2 1 + sin 0 


undefined. 


Exercise Set 6.6 
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In Exercises 1 to 14, describe and sketch the graph of each 
equation. 


1 r= )) 2. == 
3. r= )) 4 r= 
Ra aa 2am 
r= 8.6 
9.7 = Et 10, r= Or 
1 p= 12, p= 
13. r= —— 1a ass 


In Exercises 15 to 20, find a rectangular equation for each 
graph in Exercises 1 to 6. 


In Exercises 21 to 28, find a polar equation of the conic 
with focus at the pole and the given eccentricity and 
directrix. 


3 
21. ce =2,rcosd = —1 22.e——,rsin@=1 


23. e=1,rsin@ =2 )) 24. e=1,rcos@ = -2 


1 
25. ¢==,rsin# = ~4 26.67 7 cose = 


3 
27. e= 5,1 =2sec0 28.e— 71 =2csc0 


29. Find the polar equation of the parabola with a focus at the 
pole and vertex (2, 77). 


30. Find the polar equation of the ellipse with a focus at the 


1 
pole, vertex at (4, 0), and eccentricity > 


31. Find the polar equation of the hyperbola with a focus at 


3 ie 
the pole, vertex at | 1, a , and eccentricity 2. 


32. Find the polar equation of the ellipse with a focus at the 


30 ee” 
pole, vertex at | 2, 3) and eccentricity ry 


graph each equation. Write a sentence that ex- 
plains how to obtain the graph from the graph of ras given in 
the exercise listed to the right of each equation. 


yy In Exercises 33 to 40, use a graphing utility to 


12 
33. r= (Compare with Exercise 1.) 
7 
a 0 Ba es 
36 cos( 3 ) 
8 : : 
34, 1 = ——————_~_ (Compare with Exercise 2.) 
7 
2-4 cos(o = =) 
35. 7 2 (Compare with Exercise 3.) 
: i : 
4+ 3sin(6 — 7) P 
6 . : 
36. r= (Compare with Exercise 4.) 
T 
34+2 9.=— 
cos( 3 ) 
9 . : 
37. r= (Compare with Exercise 5.) 
T 
33 sin( 6 ) 
4) . : 
38. r= (Compare with Exercise 6.) 
T 
— 1 + ae 
2=2 sin( 0 5 ) 
39 = (Compare with Exercise 7.) 
a a Gee a ompare wi ercise 7. 
40. r= 


(Compare with Exercise 8.) 
2+4 cos(o a =) 
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» » Connecting Concepts 


In Exercises 41 to 46, use a graphing utility to graph 46. r = 4cos V30,0 <0 < 87 
each equation. 
3 5 F ; ed 
=e 42. + = ——___ 47. Let P(r, 0) satisfy the equation r = —————. Show that 
3 — sec 6 4—2cscé d(P, F) 1—ecosé 
: d(P,D) 
43. 1 = ——____ 44, , = ——___ 
1+ 2csc0 1+ 3secé 48. Show that the equation of a conic with a focus at the pole 
: Ks aad has _ ed 
45. r= 4sin V20,0 <0 < 120 and directrix r sin 0 = d is given by r = iene 


1. POLAR EQUATION OF A LINE Verify that the polar equation 2. POLAR EQUATION OF A CIRCLE THAT PASSES THROUGH THE 
of a line that is d units from the pole is given by POLE Verify that the polar equation of a circle with center 
d (a, 6.) that passes through the pole is given by 
~~ cos(@ — 6,) r = 2a cos(@ — 0.) 
where 6, is the angle from the polar axis to a line segment where a is the length of the radius and 9, is the angle from 
that passes through the pole and is perpendicular to the the polar axis to the radius that connects the center of the 
line. circle with the pole. 


Parametric Equations 
ic Equations 


e Parameter Prepare for this section by completing the following exercises. The answers can be 
Parametric found on page A31. 


PS1. Complete the square of y* + 3y and write the result as the square of a binomial. 
[1.1] 
PS2. If x = 2t + land y = x’, write y in terms of f. 


Equations and yo —a\2 
e Motion PS3. Identify the graph of ( z ) + (¥ ) = 1. [6.2] 


PS4. Let x = sint and y = cos t. What is the value of x? + y”? [3.1] 
PS5. Ifx =f + 1andy = 4 — t, what is the ordered pair (x, y) that corresponds to t = 5? 


PS6. What are the domain and range of f(f) = 3 cos 2t? Write the answers using interval 
notation. [2.5] 
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= Parametric Equations 


The graph of a function is a graph for which no vertical line can intersect the graph 
more than once. For a graph that is not the graph of a function (an ellipse or a 
hyperbola, for example), it is frequently useful to describe the graph by parametric 
equations. 


Curve and Parametric Equations 


For instance, 
x=2t-1, y=4t+1 fort € (—,%) 


is an example of a pair of parametric equations. By choosing arbitrary values of t, 
ordered pairs (x, y) can be created, as shown in the table below. 


By plotting the points and drawing a curve 
through the points, a graph of the parametric 
equations is produced. See Figure 6.82. 


@ ouestion If x=#?+1 and y=3~-t, 
what ordered pair corresponds 
tot = —3? 


Figure 6.82 


@ ANSWER (10, 6) 
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in 


Sketch the graph of the curve given by the parametric equations 
x=t?+t, y=t-1 fortER 


Solution 


Begin by making a table of values of f and the corresponding values of x and 
y. Five values of t were arbitrarily chosen for the table that follows. Many 
more values might be necessary to determine an accurate graph. 


oO 
DI NIO!}O!]N 
| 
a 
— 
2 
| 
bh 
Ya 


x= +t 
y=t-1 Graph the ordered pairs (x, y) and then draw a smooth curve through the 
Figure 6.83 points. See Figure 6.83. 


™ Eliminate the Parameter of a Pair of Parametric 
Equations 


It may not be clear from Example 1 and the corresponding graph that the curve is 
a parabola. By eliminating the parameter, we can write one equation in x and y that 
is equivalent to the two parametric equations. 

To eliminate the parameter, solve y = t — 1 for t. 


y=t-1 or £=ycr 1 
Substitute y + 1 for fin x = t* + ¢ and then simplify. 
x=(y+1/?+(y+1) 


x=y? + 3y+2 * The equation of a parabola 
Complete the square and write the equation in standard form. 
1 3 \ oa 
CP Sl ye + This is the equation of a 
4 2 1 3 


I -—,-—|). 
parabola vertex at ( ri 2 ) 
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Eliminate the parameter and sketch the curve of the parametric equations 


x=sint, y=cost for0Q=t=27 


Solution 


The process of eliminating the parameter sometimes involves trigonometric 
identities. To eliminate the parameter for the equations, square each side of 
each equation and then add. 
x? = sin’ t 
y? = cos’ t 
x? + y? = sin’ t + cos*t 


Thus, using the trigonometric identity “ 
sin’ tf + cos’ t = 1, we get 1 
xr-+y=1 
This is the equation of a circle with center 
(0,0) and radius equal to 1. See Figure 6.84. -1 1% 
-1 
Figure 6.84 


A parametric representation of a curve is not unique. That is, it is possible that 
a curve may be given by many different pairs of parametric equations. We will 
demonstrate this by using the equation of a line and providing two different 
parametric representations of the line. 

Consider a line with slope m passing through the point (x1, y,). By the point- 
slope formula, the equation of the line is 


y — yi = m(x — x) 
Let t = x — x,. Then y — y, = mt. A parametric representation is 
x=x, +1, y=y, + mt fortareal number (1) 
Let x — x; = cot ft. Then y — y, = m cot t. A parametric representation is 
x =x, + cott, y=y+mcott fordO<t<7 (2) 


It can be verified that Equations (1) and (2) represent the original line. 
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Example 3 illustrates that the domain of the parameter t can be used to deter- 
mine the domain and range of the curve defined by the parametric equations. 


Eliminate the parameter and sketch the graph of the curve that is given by 
the parametric equations 


x=2+3cost, y=3+2sint for0Ost=7 


Solution 


Solve each equation for its trigonometric function. 


= 2 =o 
= = cost o = =sint (3) 


Using the trigonometric identity cos*t + sin’ t = 1, we have 


—45\2 _ 9\2 
cost + sintt = ($=) (3) =1 


(x= 2) (y= 3) _ 
9 4 


1 


This is the equation of an ellipse with center at (2,3) and major axis parallel 
to the x-axis. However, because 0 = t S 7, it follows that -1 = cost =1 
and 0 S sint < 1. Therefore, we have 

x= 2 —3 


-1< 3 =1 Os a =1 ¢ Using Equations (3) 


Solving these inequalities for x and y yields 
-lsx=5 and 35y5 


Because the values of y are between 3 and 5, the graph of the parametric 
equations is only the top half of the ellipse. See Figure 6.85. 


™ Time as a Parameter 
Parametric equations are often used to show the movement of a point or object as 
it travels along a curve. For instance, consider the parametric equations 

x=, y=tt1 for-2<ts3 


For any given value of t in the interval [—2, 3], we can evaluate x = t? and 
y =t + 1 to determine a point (x, y) on the curve defined by the equations. See the 
following table and Figure 6.86. 


2+ 


et a=) 
t=-2 


Figure 6.86 


YA 
(0, 1) 


(0, -1) 


Figure 6.87 


Figure 6.88 
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2 4 -1 (4, -1) 
-1 1 0 (1, 0) 

0 0 1 (0, 1) 

1 1 2 (1, 2) 

2 4 3 (4, 3) 

3 9 4 (9, 4) 


As t takes on values from —2 to 3, the curve defined by the parametric equa- 
tions is traced in a particular direction. The direction in which the curve is 
traced—by increasing values of the parameter t—is referred to as its orientation. 
In Figure 6.86 the arrowheads show the orientation of the curve. 

In Example 4 we let the parameter t represent time. Then the parametric 
equations x = f(t) and y = g(t) indicate the x- and y-coordinates of a moving point 
as a function of t. 


a Point 


A point moves in a plane such that its position P(x, y) at time t is 
x =sint, y=cost for0Q=t=27 


Describe the motion of the point. 


Solution 


In Example 2 we determined that the graph of x = sin t, y = cos t for 
0 =t = 27 isa circle with center (0, 0) and radius 1. When t = 0, the point P 
is at (sin 0, cos 0) = (0, 1). When t = oe P is at (1, 0); when t = 7, Pisat 


3 
(0, —1); when t = - P is at (—1, 0); and when t = 21, P is back to its 


starting position (0, 1). Thus P starts at the point (0, 1) and rotates clockwise 
around the circle with center (0, 0) and radius 1 as the time t increases from 
O to 277. See Figure 6.87. 


™ The Brachistochrone Problem 


One famous problem, involving a bead traveling down a frictionless wire, was 
posed in 1696 by the mathematician Johann Bernoulli. The problem was to deter- 
mine the shape of a wire a bead could slide down such that the distance between 
two points was traveled in the shortest time. Problems that involve “shortest 
time” are called brachistochrone problems. They are very important in physics and 
form the basis for much of the classical theory of light propagation. 

The answer to Bernoulli’s problem is an arc of an inverted cycloid. See 
Figure 6.88. A cycloid is formed by letting a circle of radius a roll on a straight line 
without slipping. See Figure 6.89. The curve traced by a point on the circumfer- 
ence of the circle is a cycloid. To find an equation for this curve, begin by placing 
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a circle tangent to the x-axis with a point P on the circle and at the origin of a 
rectangular coordinate system. 

Roll the circle along the x-axis. After the radius of the circle has rotated 
through an angle 6, the coordinates of the point P(x, y) can be given by 


x=h-asindg, y =k -—acosé (4) 


where C(h, k) is the current center of the circle. 

Because the radius of the circle is a, k = a. See Figure 6.89. Because the circle 
rolls without slipping, the arc length subtended by 6 equals h. Thus h = aé. 
Substituting for i and k in Equations (4), we have, after factoring, 


x =a(O — sin 0), y=a(1—cos@) for@=0 


See Figure 6.90. 


——a 
x=h-asin@ 


Figure 6.89 


x = 4(0 — sin @) 
y = 4(1 — cos 0) 


Figure 6.91 


|< }, —_____+| 


RY 


x =a(@ — sin 8), y =a(1 — cos @) 


Figure 6.90 
A cycloid 


*) Use a graphing utility to graph the cycloid given by 
x = 4(0 — sin @), y=4(1—cos@) for0=6=47 


Solution 


Although 6 is the parameter in the above equations, many graphing utilities, 
such as the TI-83/TI-83 Plus/TI-84 Plus, use T as the parameter for 
parametric equations. Thus to graph the equations for 0 = @ = 47, we use 
Tmin = 0 and Tmax = 47, as shown below. Use radian mode and 
parametric mode to produce the graph in Figure 6.91. 


Tmin=0 Xmin=-6 Ymin=-4 
Tmax=Un Xmax=167n Ymax=10 
Tstep=0.5 Xscl=en Yscl=1 
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© Parametric Equations and Projectile Motion 


The path of a projectile (assume air resistance is negligible) that is launched at an 
angle @ from the horizon with an initial velocity of u feet per second is given by 
the parametric equations 


x = (u cos O)t, y = —16t? + (wsin @)t 


where tf is the time in seconds since the projectile was launched. 


(42) Use a graphing utility to graph the path of a projectile that is launched 
*) at an angle of 6 = 32° with an initial velocity of 144 feet per second. Use 
the graph to determine (to the nearest foot) the maximum height of the 
projectile and the range of the projectile. Assume the ground is level. 


Solution 
Use degree mode and parametric mode. Graph the parametric equations 
x = (144 cos 32°)t, y = —16t* + (144 sin 32°)t forO<t<5 


to produce the graph in Figure 6.92. Use the TRACE feature to determine that 
the maximum height of 91 feet is attained when t ~ 2.38 seconds and that 
the projectile strikes the ground about 581 feet downrange when 

t ~ 4.76 seconds. 


4290 Path of 
projectile 


t=2.38s 
(290.64, 90.98) 


x = (144 cos 32°)t 
y= —16t? + (144 sin 32°)t 


Figure 6.92 


In Figure 6.92, the angle of launch does not appear to be 32° because 1 foot on 
the x-axis is smaller than 1 foot on the y-axis. 


Ag \ Topics for Discussion 


1. It is always possible to eliminate the parameter of a pair of parametric 
equations. Do you agree? Explain. 


2. The line y = 3x + 5 has more than one parametric representation. Do you 
agree? Explain. 


» 


» 
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3. Parametric equations are used only to graph functions. Do you agree? 


Explain. 


4. Every function y = f(x) can be written in parametric form by letting x = t and 
y = f(t). Do you agree? Explain. 


>) Exercise Set 6.7 


In Exercises 1 to 10, graph the parametric equations by plot- 
ting several points. 


1. x =2t,y = —-t,fortER 
2. x = —3t,y = 6t, fort ER 


3.x=-t,y=t?—1,fortER 


4. x 


2t,y = 2t*-t+1,fortER 
5.x=t7,y=t?,fortER 
6.x=t?+1y=t?—1,fortER 

7.x =2cost,y =3sint,for0 =t < 27 

8. x=1-sint,y=1+ cost,for0=t<27 
9.x=2',y=2"' fortER 


10.x=t-1y=Vit,for0=t<9 


In Exercises 11 to 18, eliminate the parameter and graph the 
equation. 


T T 
11. x= sec t,y = tant, for ——7-<t <> 


)) 12. x=3+2cost,y=-—1-3sint,for0 st < 27 


13.x=2-,y=3 + 2t?, fort ER 
14.x=1+,y=2-*,fortER 


15. x = cos*t, y = sin’ t, for0 St < 27 


16. x =3sint,y =cost,for0=t= 


IE) 


17.x=Vt+1y=t,fort =—-1 


18. x = Vi, y = 2t — 1, fort =0 


)) 22. 


In Exercises 19 to 24, the parameter f represents time and the 
parametric equations x = f(t) and y = g(t) indicate the x- and 
y-coordinates of a moving point Pas a function of t. Describe 
the motion of the point as t increases. 


19. x =2+3cost,y=3+2sint,for0=t=7 
; 30 
20. x =sint,y = —cos t, for 0 = t= 


21.x=2t-1,y=t+1,for0=t=3 


x=t+1y=Vi,for0sts4 


23. x tan(Z ty se( 2 ), ford =t =— 


24.x=1-ty=?,forOst<2 


25. Eliminate the parameter for the curves 
CQ: x=24+8%, y=1-2t? 
and Cy: x=2 to y 1 2t 


and then discuss the differences between their graphs. 


26. Eliminate the parameter for the curves 
Ci: x=sect, y=tan’t 


and GC: x=14+8#, y=t? 


forOst< os and then discuss the differences between 


their graphs. 


27. Sketch the graph of 


7 


x = sin t, y =csct forO StS 


Sketch another graph for the same pair of equations but 


37r 
choose the domain of t tobe 7 < tS 3" 


28. Discuss the differences between the graphs of 
C:: x=cost, y=cos’t 
and Ca: 


forOSt<7. 


x=sint, y= sit 


29. aes Use a graphing utility to graph the cycloid 


x = 2(t — sint), y = 2(1 — cost) for0 = t < 27. 
y) 30. Use a graphing utility to graph the cycloid 
x = 3(t — sint), y = 3(1 — cost) for0 St = 127. 


In Exercises 31 and 32, the parameter t represents time and 
the parametric equations x = f(t) and y= g(t) indicate the x- 
and y-coordinates of a moving object as a function of t. 

31. 


SIMULATE UNIFORM MOTION A Corvette is traveling 
==} east at 65 miles per hour. A Hummer is traveling 
north at 60 miles per hour. Both vehicles are heading 
toward the same intersection. At time tf = 0 hours, the 
Corvette is 6 miles from the intersection and the Hummer 
is 5 miles from the intersection. 


Corvette 
67 ye ¢ Intersection 
as A 
B 6mi = 
4 ee 
| N 
5 mi 
aa Ww ~fe: 
l Hummer s 
_ Sy, . 
2 4 il 8 1o* 


a. The location of the Corvette is described by the equa- 
tions x = 65t, y = 5, for t = 0. Find a pair of paramet- 
ric equations that describes the location of the 
Hummer at the time t, where f is measured in hours. 


b. Graph the parametric equations of the vehicles to pro- 
duce a simulation. In the MODE menu, select SIMUL 
so that the motion of both vehicles will be shown si- 
multaneously. Use the following window settings. 


Tmin=0 Xmin=-0.6 Ymin=0 
Tmax=0.11 Xmax=10 Ymax=7 
Tstep=0.0005 Xscl=1 Yscl=1 


Which vehicle was the first to reach the intersection? 
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32. (92) SimuLate Unirorm Motion A Learjet is flying west 
at 420 miles per hour. A twin engine Piper Seneca is 
flying north at 235 miles per hour. Both Planes are flying 
at the same altitude. At time t = 0 hours, the Learjet is 800 
miles from the intersection point of the flight paths and 


the Piper Seneca is 415 miles from the intersection point. 


YA 
300 + 
(-500, 200) (300, 200) 
Intersection 
point 100 + 
~600 —400 200 "200 400 * 
; N 
(-500, -215) > : eF 
| s 


a. The location of the Piper Seneca is described by 
‘x 500, y 215 + 235t, t = 0. Find a pair of para- 
metric equations that describes the location of the 
Learjet at time t, where ft is measured in hours. 


b. Graph the parametric equations of the planes to pro- 
duce a simulation. In the MODE menu, select SIMUL 
so that the motion of both planes will be shown simul- 
taneously. Use the following window settings. 


Tmin=0 Xmin=—600 Ymin=-330 
TmMax=2 Xmax=400 Ymax=330 
Tstep=0.005 Xscl=100 Yscl=100 


Which plane was the first to reach the intersection 
point? 


In Exercises 33 to 36, graph the path of the projectile 
that is launched at an angle of @ with the horizon with 
an initial velocity of vo. In each exercise, use the graph to de- 
termine the maximum height and the range of the projectile 
(to the nearest foot). Also state the time t at which the pro- 
jectile reaches its maximum height and the time it hits the 
ground. Assume that the ground is level and the only force 
acting on the projectile is gravity. 


33. 6 = 55°, m = 210 feet per second 


»)) 34. 6 = 35°, m = 195 feet per second 
35. 6 = 42°, m = 315 feet per second 


36. 6 = 52°, m = 315 feet per second 
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Parametric equations of the form x = asin at, 


y= bcos Bt, for t=0, are encountered in electrical 


circuit theory. The graphs of these equations are called Lis- 


sajous figures. In Exercises 37 to 40, use Tstep = 0.05 and 
0<t=27. 


37. 


41. 


42. 


43. 


Graph: x = 5 sin 2t, y = 5 cost 


» » Connecting Concepts: 


Let B(x, y,) and B(x2, y) be two distinct points in the 
plane, and consider the line L passing through those 
points. Choose a point P(x, y) on the line L. Show that 


X7TGH _ Yh 
Xp — %X, Yo Ws 


Use this result to demonstrate that x = (x) — x,)f + x, 
y = (% — y)t + y; is a parametric representation of the 
line through the two points. 


Show that x=h+asint, y=k-+bcost, for a>0, 
b> 0,and 0 = t < 27, are parametric equations for an el- 
lipse with center at (H, k). 


Suppose a string, held taut, is unwound from the circum- 
ference of a circle of radius a. The path traced by the end 
of the string is called the involute of a circle. Find paramet- 
ric equations for the involute of a circle. 
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38. 
39. 


40. 


44. 


45. 


Graph: x = 5 sin 3t, y = 5 cos 2t 
Graph: x = 4 sin 2t, y = 4 cos 3t 


Graph: x = 5 sin 10t, y = 5 cos 9t 


A circle of radius a rolls without slipping on the outside 
of a circle of radius b > a. Find the parametric equations 
of a point P on the smaller circle. The curve is called an 
epicycloid. 


P(x, y) 


A(b, 0) x 


A circle of radius a rolls without slipping on the inside 
of a circle of radius b > a. Find the parametric equations 
of a point P on the smaller circle. The curve is called a 
hypocycloid. 


A(b, 0) x 


. PARAMETRIC EQUATIONS IN AN XYZ-COORDINATE SYSTEM 


a. Graph the three-dimensional curve given by 


x =3cost, y=3sint, z = 0.5t 


b. Graph the three-dimensional curve given by 


x=3cost, y = 6sint, z = 0.5t 


c. What is the main difference between these curves? 


d. What name is given to curves of this type? 
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Normal fel Eng 
0123456789 


Figure 6.93 


eee acne 
164 (1/4) sin (90/4+T) 


ey Nelelee} FORMAT 


Tmin=0 


Figure 6.94 


3i 


The vertices of the quadrilateral 
represent the fourth roots of 167 in 
the complex plane. 


Figure 6.95 


Using a Graphing Calculator to Find the nth Roots of z 


In Chapter 5 we used De Moivre’s Theorem to find the nth roots of a number. The 
parametric feature of a graphing calculator can also be used to find and display 
the nth roots of z = r(cos @ + isin @). Here is the procedure for a TI-83/TI-83 
Plus/TI-84 Plus graphing calculator. Put the calculator in parametric and degree 
mode. See Figure 6.93. To find the nth roots of z = r(cos 6 + isin @), enter in the 
Y=|menu 


Xit=rA(1/n)Jcos(6/n+T) and Yit=r4(1I/n)sin(6/n+T) 


In the WINDOW menu, set Tmin=0, Tmax=360, and Tstep=360/n. Set Xmin, 
Xmax, Ymin, and Ymax to appropriate values that will allow the roots to be seen 
in the graph window. Press GRAPH to display a polygon. The x- and y-coordinates 
of each vertex of the polygon represent a root of z in the rectangular form x + yi. 
Here is a specific example that illustrates this procedure. 


Example Find the fourth roots of z = 16i. 


In trigonometric form, z = 16(cos 90° + isin 90°). Thus, in this example, 
r = 16, 0 = 90°, and n = 4. In the | Y=| menu, enter 


XT=16A(1/4)cos(90/44+T] and Yit=164(1/4)sin(90/4+T) 
In the WINDOW menu, set 


Tmin=0 Xmin=-4 Ymin=-3 
Tmax=360 Xmax=4 Ymax=3 
Tstep=360/U Xscl=l Yscl=1 


See Figure 6.94. Press GRAPH to produce the quadrilateral in Figure 6.95. Use 
TRACE and the arrow key P to move to each of the vertices of the quadrilateral. 
Figure 6.95 shows that one of the roots of z = 167 is 1.8477591 + 0.765366861. 
Continue to press the arrow key P to find the other three roots, which are 


—0.7653669 + 1.8477591i, — 1.847759 — 0.7653669i, and 
0.76536686 — 1.847759i 


Use a graphing calculator to estimate, in rectangular form, each of the 
following. 


1. The cube roots of —27 

2. The fifth roots of 321 

3. The fourth roots of V8 + V8i 
4. The sixth roots of —64i 
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Chapter 6 Summary 


6.1 Parabolas 


e The equations of a parabola with vertex at (h, k) and axis of 
symmetry parallel to a coordinate axis are given by 


(x — h) = 4p(y — k); focus (h, k + p); directrix y = k — p 
(y — k? = 4p(x — h); focus (h + p, k); directrix x = h — p 


6.2 Ellipses 


e The equations of an ellipse with center at (i,k) and major 
axis parallel to a coordinate axis are given by 


=i) pa ae 
fia b? 

(eh (ye ky 
b? a 


For each equation, a > b and c? = a’ — Bb’. 


1; foci (h = c,k); vertices (h + a, k) 


1; foci (h, k + c); vertices (h, k + a) 


c 
e The eccentricity e of an ellipse is given by e = ey 


6.3 Hyperbolas 


e The equations of a hyperbola with center at (, k) and trans- 
verse axis parallel to a coordinate axis are given by 
(eH hy (yoke 
r b? 
(y—kr &— hy 
r b? 


1; foci (h + c,k); vertices (h + a, k) 


1; foci (h, k = c); vertices (h, k + a) 
For each equation, c* = a’ + b’. 


e The eccentricity e of a hyperbola is given by e = 2 


6.4 Rotation of Axes 
e The rotation-of-axes formulas are 
Ere ee eee ee 
y=y' cosa+x' sina y' =ycosa-—xsina 
e To eliminate the xy term from the general quadratic equa- 
tion, rotate the coordinate axes through an angle a, where 


A= 
cot 2a = A—S, B#O0, 0° < 2a < 180° 


e The graph of Ax’? + Bry + Cy? + Dx + Ey+F =0 is 
either a conic or a degenerate conic. If the graph is a conic, 


then the graph can be identified by its discriminant 
B’? — 4AC. The graph is 

an ellipse or a circle, provided B? — 4AC < 0. 

a parabola, provided B? — 4AC = 0. 

a hyperbola, provided B* — 4AC > 0. 

e The graph of Ax? + Bxy + Cy? + Dx + Ey + F =0 can be 
constructed by using a graphing utility to graph both 
(Bx + E) + V(Bx + EY — 4C(Ax? + Dx + F) 


“= 


2C 
and 
(Bx + E) — V(Bx + EY — 4C(Ax? + Dx + F) 
Ye 2C 


6.5 Introduction to Polar Coordinates 


e Apolar coordinate system is formed by drawing a horizon- 
tal ray (polar axis). The pole is the origin of a polar coordinate 
system. 


e A point is specified by coordinates (r, 0), where r is a di- 
rected distance from the pole and 6 is an angle measured 
from the polar axis. 

The transformation equations between a polar coordi- 
nate system and a rectangular coordinate system are 


Polar to rectangular: x =rcosé y=rsin0 


Rectangular to polar: r= Vx? +1’ tan 0 = 2 x#0 


e The polar equations of: 
lines are on page 413. 
circles are on page 415. 
limacons are on page 416. 
rose curves are on page 418. 


6.6 Polar Equations of the Conics 
e The polar equations of the conics are given by 
_ ed _ ed 
"“T+ecs6  " 1+esind 


where e is the eccentricity and d is the distance of the direc- 
trix from the focus. 


When 

0 <e <1, the graph is an ellipse. 
e = 1, the graph is a parabola. 

e > 1, the graph is a hyperbola. 
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6.7 Parametric Equations e Parametric equations can be used to show the movement of 


a point as it travels along a curve. 
e Let t be a number in an interval I. A curve is a set of ordered P 8 


pairs (x, y), where e Acycloid is traced by a point on a circle as the circle rolls ona 
ae. : ; a loi ‘ 438. 
x= 7G), v=ah Herter line. Parametric equations of a cycloid are given on page 438 


The variable t is called a parameter, and the pair of equations 
are parametric equations. 


e The path of a projectile (assume air resistance is negligible) 
that is launched at an angle @ from the horizon with an ini- 
tial velocity of vp feet per second is given by 

° To eliminate the parameter is to find an equation in x and y x = (vy cos 6)t, y = —16t? + (v sin 6)t 


that has the same graph as the given parametric equations. ; ; . 
where f is the time in seconds since the projectile was 


launched. 


Chapter 6 Assessing Concepts 


In Exercises 1 to 12, match an equation to each description. 
A letter may be used more than once. Some letters may not 
be needed. 


1. Equation, in rectangular form, of an ellipse with major a. 3x° — 4y? = 12 
axis of length 10 and minor axis of length 6 


(x- 4?" y—3/ 


2. Equation, in rectangular form, of a hyperbola with center me ve 52 q 
SS — 
c. 3x? + 4y* = 12 
3. Equation, in rectangular form, of a parabola with vertex 
2, -3 2 2 
(2, ~3) ___ dt 551 
4. Equation, in rectangular form, of an ellipse with eccen- 
1 2 
tricity — e. —x + 2y° + 12y + 20 =0 
ricity > 


f. -8 + — 4y + 12=0 


5. Equation, in rectangular form, of a hyperbola with eccen- 
3x + y —- 6y+3=0 


7 
tricity of a g. 


6. Equation, in rectangular form, of a parabola with focus 3 
(3, 2) 5 +2cos 0 


7. Equation, in rectangular form, of a parabola with vertex 6 
(2, 3) —— i. 


8. Polar equation of an ellipse with major axis on the polar 
axi Ere 
is btey 5 
= cos 0 — 
9. Polar equation of a hyperbola with transverse axis on the 3 3 
polar axis 
k. x =2+ 4cost,y=3+4 2sint,for0 =t<27 


10. Polar equation of a parabola with axis of symmetry on the 
polar axis l x=—-1+4+3sint,y=3+ 8cost,for0=t < 27 


11. Parametric equations of an ellipse with major axis parallel 
to the x-axis 


12. Parametric equations of an ellipse with center (2, 3) 
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Chapter 6 Review Exercises 


In Exercises 1 to 12, if the equation is that of an ellipse or a 
hyperbola, find the center, vertices, and foci. For hyperbolas, 
find the equations of the asymptotes. If the equation is that 
of a parabola, find the vertex, the focus, and the equation of 
the directrix. Graph each equation. 


1.°-y=4 


2. y’ = 16x 


3. x? + 4y? — 6x + BY -—3=0 


4. 3x? — 4y? + 12x — 24y — 36 =0 
5. 3x — 4y? + 8y +2=0 


6. 3x + 2y? — 4y —-7=0 


7. 9x? + 4y? + 36x — 8y +4=0 


8. 11x° — 25y? — 44x — 50y — 256 = 0 


9. 4x? — 9y? — 8x + 12y — 144 =0 


10. 9x? 


16y* + 36x — 16y — 104 = 0 


11. 4x? + 28x + 32y + 81=0 


12. x° — 6x — 9y + 27=0 


In Exercises 13 to 20, find the equation of the conic that sat- 
isfies the given conditions. 


13. Ellipse with vertices at (7,3) and (—3, 3); length of minor 
axis is 8. 


14. Hyperbola with vertices at (4,1) and (—2, 1) and eccent- 
.. 4 
ricity 3 


15. Hyperbola with foci (—5, 2) and (1, 2); length of transverse 
axis is 4. 


16. Parabola with focus (2, —3) and directrix x = 6 


17. Parabola with vertex (0,—2) and passing through the 
point (3, 4) 


2 
18. Ellipse with eccentricity ce and foci (—4,—-1) and 
(0, —1) 


19. Hyperbola with vertices (+6,0) and asymptotes whose 


equations are y = + 9” 


20. Parabola passing through the points (1, 0), (2, 1), and (0, 1) 
with axis of symmetry parallel to the y-axis. 


In Exercises 21 to 24, write the equation without an xy term. 
Name the graph of the equation. 


21. 11x? — 6xy + 19y? — 40 =0 


22. 3x7 + 6xy + 3y? — 4x + 5y — 12 =0 


23. x? + 2V3xy + 3y? + 8V3x 


8y + 32 =0 
24..xy = x= y= 1 =0 


In Exercises 25 to 34, graph each polar equation. 


25. r= 4cos 30 26. r=1+ cos 0 


27. r = 2(1 — 2sin @) 28. r= 4sin 40 
29. r=5sin 0 30. r= 3 sec 0 
31. r=4csc 0 32. r=4cos 0 


33. r=3+2cos 0 34. r=4+2sin0 


In Exercises 35 to 38, find a polar form of each equation. 


35. y* = 16x 36.x° +> + 4x + 3y=0 


37. 3x — 2y = 6 38. xy = 4 


In Exercises 39 to 42, find a rectangular form of each equation. 


4 
39. r = ———_ 40. r=3cos@-4sin@ 
1 — cos 0 
41. 1? = cos 20 42. 0=1 


In Exercises 43 to 46, graph the conic given by each polar 
equation. 


4 
r= 44. r = ————_. 
sd 3 — 6sin 0 " 1+ cos 0 
6 
r= ——— 46. r = ————_ 
il 2—cos 6 e 4+ 3sin 0 
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In Exercises 47 to 53, eliminate the parameter and graph the 


° : : | Usea graphing utility to graph the conic given by 
curve given by the parametric equations. 


x? + Axy + 2y? — 2x + 5y+1=0 


47.x=4t—-2,y=3t+1,fortER 
Use a graphing utility to graph 


48.x=1-¥f,y=3-2P,fortER 
6 
49. x =4sint,y =3cost,for0 <t<2a C= a 
3 + sin(o +2) 


50. x = sect, y = 4 tant, for a t wee 
2 2 ee : F 
Puysics The path of a projectile (assume air resist- 


ance is negligible) that is launched at an angle 6 from 


51.x= = y= 2. fort >0 the horizon with an initial velocity of vp feet per second is 
, : given by the parametric equations 
52.x=1+cost,y=2-sint,for0=t<27 x = (v9 cos O)E, y = —16f? + (vp sin Ot 
53.8] Vigor fort=0 where ft is the time in seconds since the projectile was 
launched. Use a graphing utility to graph the path of 
| Usea graphing utility to graph the cycloid given by a projectile that is launched at an angle of 33° with an ini- 


tial velocity of 245 feet per second. Use the graph to de- 
termine the maximum height of the projectile to the 
for0 =t = 187. nearest foot. 


x = 3(¢ — sin 6), y = 3(1 — cos f) 


»»» Quantitative Reasoning: The Mathematics of a Rotary Engine 


During the 1950s, Felix Wankel (1902-1988) developed a rotary engine. The engine 


Rotor 
has several remarkable properties. 
e A triangular rotor” (see Figure 6.96) rotates inside a chamber in a manner such 
that all three vertices of the rotor maintain constant contact with the chamber. 
e As the rotor rotates, the centroid (center) of the rotor moves on a circular path. 
Chamber 


e Every time the rotor makes one complete revolution, the centroid makes three 
complete revolutions around its circular path. 


The graph of the parametric equations 
x =3cosT + 0.5 cos(3T), y =3sinT + 0.5sin(37T),forO0=T=27 (1) 


where T is the counterclockwise angle of rotation as measured from the positive 
Figure 6.96 x-axis, yields the curve shown in Figure 6.97 on page 448. The curve has the same 
shape as the chamber of a rotary engine. 
The following TI-83/TI-83 Plus/TI-84 Plus program WANKEL simulates the 
motion of the rotor in a rotary engine. 


?The actual rotor used in a rotary engine is a modified equilateral triangle with curved sides, as shown 
in Figure 6.96. 
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-3.3 
Figure 6.97 


Figure 6.98 


PROGRAM:WANKEL 
ClrDraw:Radian:FnOff 
-5>Xmin:5>Xmax:l>Xscl 
-3.3Ymin:3.3Ymax:l1>Yscl 
For(T,0,27/3,7/40) 
Line(3cos(T)+.5cos(3T), 
3sin(T)+.S5sin(3T), 
3cos(T+2n/3)+.5co0s5(3T), 
3sin(T+27n/3)+.5sin(3T)) 
Line(3cos(T+27/3)+.5cos(3T), 
3sin(T+27n/3)+.5sin(3T), 
3cos(T+Un/3)+.5co0s(3T), 
3sin(T+U7/3)+.5sin(3T)) 
Line(3cos(T+47/3)+.5cos(3T), 
3sin(T+U7/3)+.5sin(3T), 
3cos(T+2n)+.5cos(3T), 
3sin(T+2n)+.5sin(3T)) 
Pt-On(.5cos(3T),.Ssin(3T)) 
End 


QR1. Run the WANKEL program. How does the path that is traced out by the 
vertices of the rotor compare with the graph in Figure 6.97? 


Felix Wankel designed the shape of the chamber of his rotary engine using 
trial and error. He did not know that mathematicians had made a study of this 
figure many years before by graphing the path that is traced out by a point on the 
radius of a circle that rolls around another circle. For example, Figure 6.98 shows a 
circle rolling around a larger circle. Point B, the midpoint of radius AC of the small 
circle, generates curve E as the small circle is rolled around the larger circle. Curve 
E is called an epitrochoid. 

The following TI-83/TI-83 Plus/TI-84 Plus program EPIT simulates the 
process of generating an epitrochoid by rolling a small circle around a larger cir- 
cle and plotting the trace of the midpoint of a radius of the smaller circle (point B 
in Figure 6.98). 


PROGRAM:EPIT 
Radian: FnOff 


CirDraw 
-l>Xmin:6—>Xmax 
1>Xscl 
-.33-Ymin:4.3Ymax 
1>Yscl 

Circle(0O,0,2) 


For(K,0,2/2,7/30) 
Circle(3cos(K),3sin{(K),1) 
Circle(3cos(K)+.5cos(3K), 

3sin(K)+.5sin(3K),.09) 
End 


QR2. Run the EPIT program. How does the path that is traced out by the mid- 
point of the radius of the small circle compare with the graph in Figure 6.98, 
in Quadrant I? 


QR3. Construct a two-dimensional model of a rotary engine. Demonstrate to 
your classmates how the rotor revolves inside the epitrochoid chamber. 
One method for constructing the model is to use thick cardboard from 
which you cut out an epitrochoid. To generate the epitrochoid, use a com- 
puter to print a large graph of the parametric equations given in (1). 


Test 449 


Cut out an equilateral triangle from the cardboard to form the rotor. What 
is the length, to the nearest tenth of a unit, of each side of the triangle? 
(Hint: The length of each side of the triangle equals the distance between 


27 


the points on the epitrochoid (1) at T = 0 and T = —.) 


3 


For additional information on rotary engines and epitrochoids, visit website 
http: //auto.howstuffworks.com/rotary-engine.htm and http://www.math 
.dartmouth.edu/~dlittle/java/SpiroGraph/. 
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10. 


11. 


x? 
: h: — + = 
Grap 16 


. Graph: 16y? + 32y — 4x? 


. For the equation x* 


. Find the vertex, focus, and directrix of the parabola given 


1 
by the equation y = mo x 
2 
v4 
1 


. Find the vertices and foci of the ellipse given by the equa- 


tion 25x* — 150x + 9y* + 18y + 9 = 0. 


. Find the equation in standard form of the ellipse with cen- 


ter (0, —3), foci (—6, —3) and (6, —3), and minor axis of 
length 6. 


. Find the vertices, foci, and asymptotes of the hyperbola 


2 2 


given by the equation - = a =1. 


24x = 84 


A4xy — 5y? + 3x — 5y — 20 = 0, de- 
termine what acute angle of rotation (to the nearest 0.01°) 
would eliminate the xy term. 


. Determine whether the graph of the following equation is 


the graph of a parabola, an ellipse, or a hyperbola. 
8x? + 5xy + 2y? — 10x + 5y +4=0 


P(1, -~V3) are the coordinates of a point in an xy- 
coordinate system. Find the polar coordinates of P. 


Graph: r = 4 cos 0 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


Graph: r = 3(1 — sin 6) 
Graph: r = 2 sin 40 


Find the rectangular coordinates of the point whose polar 


; 77 
coordinates are ae . 


Find the rectangular form of r — r cos 6 = 4. 


Write r= as an equation in rectangular 


1+ sin @ 
coordinates. 


Eliminate the parameter and graph the curve given by the 
parametric equations x = ¢ — 3, y = 2”. 


Eliminate the parameter and graph the curve given by the 
parametric equations x = 4sin 0, y = cos 6 + 2, where 
0= 6< 27. 


Use a graphing utility to graph the cycloid given by 
x = 2(t — sin t), y = 2(1 — cos £) 
for0 =t = 127. 


ao The path of a projectile that is launched at an angle 
===, of 30° from the horizon with an initial velocity of 
128 feet per second is given by 


x = (128 cos 30°), y = —16f? + (128 sin 30°)t 
where ¢ is the time in seconds after the projectile is 
launched. Use a graphing utility to determine how far (to 


the nearest foot) the projectile will travel downrange if the 
ground is level. 
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>> Cumulative Review Exercises 


10. 


. Find the measure of a for 


. Solve: x7 + 4x + 6=0 


. Is the graph of f(x) = x° — 4x symmetric with respect to 


the x-axis, the y-axis, or the origin, or does it exhibit none 
of these symmetries? 


. Given f(x) = sin x and g(x) = 3x — 2, find (g ° f)(x). 
. Convert 240° to radians. 


. An electric cart has 10-inch-radius wheels. What is the lin- 


ear speed in miles per hour of this cart when the wheels 
are rotating at 3 radians per second? Round to the nearest 
mile per hour. 


V3 30 


. Given sin t = ———, — <t < 27, find tant. 


2.° 2 


the right triangle shown at 
the right. Round to the 
nearest centimeter. 


43° 


20 cm 


1 
. What are the amplitude and period of y = — cos( =) 


2 


. What is the period of y = 2 tan( =) 


sin x 


Verify the identity 


csc xX + cot x. 


1 —cosx 
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11. 


12. 


13. 


14. 


15. 


16. 


17. 


3 5 
Given sina = 5 in Quadrant II and cos B = “B in 


Quadrant III, find sin(a + B). 


Find the exact value of sn( cos” t), 


2 
Ive: cos"! x = sin”! = 
Solve: cos* x = sin B 


To find the distance across a ravine, a surveying team lo- 
cates points A and B on one side of the ravine and point C 
on the other side of the ravine. The distance between A 
and B is 155 feet. The measure of angle CAB is 71°, and the 
measure of angle CBA is 80°. Find the distance across the 
ravine. Round to the nearest foot. 


The lengths of the sides of a triangular piece of wood are 
2.5 feet, 4 feet, and 3.6 feet. Find the angle between the two 
longer sides of the triangle. Round to the nearest degree. 


The magnitude of vector v is 30 and the direction angle is 
145°. Write the vector in the form v = ai + bj, where a and 


b are rounded to the nearest tenth. 


Are the vectors v = 3i + 2j and w = 5i — 7j orthogonal? 


. Write the complex number z = —2 + 2/V3 in polar form. 
. Sketch the graph of r = 3 sin 20. 


. Write x in terms of y by eliminating the parameter from 


the parametric equations x = 2t — 1,y =4P + 1. 


a me TTT Teg 7.1 Exponential Functions and Their Applications 


iL SSG 


Re 


= Online Study Center 


4; ‘a ‘s 
“©” For online student resources, such 


as section quizzes, visit this website: 
college.hmco.com/info/aufmannCAT 


Exponential and 


Logarithmic Functions 


: 


7.2. Logarithmic Functions and Their Applications 
7.3 Properties of Logarithms and Logarithmic Scales 
7.4 Exponential and Logarithmic Equations 

7.5 Exponential Growth and Decay 


7.6 Modeling Data with Exponential 
and Logarithmic Functions 


Modeling Data with an Exponential Function 


The average annual salary of a basketball player in the National 
Basketball Association (NBA) has increased from $12,000 a year in 
1957 to over $4.5 million a year in 2004. 

The following bar graph shows the average annual NBA salary 
for selected years from 1990 to 2002. 


S(t) + 


40+ 
mp 
a 
i 35+ 
ee =, 
S& 30+ 
a5 
8S 2.54 
a wn 
gs 20+ 

b=} 
SE 
ae al 
ae 
< 1.0+ 
[aa] 
Z 

0.5 
0.0 
1990 1994 1998 2002 t 
Year 


Source: www.sportsfansofamerica.com and the NBA Players Association 


The function S(t) = 0.7739(1.1485)! closely models the average annual salary of 
an NBA player for the years 1990 (t = 0) to 2002 (t = 12). This function was 
determined by using the data from the bar graph and exponential regression, which 
is one of the topics of Section 7.6. See Exercise 23, page 531 for another application 
in which an exponential function is used to model data. 


451 


452 Chapter 7 Exponential and Logarithmic Functions 


Table 7.1 


Exponential Functions and 
Their Applications 


= Exponential Functions 


Be In 1965, Gordon Moore, one of the cofounders of Intel Corporation, 
observed that the maximum number of transistors that could be placed on a 
microprocessor seemed to be doubling every 18 to 24 months. This observation is 
known as Moore’s Law. Table 7.1 below shows how the maximum number of tran- 
sistors on various Intel processors has changed over time. (Source: Intel Museum 
home page.) 
The curve that approximately passes through the points is a mathemati- 
cal model of the data. See Figure 7.1. The model is based on an exponential 
function. 


1971 


1979 1983 1985 1990 1993 1995 1998 2000 2004 


2.3 


31 110 280 1200 3100 5500 | 14,000 42,000 592,000 


Number of transistors 
(in thousands) 


72°76 ’80 ’84 ’88 ’92 ’96 ’00 
Year 


Figure 7.1 
Moore’s Law 


When light enters water, the intensity of the light decreases with the depth of 
the water. The graph in Figure 7.2 shows a model, for Lake Michigan, of the 
decrease in the percentage of available light as the depth of the water increases. 


P 
80 + 
60 + 


40 + 


Percent of light available 


20+ 


2 . 4 4 
Depth (in feet) 


Figure 7.2 


This model is also based on an exponential function. 


Definition of an Exponential Function 


The exponential function with base b is defined by 


faye 


where b > 0,b # 1, and x is a real number. 
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The base b of f(x) = b* is required to be positive. If the base were a negative num- 
ber, the value of the function would be a complex number for some values of x. 


1 1 
For instance, if b = —4 and x = a then f au i (—4)'”? = 27. To avoid complex 


number values of a function, the base of any exponential function must be a 
positive number. Also, b is defined such that b ¥ 1 because f(x) = 1* = 1 isa con- 
stant function. 
In the following examples we evaluate f(x) = 2* atx = 3 and x = —2. 
ee ee 

To evaluate the exponential function f(x) = 2* at an irrational number such as 
x = V2, we use a rational approximation of V2, such as 1.4142, and a calculator 
to obtain an approximation of the function. For instance, if f(x) = 2*, then 
flV2) = 2 = 24" = 2.6651. 


Evaluate f(x) = 3° atx = 2,x = —4,andx = 7. 


Solution 
f= =9 
ee 
3 34 81 


f(a) = 37 = 3°40Y7 = 3154428 - Evaluate with the aid of a calculator. 


om Graphs of Exponential Functions 


The graph of f(x) = 2* is shown in Figure 7.3. The coordinates of some of the points 
on the curve are given in Table 7.2. 


Table 7.2 
_— [ x | vera=2 | ten | 
8+ 1 1 
—2 2) = 0-4 2 
p-a=2%=t | (-2,4) 
6 + 
1 1 
=, -1 
The graph approaches 1 f(-1) =2 5 ( 1, x) 
the negative x-axis, but 
it does not intersect 0 f(0) ==] (0, 1) 
the axis. 
1 fiy=2=2 (1, 2) 
—-4 ++} 2 —_ 2 
432-1[1234 2% fQ)=2=4 (2, 4) 
3 {Q=2=8 (3, 8) 


Figure 7.3 
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Note the following properties of the graph of the exponential function f(x) = 2°. 
© The y-intercept is (0, 1). 
© The graph passes through (1, 2). 


© As x decreases without bound (that is, as x — —0o), f(x) > 0. 


© The graph is a smooth, continuous increasing curve. 


Now consider the graph of an exponential function for which the base is 


1 x 
between 0 and 1. The graph of f(x) = (=) is shown in Figure 7.4. The coordi- 


nates of some of the points on the curve are given in Table 7.3. 


fx) = (5) 


The graph approaches 
the positive x-axis, but 
it does not intersect 
the axis. 


a er 
—4 -3 -2 -1 


1234 % 


Figure 7.4 


Table 7.3 


-3 | f(-3)= (3) =8 | (-3,8) 

2 | f(-2)= (3)° =4 | (-2,4) 

4: '| Fee (3) =2 | (1,2) 
0 | f= (3) =1 (0,1) 
Tm (165 
Lm=(iF=# La 


1 x 
Note the following properties of the graph of f(x) = (3) 


© The y-intercept is (0, 1). 


1 
© The graph passes through (. +). 


© As x increases without bound (that is, as x — 00), f(x) — 0. 


© The graph is a smooth, continuous decreasing curve. 
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The basic properties of exponential functions are provided in the following 
summary. 


For positive real numbers b, b # 1, the exponential function defined by 
f(x) = b* has the following properties: 


1. The function fis a one-to-one function. It has the set of real numbers as 
its domain and the set of positive real numbers as its range. 


2. The graph of f is a smooth, continuous curve with a y-intercept of (0, 1), 
and the graph passes through (1, b). 


3. Ifb > 1,fis an increasing function and the graph of fis asymptotic to 
the negative x-axis. [As x — 00, f(x) — 00, and as x > —o, f(x) > 0.] 
See Figure 7.5a. 


4. If0 <b <1,fis a decreasing function and the graph of f is asymptotic 
to the positive x-axis. [As x — —oo, f(x) — 00, and as x > , f(x) > 0.] 
See Figure 7.5b. 


(s r3) \G. ) (,1) @,1) (1 b') (2 0°) (. r) 


-2 2 * 2 2 ¥ 
a. f(x) =b*,b>1 b. f(x) =b*%,0<b<1 
Figure 7.5 
Ly. 
@ QUESTION What is the x-intercept of the graph of f(x) = (+) ? 


EXAMPLE 2 


Graph: g(x) = (3) 


Continued > 


@ ANSWER The graph does not have an x-intercept. As x increases without bound, the 
graph approaches the x-axis, but it does not intersect the x-axis. 
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Solution 


3 
Because the base — is less than 1, we know that the graph of gis a 
decreasing function that is asymptotic to the positive x-axis. The y-intercept 
3 
of the graph is the point (0, 1), and the graph also passes through | 1, a} 


Plot a few additional points (see Table 7.4), and then draw a smooth curve 
through the points as in Figure 7.6. 


Table 7.4 
es eee aa 

-3 
2[ Gy [Gs 

2 
=O [Gs 

1 
a] (|) 
2 | (=| (i) : 
>| Gl-e | Ga) 

Figure 7.6 


Consider the functions F(x) = 2* — 3 and G(x) = 2°. You can construct the 
graphs of these functions by plotting points; however, it is easier to construct their 
graphs by using translations of the graph of f(x) = 2", as shown in Example 3. 


a. Explain how to use the graph of f(x) = 2* to produce the graph of 


F(x) = 2* — 3. 

b. Explain how to use the graph of f(x) = 2* to produce the graph of 
G(x) = 27%. 

Solution 


a. F(x) =2* — 3 =f(x) — 3. The graph of F is a vertical translation of f 
down 3 units, as shown in Figure 7.7. 


b. G(x) = 2*° = f(x — 3). The graph of G is a horizontal translation of f to 
the right 3 units, as shown in Figure 7.8. 
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fxy=2* . 
a \ CO) =e ame 
i aaa ae 
FQ)=2—3 
Figure 7.7 Figure 7.8 


The graphs of some functions can be constructed by stretching, compressing, 
or reflecting the graph of an exponential function. 


Reflecting Procedures to 


a. Explain how to use the graph of f(x) = 2* to produce the graph of 


M(x) = 2(2*). 

b. Explain how to use the graph of f(x) = 2* to produce the graph of 
N(x) = 27*. 

Solution 


a. M(x) = 2(2*) = 2f(x). The graph of M is a vertical stretching of f away 
from the x-axis by a factor of 2, as shown in Figure 7.9. (Note: If (x, y) is 
a point on the graph of f(x) = 2*, then (x, 2y) is a point on the graph 
of M.) 


b. N(x) = 2~* = f(—x). The graph of N is the graph of f reflected across the 
y-axis, as Shown in Figure 7.10. (Note: If (x, y) is a point on the graph of 
f(x) = 2*, then (—x, y) is a point on the graph of N.) 


MG)=20°) 


4 2 [2 4 2% 4 2 | 2 4 % 


Figure 7.9 Figure 7.10 
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Leonhard Euler (1707-1783) 


Some mathematicians consider 
Euler to be the greatest mathe- 
matician of all time. He certainly 
was the most prolific writer of 
mathematics of all time. He 
made substantial contributions 
in the areas of number theory, 
geometry, calculus, differential 
equations, differential geometry, 
topology, complex variables, and 
analysis, to name but a few. 
Euler was the first to introduce 
many of the mathematical nota- 
tions that we use today. For in- 
stance, he introduced the symbol 
i for the square root of —1, the 
symbol 7z for pi, the functional 
notation f(x), and the letter e for 
the base of the natural exponen- 
tial function. Euler’s computa- 
tional skills were truly amazing. 
The mathematician Francois 
Arago remarked, “Euler calcu- 
lated without apparent effort, as 
men breathe, or as eagles sus- 
tain themselves in the wind.” 


Caleulls connec 


Exponential and Logarithmic Functions 


© The Natural Exponential Function 


The irrational number 7 is often used in applications that involve circles. Another 
irrational number, denoted by the letter e, is useful in many applications that 
involve growth or decay. 


The number e is defined as the number that 


n 


approaches as n increases without bound. 


The letter e was chosen in honor of the Swiss mathematician Leonhard Euler. 
He was able to compute the value of e to several decimal places by evaluating 


1 n 
(: + — } for large values of n, as shown in Table 7.5. 
n 


Table 7.5 


1 2 

10 2.59374246 
100 2.704813829 
1000 2.716923932 
10,000 2.718145927 
100,000 2.718268237 
1,000,000 2.718280469 
10,000,000 2.718281693 


The value of e accurate to eight decimal places is 2.71828183. 


Definition of the Natural Exponential Function 
For all real numbers x, the function defined by 
f(x) = e* 


is called the natural exponential function. 


A calculator can be used to evaluate e* for specific values of x. For instance, 
e* = 7.389056, e°*° ~ 33.115452, and e '* ~ 0.246597 


On a TI-83/TI-83 Plus/TI-84 Plus calculator the e* function is located above the 
LN| key. 


The graph of f(x) = e* 
below was produced on a 
TI-83/TI-83 Plus/ TI-84 
Plus graphing calculator by 
entering e* in the Y= menu. 


Plot] Plot2 Plot3 
\Y B e4(X) 
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To graph f(x) = e*, use a calculator to find the range values for a few domain 
values. The range values in Table 7.6 have been rounded to the nearest tenth. 


Table 7.6 


—2 
0.1 


0.4 


Plot the points given in Table 7.6, and then connect the points with a smooth curve. 
Because e > 1, we know that the graph is an increasing function. To the far left, the 
graph will approach the x-axis. The y-intercept is (0, 1).See Figure 7.11. Note in Fig- 
ure 7.12 how the graph of f(x) = e* compares with the graphs of g(x) = 2* and 
h(x) = 3*. You may have anticipated that the graph of f(x) = e* would lie between 
the two other graphs because e is between 2 and 3. 


fx) =e" 


ee 12 38 4 


Figure 7.11 


8x) =2* 


f(x) =e* 


-1 


Figure 7.12 


Many applications can be modeled effectively by functions that involve an 
exponential function. For instance, in Example 5 we make use of a function that 
involves an exponential function to model the temperature of a cup of coffee. 


A cup of coffee is heated to 160°F and placed in a room that maintains a 
temperature of 70°F. The temperature T of the coffee, in degrees Fahrenheit, 
after t minutes is given by 


T = 70 + 90¢085 


a. Find the temperature of the coffee, to the nearest degree, 20 minutes after it 


is placed in the room. 


will reach 90°F. 


Use a graphing utility to determine when the temperature of the coffee 


Continued > 


460 Chapter 7 Exponential and Logarithmic Functions 


Solution 
a. T=70 + 90¢e70mss 
= 70 + 90e 9085-20) + Substitute 20 for t. 

90 = 70 + 906°°%**, Analytic =~ 70 + 34.1 
methods of solving this type of = 104.1 
Ed a CTT ee fal After 20 minutes the temperature of the coffee is about 104°F. 
graphing utility will be developed in Siisiiies . ; 
Cann Te. b. Graph T = 70 + 90e°""" and T = 90. See the following figure. 


170 


Intersection 
X=31.011905 Y=90 


Xscl=5 Yscl=20 


The graphs intersect at about (31.01, 90). It takes the coffee about 
31 minutes to cool to 90°F. 


The weekly revenue R, in dollars, from the sale of a product varies with time 
according to the function 


1760 


RO) BE ae om 


where x is the number of weeks that have passed since the product was put 
on the market. What will the weekly revenue approach as time goes by? 


Solution 


[22] Method 1 Usea graphing utility to 

===) graph R(x),and use the TRACE feature 
to see what happens to the revenue as the Yi=I760/(8+14e(-.03X)) 
time increases. The graph on the right 
shows that as the weeks go by, the weekly 
revenue will increase and approach $220.00 
per week. 


Xscl=100 Yscl=100 
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Method 2 Write the revenue function in the following form. 


1760 
RQ) = he = SE 


0.03x 


As x increases without bound, e’"* increases without bound, and the 


14 
fraction sO approaches 0. Therefore, as x > ©, R(x) = 350 = 220. Both 


methods indicate that as the number of weeks increases, the revenue 
approaches $220 per week. 


Ag ® Topics for Discussion 


1. Explain how to use the graph of f(x) =2* to produce the graph of 
g(x) = 2°9 + 4, 
2. At what point does the function g(x) = e*’? take on its maximum value? 


Without using a graphing utility, determine whether the revenue function 
R(t) = 10 + e °° is an increasing function or a decreasing function. 


4. Discuss the properties of the graph of f(x) = b* when b > 1. 


What is the base of the natural exponential function? How is it calculated? 
What is its approximate value? 


Exercise Set 7.1 


In Exercises 1 to 8, evaluate the exponential function for the ; 1\* 
given x-values. 7. j(x) = > 7X 


1. f(x) = 3*,;x =Oandx =4 
1 x 
. f(x) =(—];x=-landx=5 
y> 2. f(x) = 5x =3andx = —2 Bi) (+) * as 


3. gx) = WW a= —2and x =3 In Exercises 9 to 14, use a calculator to evaluate the 


exponential function for the given x-value. Round to the 
nearest hundredth. 


9. f(x) = 2%, x = 3.2 10. f(x) =3,x=—-15 


4. g(x) = 45x =Oandx=-1 


3 x 
5. h(x) = (3):x=2nax= —3 
2 
11. g(x) =e, x = 2.2 12. g(x) =e,x = -13 


2 x 
° way = (2);2- Land x =3 13. h(x) = 5',x = V2 14. h(x) =0.5,x= 7 
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15. Examine the following four functions and the graphs 
labeled a, b, c, and d. For each graph, determine which 


function has been graphed. 


Exponential and Logarithmic Functions 


fx) => g(x) =14+5%* 
h(x) = 5**5 k(x) = 5* +3 
a. b. Ya 
peas 
Cc. d. 


16. Examine the following four functions and the graphs 
labeled a, b, c, and d. For each graph, determine which 


g(x) = (+) ; 


function has been graphed. 


fle) = (+) 


In Exercises 17 to 24, sketch the graph of each function. 


17. f(x) =3* 


19. f(x) = 10* 


18. f(x) = 4" 


20. f(x) = 6" 


21. f(x) = (3) )) 22. fix) = (3) 


23. f(x) = (=) 24. f(x) = (2) 


In Exercises 25 to 38, explain how to use the graph of 
the first function f to produce the graph of the second func- 
tion F. 


25. f(x) = 3, F(x) =3* +2 
26. f(x) = 4, F(x) = 4° - 3 


27. f(x) = 10*, F(x) = 10** 


BP 28. f(x) = 6, F(x) = 6" 


29. f(x) ( : if F(x) ( : iy 


mae. r= (F)-0=-[(3) | 


31. f(x) = (3): F(x) = al (3) 
2 0-(F}ro-A(3) 


33. f(x) =e, F(x) =e * +2 


34. f(x) =e, Fx) =e FP +1 

35. f(x) = 2", F(x) = -(2**) 

36. f(x) = 2*, F(x) = -(2*) 

37. f(x) = 0.5%, F(x) =3 + 0.5% 

38. f(x) = 0.5%, F(x) = 3(0.5***) — 1 

[4+] In Exercises 39 to 46, use a graphing utility to graph each 


=| function. If the function has a horizontal asymptote, 
state the equation of the horizontal asymptote. 


39. f(x) = e — 40. f(x) =4-°3~ 
Meta ao a=" — 


7.1 


43. f(x) = -e°® 44. f(x) = 0.5e* 
10 10 
48. FT oat 46. (OT sete 
x=0 x=0 
47. (45) —\, INTERNET CONNECTIONS Data from Forrester 


)) 48. Ga 


49. 


50. 


==) Research suggest that the number of 
broadband [cable and digital subscriber line (DSL)] con- 
nections to the Internet can be modeled by 
f(x) = 1.353(1.9025)", where x is the number of years 
after January 1, 1998, and f(x) is the number of connec- 
tions in millions. 


a. How many broadband Internet connections, to the 
nearest million, does this model predict will exist on 
January 1, 2007? 


b. According to the model, in what year will the num- 
ber of broadband connections first reach 1 billion? 
[Hint: Use the intersect feature of a graphing utility to 
determine the x-coordinate of the point of intersection 
of the graphs of f(x) and y = 1000.] 


(45) MEDICATION IN BLOODSTREAM The function 
A(t) = 200e °°" gives the amount of medication, 
in milligrams, in a patient’s bloodstream ft minutes after 
the medication has been injected into the patient’s blood- 
stream. 


a. Find the amount of medication, to the nearest mil- 
ligram, in the patient’s bloodstream after 45 minutes. 


b. Use a graphing utility to determine how long it will 
take, to the nearest minute, for the amount of medica- 
tion in the patient’s bloodstream to reach 50 milligrams. 


DEMAND FOR A PRODUCT The demand d for a specific 
product, in items per month, is given by 

d(p) = 25 + 880e°? 
where p is the price, in dollars, of the product. 


a. What will be the monthly demand, to the nearest unit, 
when the price of the product is $8 and when the price 
is $18? 


b. What will happen to the demand as the price increases 
without bound? 


SALES The monthly income I, in dollars, from a new 
product is given by 


I(t) = 24,000 — 22,000e~°°* 


where t is the time, in months, since the product was first 
put on the market. 
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52. 


53. 
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a. What was the monthly income after the 10th month 
and after the 100th month? 


b. What will the monthly income from the product app- 
roach as the time increases without bound? 


chia coli (E. coli) is a 
bacterium that can repro- 
duce at an exponential 
rate. The E. coli repro- 
duce by dividing. A 
small number of E. coli 


bacteria in the large in- 

testine of a human can trigger a serious infection within a 
few hours. Consider a particular E. coli infection that starts 
with 100 E. coli bacteria. Each bacterium splits into two 
parts every half hour. Assuming none of the bacteria die, 
the size of the E. coli population after t hours is given by 
P(t) = 100 - 2”, where 0 <t = 16. 


a. Find P(3) and P(6). 
b. Use a graphing utility to find the time, to the nearest 


tenth of an hour, it takes for the E. coli population to 
number 1 billion. 


| RADIATION Lead shielding is used to contain radia- 
=|tion. The percentage of a certain radiation that can 
penetrate x millimeters of lead shielding is given by 
I(x) = 100e7!°*. 


a. What percentage of radiation, to the nearest tenth of a 
percent, will penetrate a lead shield that is 1 millimeter 
thick? 


b. How many millimeters of lead shielding are required 
so that less than 0.05% of the radiation penetrates the 
shielding? Round to the nearest millimeter. 


Fe) PHOTOCHROMATIC EYEGLASS LENSES Photochromatic 
=| eyeglass lenses contain molecules of silver chloride or 
silver halide. These molecules are transparent in the ab- 
sence of UV rays. UV rays are normally absent in artificial 
lighting. However, when the lenses are exposed to UV 
rays, as in direct sunlight, the molecules take on a new 
molecular structure, which causes the lenses to darken. 
The number of molecules affected varies with the inten- 
sity of the UV rays. The intensity of UV rays is measured 
using a scale called the UV index. On this scale, a value 
near 0 indicates a low UV intensity and a value near 10 
indicates a high UV intensity. 
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For the photochromatic lenses shown below, the 
function P(x) = (0.9) models the transparency P of the 
lenses as a function of the UV index x. 


UV index, 0 
lens transparency, 100% 


UV index, 5 
lens transparency, 59.0% 


UV index, 9 
lens transparency, 38.7% 


@e. 


a. Find the transparency of these lenses, to the nearest 
tenth of a percent, when they are exposed to light rays 
with a UV index of 3.5. 


b. What is the UV index of light rays that cause these 
photochromatic lenses to have a transparency of 45%? 
Round to the nearest tenth. 


)) 54. aa FISH POPULATION The number of bass in a lake is 
=) given by 


Es 


v 
1 


3600 


Pt) = T+ Fe 005t 


where f is the number of months that have passed since 
the lake was stocked with bass. 


a. How many bass were in the lake immediately after it 
was stocked? 


b. How many bass were in the lake 1 year after the lake 
was stocked? Round to the nearest bass. 


c. What will happen to the bass population as t increases 
without bound? 


55. 
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2) THeE Pay It For- 
E==s) WARD MODEL In the 
movie Pay It Forward, 
Trevor McKinney, played 
by Haley Joel Osment, is 
given a school assignment 
to “think of an idea to 
change the world—and 
then put it into action.” In 
response to this arene Trevor develops a pay it 
forward project. In this project, anyone who benefits from 
another person’s good deed must do a good deed for 
three additional people. Each of these three people is then 
obligated to do a good deed for another three people, and 
so on. 

The following diagram shows the number of people 
who have been a beneficiary of a good deed after 1 round 
and after 2 rounds of this project. 


ob 


Three beneficiaries 
after one round. 


A total of 12 
beneficiaries 
after two rounds 
(3+9=12). 


A mathematical model for the number of pay-it-forward 
antl _ 3 
7 


beneficiaries after n rounds is given by B(n) = 


Use this model to determine 


a. the number of beneficiaries after 5 rounds and after 
10 rounds. Assume that no person is a beneficiary of 
more than one good deed. 


b. how many rounds are required to produce at least 
2 million beneficiaries. 


| INTENSITY OF LIGHT The percent I(x) of the original 
==| intensity of light striking the surface of a lake that is 
available x feet below the surface of the lake is given by 
I(x) = 100e-°*. 


a. What percentage of the light, to the nearest tenth of 
a percent, is available 2 feet below the surface of the lake? 


b. At what depth, to the nearest hundredth of a foot, 
is the intensity of the light one-half the intensity at 
the surface? 


57. 


58. 


7.1 


A TEMPERATURE MODEL A cup of coffee is heated 
to 180°F and placed in a room that maintains a tem- 
perature of 65°F. The temperature of the coffee after f min- 
utes is given by T(t) = 65 + 115e °°", 


a. Find the temperature, to the nearest degree, of the coffee 
10 minutes after it is placed in the room. 


b. Use a graphing utility to determine when, to the near- 
est tenth of a minute, the temperature of the coffee will 
reach 100°F. 


A TEMPERATURE IVIODEL Soup that is at a temperature 
of 170°F is poured into a bowl in a room that main- 
tains a constant temperature. The temperature of the 
soup decreases according to the model given by 
T(t) = 75 + 95e ° where f is time in minutes after the 
soup is poured. 


a. What is the temperature, to the nearest tenth of a 
degree, of the soup after 2 minutes? 


b. A certain customer prefers soup at a temperature 
of 110°F. How many minutes, to the nearest 0.1 min- 
ute, after the soup is poured does the soup reach that 
temperature? 


c. What is the temperature of the room? 
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(MUSICAL SCALES Starting on the left side of a standard 
88-key piano, the frequency, in vibrations per second, 
of the nth note is given by f(n) = (27.5)2"-)/”, 


waxtccica Tea ed ded I SNS Sea 


a. Using this formula, determine the frequency, to the 
nearest hundredth of a vibration per second, of middle 
C, key number 40 on an 88-key piano. 


b. Is the difference in frequency between middle C (key 
number 40) and D (key number 42) the same as the dif- 
ference in frequency between D (key number 42) and E 
(key number 44)? Explain. 


60. 


61. 


62. 


63. 


Verify that the hyperbolic cosine function 


Ea ad 


cosh(x) = is an even function. 


x 


ee 
2 


Verify that the hyperbolic sine function sinh(x) = 


is an odd function. 


Graph g(x) = 10*, and then sketch the graph of g reflected 
across the line given by y = x. 


Graph f(x) = e*, and then sketch the graph of f reflected 
across the line given by y = x. 


In Exercises 64 to 67, determine the domain of the given 
function. Write the domain using interval notation. 


64. 


ox [x] 


e~—e e 
65. = 
ew+te* Fa) deer 


ff) = 


66. 


68. 


69. 


70. 


fd =V1I-e 67. f(x) = Ve* —e* 
Let h(x) = 2°. Express fh as the composition of an 


exponential function f and a polynomial function g. 


Let h(x) = e®. Express h as the composition of an 
exponential function f and a polynomial function g. 


® Explain why the graph of 


e+e* 


fy = 


can be produced by plotting the average height of 
g(x) = e* and h(x) = e* for each value of x. 
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A S THE SAINT Louis GATEWAY ARCH The Gateway 
Arch in Saint Louis was designed in the shape 
of an inverted catenary, as shown by the red curve in the 
drawing below. The Gateway Arch is one of the largest 
optical illusions ever created. As you look at the arch (and 
its basic shape defined by the catenary curve), it appears 
to be much taller than it is wide. However, this is not the 
case. The height of the catenary is given by 


h(x) = 693.8597 — sa.rer2(* : 


0.0100333x + ae) 
where x and /i(x) are measured in feet and x = 0 repre- 
sents the position at ground level that is directly below the 
highest point of the catenary. 


Yh 


1 


a. Use a graphing utility to graph h(x). 


RY 


b. Use your graph to find the height of the catenary for 
x = 0, 100, 200, and 299 feet. Round each result to the 
nearest tenth of a foot. 


c. What is the width of the catenary at ground level and 
what is the maximum height of the catenary? Round 
each result to the nearest tenth of a foot. 


d. By how much does the maximum height of the cate- 
nary exceed its width at ground level? Round to the 
nearest tenth of a foot. 


Exponential and Logarithmic Functions 


7) AN EXPONENTIAL REWARD According to leg- 

= end, when Sissa Ben Dahir of India invented 
the game of chess, King Shirham was so impressed with 
the game that he summoned the game’s inventor and of- 
fered him the reward of his choosing. The inventor 
pointed to the chessboard and requested, for his reward, 
one grain of wheat on the first square, two grains of wheat 
on the second square, four grains on the third square, 
eight grains on the fourth square, and so on for all 
64 squares on the chessboard. The king considered this a 
very modest reward and said he would grant the inven- 
tor’s wish. The following table shows how many grains of 
wheat are on each of the first six squares and the total 
number of grains of wheat needed to cover squares 1 ton 
forn = 6. 


1 1 1 
2 2 3 
3 4 

4 8 15 
5 16 31 
6 32 63 


a. If all 64 squares of the chessboard are piled with wheat 
as requested by Sissa Ben Dahir, how many grains of 
wheat are on the board? 


b. A grain of wheat weighs approximately 0.000008 kilo- 
gram. Find the total weight of the wheat requested by 
Sissa Ben Dahir. 


c. In a recent year, a total of 6.5 X 10° metric tons of 
wheat were produced in the world. At this level, how 
many years, to the nearest year, of wheat production 
would be required to fill the request of Sissa Ben 
Dahir? One metric ton equals 1000 kilograms. 


Logarithms were developed by 
John Napier (1550-1617) as a 
means of simplifying the calcula- 
tions of astronomers. One of his 
ideas was to devise a method by 
which the product of two num- 
bers could be determined by 
performing an addition. 
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Logarithmic Functions and 
Their Applications 


PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be found 
on page A37. 


PS1. If 2* = 16, determine the value of x. [7.1] 


1 
PS2. If3* = 57" determine the value of x. [7.1] 


PS3. If x* = 625, determine the value of x. [7.1] 


2x 


PS4. Find the i f = : 
Sy ind the inverse of f(x) a 


[1.6] 


PS5. State the domain of g(x) = Vx — 2. [1.3] 


PS6. If the range of f(x) is the set of all positive real numbers, then what is the domain 
of h7'(x)? [1.6] 


© Logarithmic Functions 


Every exponential function of the form g(x) = b* is a one-to-one function and 
therefore has an inverse function. Sometimes we can determine the inverse of a 
function represented by an equation by interchanging the variables of its equation 
and then solving for the dependent variable. If we attempt to use this procedure 
for g(x) = b*, we obtain 


sah 
=o 
x= bY ¢ Interchange the variables. 


None of our previous methods can be used to solve the equation x = b’ for the 
exponent y. Thus we need to develop a new procedure. One method would be to 
merely write 


y = the power of b that produces x 


Although this would work, it is not very concise. We need a compact notation to 
represent “y is the power of b that produces x.” This more compact notation is 
given in the following definition. 


Definition of a Logarithm and a Logarithmic Function 


If x > 0 and b is a positive constant (b ¥ 1), then 
y=log,x  ifandonlyif bY=x 
The notation log, x is read “the logarithm (or log) base b of x.” The function 


defined by f(x) = log, x is a logarithmic function with base b. This function 
is the inverse of the exponential function g(x) = D*. 
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It is essential to remember that f(x) = log, x is the inverse function of 
g(x) = b*. Because these functions are inverses and because functions that are 
inverses have the property that f(g(x)) = x and 9( f(x)) = x, we have the following 
important relationships. 


Composition of Logarithmic and Exponential Functions 


As an example of these relationships, let g(x) = 2" and f(x) = log, x. Then 
Qleea* = x and log, 2* = x 


The equations 


y=log,x and b’=x 
power of 2 that produces 8” is 


are different ways of expressing the same concept. 


abbreviated 3 = loge &. In your 


work with logarithms, remember 


that a logarithm is an exponent. Definition of Exponential Form and Logarithmic Form 


The exponential form of y = log, x is b¥ = x. 


The logarithmic form of bY = x is y = log, x. 


These concepts are illustrated in the next two examples. 


(AMPLE 1 Change from Logarithmic to 


Write each equation in its exponential form. 


a. 3=log,8 b. 2=logwo(x+5) c log.x=4 d. log,P=3 


Solution 
Use the definition y = log, x if and only if b’ = x. 
Logarithms are exponents. 
i g Pp 


a. 3=log,8 ifandonlyif 2=8 


Base 
b. 2 = logio(x + 5) if and only if 107 =x + 5. 
c. log.x = 4if and only if e* = x. 


d. log, b’ = 3 if and only if b° = b’. 
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Write each equation in its logarithmic form. 


a F=9 b =x co @=c dd, pewe=5 


Solution 
The logarithmic form of b’ = x is y = logy x. 
Exponent 
a. 3=9 ifandonlyif 2=log,9 
Es Base 
b. 5° =x if and only if 3 = log; x. 
c. a’ =cifand only if b = log, c. 


d. b'°8° = 5 if and only if log, 5 = log, 5. 


The definition of a logarithm and the definition of an inverse function can be 
used to establish many properties of logarithms. For instance: 


= log, b = 1 because b = b’. 
= log, 1 = 0 because 1 = D°. 
© log,(b*) = x because b* = b*. 


= p’°%* = x because f(x) = log,x and g(x) =b* are inverse functions. Thus 


eliixajl=x 


We will refer to the preceding properties as the basic logarithmic properties. 


Basic Logarithmic Properties 


Basic Logarithmic Propertie 


Evaluate each of the following logarithms. 


a. logsl ob. logs5 cc. log,(2*) d. 31°83” 


Solution 
a. By Property 2, logs 1 = 0. 
b. By Property 1, logs5 = 1. 


9 


By Property 3, log.(2*) = 4. 
By Property 4, 3'°837 = 7. 
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f(x) = log, x 


Exponential and Logarithmic Functions 


Figure 7.13 


ra 


+ 


8 


x 


Some logarithms can be evaluated just by remembering that a logarithm is an 
exponent. For instance, log; 25 equals 2 because the base 5 raised to the second 
power equals 25. 


© logy 100 = 2 because 10* = 100. 
= log, 64 = 3 because 4° = 64. 


1 {1 
. log? 5 = —2 because 77 = i i 


@ QUESTION What is the value of log; 625? 


®" Graphs of Logarithmic Functions 


Because f(x) = log, x is the inverse function of 9(x) = b*, the graph of f is a 
reflection of the graph of g across the line given by y = x. The graph of g(x) = 2* 
is shown in Figure 7.13. Table 7.7 below shows some of the ordered pairs of the 
graph of g. 


Table 7.7 


The graph of the inverse of g, which is f(x) = log, x, is also shown in Figure 7.13. 
Some of the ordered pairs of f are shown in Table 7.8. Note that if (x, y) is a point 
on the graph of g, then (y, x) is a point on the graph of f. Also notice that the graph 
of f is a reflection of the graph of g across the line given by y = x. 


Table 7.8 


The graph of a logarithmic function can be drawn by first rewriting the function 
in its exponential form. This procedure is illustrated in Example 4. 


@ ANSWER log; 625 = 4 because 5* = 625. 
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Graph f(x) = log; x. 


Solution 


To graph f(x) = log; x, consider the equivalent exponential equation x = 3’. 
Because this equation is solved for x, choose values of y and calculate the 
corresponding values of x, as shown in Table 7.9. 


Table 7.9 


Ne) 
wile 


Now plot the ordered pairs and connect the points with a smooth curve, as 
shown in Figure 7.14. 


F(x) = logs x 


RY 


8 10 


Figure 7.14 


We can use a similar procedure to draw the graph of a logarithmic function 


with a fractional base. For instance, consider y = log»,3 x. Rewriting this in expo- 
y 


nential form gives us | — ] = x. Choose values of y and calculate the correspon- 


ding x values. See Table 7.10. Plot the points corresponding to the ordered pairs 
(x, y), and then draw a smooth curve through the points, as shown in Figure 7.15. 


Table 7.10 


y = log 5/5 x 
Figure 7.15 
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For all positive real numbers b, b ¥ 1, the function f(x) = log, x has the 
following properties: 


1. 


The domain of f consists of the set of positive real numbers, and its 
range consists of the set of all real numbers. 


The graph of f has an x-intercept of (1, 0) and passes through (0, 1). 


If b > 1, fis an increasing function and its graph is asymptotic to the 
negative y-axis. [As x — ©, f(x) — ©, and as x — 0 from the right, 
f(x) + —©&.] See Figure 7.16a. 


If0 <b <1, fis a decreasing function and its graph is asymptotic to 
the positive y-axis. [As x — ©, f(x) + —°, and as x — 0 from the right, 
f(x) — ©.] See Figure 7.16b. 


y yt 
a} 341 
(b°, 3) 
(b7, 2) (b', 1) 
(1, 0) (b, 1) bo 
a pee (L.0)T pee bo 
S lot) = 
(b+, -1) il (b-? -2) Or) 
a. f(x) =log, x,b>1 b. f(x) =log, x,0<b<1 
Figure 7.16 


Domains of Logarithmic Functions 


The function f(x) = log, x has as its domain the set of positive real numbers. The 
function f(x) = log,(g(x)) has as its domain the set of all x for which g(x) > 0. To 
determine the domain of a function such as f(x) = log,(g(x)), we must determine 
the values of x that make g(x) positive. This process is illustrated in Example 5. 


EXAMPLE 5 


Find the domain of each of the following logarithmic functions. 


f(x) = loge(x — 3) F(x) = log,|x + 2| R(x) = ios) 


Solving (x — 3) > 0 for x gives us x > 3. The domain of f consists of all 
real numbers greater than 3. In interval notation, 


The solution set of |x + 2| > 0 consists of all real numbers x except 
x = —2. The domain of F consists of all real numbers x # —2. In interval 
notation, 
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c. Solving (=) > 0 yields the set of all real numbers x between 0 and 8. 


The domain of R is all real numbers x such that 0 < x < 8. In interval 
notation, the domain is (0, 8). 


Some logarithmic functions can be graphed by using horizontal and/or verti- 
cal translations of a previously drawn graph. 


-XAMPLE 6 Use Tri 


Graph. a. f(x) = logs(x + 3) b. f(x) =logax +3 


Solution 


a. The graph of f(x) = logs(x + 3) can be obtained by shifting the graph 
of g(x) = log, x to the left 3 units. See Figure 7.17. Note that the 
domain of f consists of all real numbers x greater than —3 because 
x +3 > 0 for x > —3. The graph of fis asymptotic to the vertical line 
= =3. 


b. The graph of f(x) = log, x + 3 can be obtained by shifting the graph of 
g(x) = logs x upward 3 units. See Figure 7.18. 


fx) =log, (x +3) 


yr 


f(x) =log,x+3 


g(x) =log, x 


Figure 7.17 Figure 7.18 


= Common and Natural Logarithms 


Two of the most frequently used logarithmic functions are common logarithms, 
which have base 10, and natural logarithms, which have base e (the base of the natural 
exponential function). 


Definition of Common and Natural Logarithms 


The function defined by f(x) = logio x is called the common logarithmic 
function. It is customarily written without stating the base as f(x) = log x. 


The function defined by f(x) = log. x is called the natural logarithmic 
function. It is customarily written as f(x) = In x. 
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Most scientific or graphing calculators have a key for evaluating common 
logarithms and an |LN| key to evaluate natural logarithms. For instance, using a 


graphing calculator, 
log 24 ~ 13802112 and  In81 ~ 4.3944492 


The graphs of f(x) = log x and f(x) = In x can be drawn using the same techniques 
we used to draw the graphs in the preceding examples. However, these graphs 
also can be produced with a graphing calculator by entering log x and In x into the 
Y= menu. See Figure 7.19 and Figure 7.20. 


Plotl Plot2 Plot3 
\Y: BloglX) 


Figure 7.19 Figure 7.20 


Observe that each graph passes through (1,0). Also note that as x — 0 from 
the right, the functional values f(x) — —°. Thus the y-axis is a vertical asymptote 
for each of the graphs. The domain of both f(x) = log x and f(x) = In x is the set 
of positive real numbers. Each of these functions has a range consisting of the 
set of real numbers. 

Many applications can be modeled by logarithmic functions. 


In the study The Pace of Life, M. H. Bornstein and H. G. Bornstein (Nature, 
Vol. 259, pp. 557-558, 1976) reported that as the population of a city 
increases, the average walking speed of a pedestrian also increases. An 
approximate relation between the average pedestrian walking speed s, in 
miles per hour, and the population x, in thousands, of a city is given by 
the function 


s(x) = 0.37 In x + 0.05 


a. Determine the average walking speed, to the nearest tenth of a mile per 
hour, in San Francisco, which has a population of 780,000, and in Round 
Rock, Texas, which has a population of 62,000. 


b. Estimate the population of a city for which the average pedestrian walking 
speed is 3.1 miles per hour. Round to the nearest hundred-thousand. 
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LI Solution 


Although logarithms were origi- a. The population of San Francisco, in thousands, is 780. 
nally developed to assist with 

computations, logarithmic func- s(x) = 0.37 In x + 0.05 

tions have a much broader use s(780) = 0.37 In 780 + 0.05 _- Substitute 780 for x. 


today. They are often used in 
such disciplines as geology, 
acoustics, chemistry, physics, 
and economics, to name a few. 


=25 * Use a calculator to evaluate. 


The average walking speed in San Francisco is about 2.5 miles per hour. 
The population of Round Rock, in thousands, is 62. 


s(x) = 0.37 In x + 0.05 
s(62) = 0.37 In 62 + 0.05 « Substitute 62 for x. 


= 1.6 + Use a calculator to evaluate. 
The average walking speed in Round Rock is about 1.6 miles per hour. 


b. Graph s(x) = 0.37 In x + 0.05 and s = 3.1 in the same viewing window. 


5 


10,000 
Intersection 
X=3801.8507 Y=3.1 


-15 


Xscl=1000 Yscl=1 


The x value of the intersection point represents the population in 
thousands. The function indicates that a city with an average 
pedestrian walking speed of 3.1 miles per hour should have a 
population of about 3,800,000. 


Ag yy Topics for Discussion 


If m > n, must log, m > log, n? 
2. For what values of x is In x > log x? 


What is the domain of f(x) = log(x* + 1)? Explain why the graph of f does not 
have a vertical asymptote. 


4. as The subtraction 3 — 5 does not have an answer if we require that the 


=| answer be positive. Keep this idea in mind as you work the rest of this 
discussion exercise. 


Press the [MODE | key of a TI-83/TI-83 Plus/TI-84 Plus graphing calculator, 
and choose “Real” from the menu. Now use the calculator to evaluate 
log(—2). What output is given by the calculator? Press the |MODE | key, and 
choose “a + bi” from the menu. Now use the calculator to evaluate log(—2). 
What output is given by the calculator? Explain why the output is different 
for these two evaluations. 
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Exercise Set 7.2 


Exponential and Logarithmic Functions 


In Exercises 1 to 12, write each equation in its exponential 
form. 


1. 1 = log 10 2. 4 = log 10,000 
3. 2 = logs 64 >) 4. 3 = log. 64 

1 
5. 0 = log, x 6. —4 = logs 57 
7. Inx=4 8. Ine? = 2 
9. In1=0 10. Inx = -3 


1 i 
11, 2 = log(3x + 1) 12.2 = in( 3 ) 


In Exercises 13 to 24, write each equation in its logarithmic 
form. Assume y > 0 and b> 0. 


13. 3° =9 )) 14. 5° = 125 
=2 1 0 
15. 4? = — 16. 10° = 1 

16 
17. be =y 18. 2° =y 
19. y=e 20. 5'=5 
1 
. 100 = 10? 22. 24=— 
21. 100 = 10 16 
23.¢ =x+5 24. 3° = 47 


In Exercises 25 to 42, evaluate each logarithm. Do not use a 
calculator. 


8 
25. log, 16 26. logs, 7 
27. | ae 28. log, 1 
» 1083 743 + LOS) 
29. Ine® 30. log, b 
1 
31. log — )) 32. log 1,000,000 
100 
100 
33. logos 16 34. logos ss 
35. 4 log 1000 36. log; 125° 
37. 2 log, 2401 38. 3 log;, 161,051 
39. log;W/9 40. log./36 


41. 5 log:; V169 42. 2 log, W/343 


In Exercises 43 to 50, graph each function by using its expo- 
nential form. 


43. f(x) = logy x )) 44. f(x) = log, x 


45. f(x) = login x 46. f(x) = logs x 
47. f(x) = logij2x 


49. f(x) = logs. x 


48. f(x) = logij4x 


50. f(x) = log7/3 x 


In Exercises 51 to 64, find the domain of the function. Write 
the domain using interval notation. 


51. f(x) = logs(x — 3) ») 52. k(x) = log,(5 — x) 


53. k(x) = log»/,(11 — x) 54. H(x) = logy/4(x? + 1) 
55. P(x) = In(x? — 4) 56. J(x) = n=) 

57. h(x) = in( :) 58. R(x) = In(x* — x?) 

59. N(x) = log,(x° — x) 60. s(x) =log,(x?+ 7x + 10) 
61. 9(x) = log V2x — 11 62. m(x) = log |4x — 8 

63. t(x) = 2 In(3x — 7) 64. v(x) = In(x — 4) 


In Exercises 65 to 72, use translations of the graphs in Exer- 
cises 43 to 50 to produce the graph of the given function. 


65. f(x) = log,(x — 3) )) 66. f(x) = log.(x + 3) 
67. f(x) = logy,x + 2 68. f(x) = logsx — 4 
69. f(x) =3 + logi,.x 


71. f(x) = 1 + logs,(x — 4) 


70. f(x) =2 + logijax 


72. f(x) = logy3(x — 3) — 1 


73. Examine the following four functions and the graphs 
labeled a, b, c, and d. For each graph, determine which 
function has been graphed. 


f(x) = logs(x — 2) 
h(x) = logs(—x) 


g(x) = 2 + logs x 
k(x) = —logs(x + 3) 
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)) 86. AveraGe TyPING SPEED The following function models 


74, Examine the following four functions and the graphs 
labeled a, b, c, and d. For each graph, determine which 
function has been graphed. 


f(x) =Inx +3 
h(x) = In(3 — x) 


g(x) = In(x — 3) 
k(x) = —In(—x) 


42) In Exercises 75 to 84, use a graphing utility to graph the 
function. 


| 


75. f(x) = —2Inx 


76. f(x) = —log x 
77. f(x) = |In x 78. f(x) = In |x| 
79. f(x) = log Wx 80. f(x) = In Vx 


81. f(x) = log(x + 10) 82. f(x) = In(x + 3) 


83. f(x) = 3log [2x + 10| 84. f(x) = sin Ir — 4| 


85. [42] Money MarkKET RATES The function 
: r(t) = 0.69607 + 0.60781 In t 


gives the annual interest rate r, as a percent, a bank will 
pay on its money market accounts, where t is the term (the 
time the money is invested) in months. 


a. What interest rate, to the nearest tenth of a percent, will 
the bank pay on a money market account with a term 
of 9 months? 


b. What is the minimum number of complete months 
during which a person must invest to receive an interest 
rate of at least 3%? 


the average typing speed S, in words per minute, of a 
student who has been typing for tf months. 


S(t) =5+ 29In(t +1), 0<t <= 16 


a. What was the student’s average typing speed, to the 
nearest word per minute, when the student first started 
to type? What was the student’s average typing speed, 
to the nearest word per minute, after 3 months? 


b. |) Use a graph of S to determine how long, to the 
nearest tenth of a month, it will take the student 
to achieve an average typing speed of 65 words per 
minute. 


87. (ae) ADVERTISING COSTS AND SALES The function 


x 
= + 180 In| —— + 1 
N(x) = 2750 80 (3 ) 
models the relationship between the dollar amount x 
spent on advertising a product and the number of units N 
that a company can sell. 


a. Find the number of units that will be sold with adver- 
tising expenditures of $20,000, $40,000, and $60,000. 


b. How many units will be sold if the company does not 
pay to advertise the product? 


cy [VIEDICINE In anes- 
- thesiology it is nec- 
essary to accurately estimate 
the body surface area of a pa- 
tient. One formula for estimat- 
ing body surface area (BSA) 
was developed by Edith Boyd 
(University of Minnesota Press, 1935). Her formula for the BSA 
(in square meters) of a patient of height H (in centimeters) and 
weight W (in grams) is 


BSA =_ 0.0003207 > H°3 é W/0.7285— 0.0188 log W) 


In Exercises 88 and 89, use Boyd's formula to estimate the 
body surface area of a patient with the given weight and 
height. Round to the nearest hundredth of a square meter. 


88. W = 110 pounds (49,895.2 grams); H = 5 feet 4 inches 
(162.56 centimeters) 


89. W = 180 pounds (81,646.6 grams); H = 6 feet 1 inch 
(185.42 centimeters) 


X » ASTRONOMY Astronomers measure the appar- 
~ ent brightness of a star by a unit called the 
apparent magnitude. This unit was created in the second 

century B.C. when the Greek astronomer Hipparchus 
classified the relative brightness of several stars. In his 
list he assigned the number 1 to the stars that appeared 
to be the brightest (Sirius, Vega, and Deneb). They are 
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first-magnitude stars. Hipparchus assigned the number 2 
to all the stars in the Big Dipper. They are second- 
magnitude stars. The following table shows the rela- 
tionship between a star’s brightness relative to a first- 
magnitude star and the star’s apparent magnitude. Notice 
from the table that a first-magnitude star appears to be 
about 2.51 times as bright as a second-magnitude star. 


fA ; 
1585 252 

1 1 A: 
39.82 251° 

i 1 

100 251 s 


The following logarithmic function gives the apparent 
magnitude M(x) of a star as a function of its brightness x. 


M(x) = —-2.51logx +1, 0O<x51 
a. Use M(x) to find the apparent magnitude of a star that 
is 7 as bright as a first-magnitude star. Round to the 
nearest hundredth. 
b. Find the approximate apparent magnitude of a star 
that is an as bright as a first-magnitude star. Round to 


the nearest hundredth. 


» Connecting Concepts» 


Exponential and Logarithmic Functions 


c. Which star appears brighter: a star with an apparent 
magnitude of 12 or a star with an apparent magnitude 
of 15? 


d. Is M(x) an increasing function or a decreasing function? 


NUMBER OF DIGITS IN b* An engineer has deter- 
mined that the number of digits N in the expan- 
sion of b*, where both b and x are positive integers, is 
N = int(x log b) + 1, where int(x log b) denotes the great- 
est integer of x log b. (Note: See pages 41-44 for informa- 
tion on the greatest integer function.) 


a. Because 2'” = 1024, we know that 2” has four digits. Use 
the equation N = int(x log b) + 1 to verify this result. 


b. Find the number of digits in 3”. 


c. Find the number of digits in 7. 


d. The largest known prime number as of Novem- 
DG ber 17, 2003, was 2776! — 1, Find the number 
of digits in this prime number. (Hint: Because 27°" is 

not a power of 10, both 27°" and 27!! — 1 have the 


same number of digits.) 


92. (4¢]| Number oF Dicits IN 9 A science teacher has 
===5) Offered 10 points extra credit to any student who will 
write out all the digits in the expansion of 9"), 


a. Use the formula from Exercise 91 to determine the 
number of digits in this number. 


b. Assume that you can write 1000 digits per page and 
that 500 pages of paper are in a ream of paper. How 
many reams of paper, to the nearest tenth of a ream, are 
required to write out the expansion of 9°)? Assume 
that you write on only one side of each page. 


x x 


— e- 
2 

= In(x +V7 + T) on the same screen. Use a 
square viewing window. What appears to be the relation- 
ship between f and g? 


é 


4,| Use a graphing utility to graph f(x) = and 


x + mx 
94. (2,)Use a graphing utility to graph f(x) = c 
2x=0O and g(x) = In(x + Vx? — 1) for x=1 on 
the same screen. Use a square viewing window. What 
appears to be the relationship between f and g? 


for 


95. The functions f(x) = 
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z Lae 
eae ad g(x) = >In =2 are 


inverse functions. The domain of f is the set of all real 
numbers. The domain of g is {x| —1 < x < 1}. Use this in- 
formation to determine the range of f and the range of g. 


96. [45] Use a graph of f(x) = 


2 
hee to determine the 


=| domain and range of f. 


Go| BENFORD’S LAW The authors of this text 
===|know some interesting details about your 
finances. For instance, of the last 150 checks you have 
written, about 30% are for amounts that start with the 
number 1. Also, you have written about 3 times as 
many checks for amounts that start with the number 2 
as you have for amounts that start with the number 7. 

We are sure of these results because of a mathemati- 
cal formula known as Benford’s Law. This law was first 
discovered by the mathematician Simon Newcomb in 
1881 and then rediscovered by the physicist Frank 
Benford in 1938. Benford’s Law states that the probability 
P that the first digit of a number selected from a wide 
range of numbers is d is given by 


1 
P(d) = los(1 + ;) 


a. Use Benford’s Law to complete the table below and the 
bar graph at the top of the next column. 


0.301 


0.176 
0.125 


Ol} MINI DAD] OF] FP] WI Ni re 


The probability of d 
as the leading digit 


1 2 3 


Benford’s Law applies to many sets of data with a 
wide range. For instance, it applies to the populations of 
the cities in the U.S., the numbers of dollars in the savings 
accounts at your local bank, and the number of miles 
driven during a month by each person in a state. 


6 7 8 9d 
The leading digit d 


b. Use the table in a. to find the probability that in a U.S. 
city selected at random, the number of telephones in 
that city will be a number starting with 6. 


c. Use the table in a. to estimate how many times as many 
purchases you have made for dollar amounts that start 
with a 1 than for dollar amounts that start with a 9. 


d. Explain why Benford’s Law would not apply to 
the set of all the ages, in years, of students at a 
local high school. 


AN APPLICATION OF BENFORD’S LAW Benford’s Law has 
been used to identify fraudulent accountants. In most 
cases these accountants are unaware of Benford’s Law 
and have replaced valid numbers with numbers selected 
at random. Their numbers do not conform to Benford’s 
Law. Hence an audit is warranted. 
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Pay cli Ay: att on to 
properties. Note that 
log,(MN) # log, M - log, N 
and 
M log, M 

logp a a Toa 

Algo, 
log.(M + N) # log, M + log, N 

In fact, the expression log,(M + N) 


cannot be expanded at all. 


Properties of Logarithms and 
Logarithmic Scales 


PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be 
found on page A38. 


In Exercises PS1 to PS6, use a calculator to compare the values of the given 
ef expressions. 
PS1. log 3 + log 2; log 6 [7.2] 
8 
PS2. In8 — In3;In a [7.2] 
PS3. 3 log 4; log(4°) [7.2] 
PS4. 2 1n5; In(5?) [7.2] 


log 5 
log e 


PS5. 1n5; [7.2] 


In8 
PS6. | -—— |7. 
S6 0g 8 lL 2] 


= Properties of Logarithms 


In Section 7.2 we introduced the following basic properties of logarithms. 
log,b=1 and log,1=0 
Also, because exponential functions and logarithmic functions are inverses of 
each other, we observed the relationships 
log,(b*) =x and p%*=x 


We can use the properties of exponents to establish the following additional loga- 
rithmic properties. 


Properties of Logarithms 
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Here is a proof of the product property. 


Proof: Let r = log,M and s = log, N. These equations can be written in expo- 
nential form as 


M=b' and N=BD 
Now consider the product MN. 


MN = U'b* ¢ Substitute for Mand N. 
MN = b'*s ¢ Product property of exponents 
log, MN =r +s ¢ Write in logarithmic form. 


log, MN = log, M + log, N ¢ Substitute for rand s. 
The last equation is our desired result. a 


The quotient property and the power property can be proved in a similar 
manner. See Exercises 87 and 88 on page 492. 


The properties of logarithms are often used to rewrite logarithmic expressions 
in an equivalent form. The process of using the product or quotient rules to rewrite 
a single logarithm as the sum or difference of two or more logarithms, or using 
the power property to rewrite log,(M’) in its equivalent form p log, M, is called 
expanding the logarithmic expression. We illustrate this process in Example 1. 


Use the properties of logarithms to expand the following logarithmic 
expressions. Assume all variable expressions represent positive real 
numbers. When possible, evaluate logarithmic expressions. 


a. logs(xy*) _ b. in 


Solution 

a. logs(xy?) = logs x + logs y” - Product property 
= logs x + 2 logs y - Power property 

b. in 2) = In(eVy) —Inz? * Quotient property 
=Ine+In Vy -—Inz - Product property 
=Ine+Iny’” - Inz® - Write Vyas y"”. 

1 

—Ine+—Iny—3Inz « Power property 


1 
=e ny 3 eae ¢ Evaluate In e. 
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The properties of logarithms are also used to condense expressions that involve 
the sum or difference of logarithms into a single logarithm. For instance, we can 
use the product property to rewrite log,M + log, N as log,(MN), and the quotient 

M 
property to rewrite log,M — log, N as logis Before applying the product or 


quotient properties, use the power property to write all expressions of the 
form p log, M in their equivalent log, M’ form. See Example 2. 


@ QUESTION Does log 2 + log 5 = 1? 


Use the properties of logarithms to rewrite each expression as a single 
logarithm with a coefficient of 1. Assume all variable expressions represent 
positive real numbers. 


a. 2Inx+ > In(x +4) b. logs(x? — 4) + 3 logs y — logs(x — 2)? 


Solution 
i 
a. 2Inx+ 5 In + 4) = Inx? + In(x + 4)? - Power property 
= In[x?(x + 4)'/7] + Product property 
= In[x’*V (x + 4)] * Rewriting (x + 4)” 
as Vx + 4is an 


optional step. 


b.  logs(x? — 4) + 3 logs y — logs(x — 2)? 


= logs(x? — 4) + logs y*® — logs(x — 2)? + Power property 
= [log;(x? — 4) + logs y*] — logs(x — 2)? + Order of Operations 
Agreement 
= logs[(x* — 4)y°] — logs(x — 2)? + Product property 
_ (x? — 4)y° ; 
oss @ 2) ¢ Quotient property 
_ (y+ 2)(x = 2)y¥° 
oss] @ 2? Factor. 
= (e+ Z)y — 
oss ae + Simplify. 


= Change-of-Base Formula 


Recall that to determine the value of y in log; 81 = y, we ask the question, “What 
power of 3 is equal to 81?” Because 3* = 81, we have log; 81 = 4. Now suppose 


@ ANSWER Yes. By the product property, log 2 + log 5 = log(2 - 5) = log 10 = 1. 


have been the same. 


logiz 400 = 
log 


log 18 
logs 1B = = 2.6209 
log 3 
log 400 


= 2A 
12 
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that we need to determine the value of log; 50. In this case we need to find the 
power of 3 that produces 50. Because 3’ = 27 and 3* = 81, the value we are seek- 
ing is somewhere between 3 and 4. The following procedure can be used to 
produce an estimate of log; 50. 

The exponential form of log; 50 = y is 3” = 50. Applying logarithmic properties 
gives us 


3” = 50 
In 3” = In 50 ¢ Logarithm-of-each-side property 
yln3 = In50 « Power property 
In 50 
y= ine 3.56088 ¢ Solve for y. 


Thus log; 50 ~ 3.56088. In the above procedure we could just as well have used 
logarithms of any base and arrived at the same value. Thus any logarithm can be 
expressed in terms of logarithms of any base we wish. This general result is sum- 
marized in the following formula. 


Change-of-Base Formula 


Evaluate each logarithm. Round to the nearest ten thousandth. 


a. log; 18 b. log: 400 


Solution 


To approximate these logarithms, we may use the change-of-base formula 
with a = 10 or a = e. For this example we choose to use the change-of-base 
formula with a = e. That is, we will evaluate these logarithms by using the 
key on a scientific or graphing calculator. 


In 18 In 400 
a. log; 18 = Tn? = 2.6309 b. logy 400 = in =~ 2.4111 
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4+ f(x) = log,(2x +3) 


Figure 7.21 


The Richter scale was created 
by the seismologist Charles F. 
Richter in 1935. Notice that a 
tenfold increase in the intensity 
level of an earthquake increases 
the Richter scale magnitude of 
the earthquake by only 1. 


The change-of-base formula and a graphing calculator can be used to graph 
logarithmic functions that have a base other than 10 or e. For instance, to graph 
f(x) = log,(2x + 3), we rewrite the function in terms of base 10 or base e. Using 
log(2x + 3) 


base 10 logarithms, we have f(x) = log;(2x + 3) = log3 


. The graph is 


shown in Figure 7.21. 


Solution 


Rewrite f using the change-of-base formula. We will use the natural logarithm 
function; however, the common logarithm function could be used instead. 


In |x — 3 
f(x) = logy|x — 3] = ine —3 | 
In |x — 3], 
fla) =log, |x-31 + Enter ha into Y1. Note that 


the domain of f(x) = log» |x — 3| is 
all real numbers except 3 because 

|x — 3| = 0 when x = 3 and |x — 3| 
is positive for all other values of x. 


= Logarithmic Scales 


Logarithmic functions are often used to scale very large (or very small) numbers 
into numbers that are easier to comprehend. For instance, the Richter scale magnitude 
of an earthquake uses a logarithmic function to convert the intensity of the earth- 
quake’s shock waves | into a number M, which for most earthquakes is in the range 
of 0 to 10. The intensity J of an earthquake is often given in terms of the constant Io, 
where I) is the intensity of the smallest earthquake (called a zero-level earthquake) 
that can be measured on a seismograph near the earthquake’s epicenter. The 
following formula is used to compute the Richter scale magnitude of an earthquake. 


The Richter Scale Magnitude of an Earthquake 


to determine the Richter scale 


magnitude of the quake. 


7.3 Properties of Logarithms and Logarithmic Scales 485 


Yatarminga tha Aiannr da at an BCarthes P a 
Jyetermine tne iviagqnituade oT an Earthqu aKeE 


oe) Find the Richter scale magnitude (to the nearest 0.1) of the 
~ 1999 Joshua Tree, California, earthquake that had an intensity 
of I = 12,589,254]. 


Solution 


I 12,589,254], 
M= os( = os( Fi - 
0 0 


The 1999 Joshua Tree earthquake had a Richter scale magnitude of 7.1. 


= log(12,589,254) ~ 7.1 


If you know the Richter scale magnitude of an earthquake, you can determine 


the intensity of the earthquake. 


iF Determine the Intensity of an Eartt quake 


) Find the intensity of the 1999 Taiwan earthquake, which measured 7.6 
on the Richter scale. 


Solution 


= 10” ¢ Write in exponential form. 
I= 107°, * Solve for /. 
I = 39,810,717], 


The 1999 Taiwan earthquake had an intensity that was approximately 
39,811,000 times the intensity of a zero-level earthquake. 


In Example 7 we make use of the Richter scale magnitudes of two earthquakes 
to compare the intensities of the earthquakes. 


& The 1960 Chile earthquake had a Richter scale magnitude of 9.5. The 
© 1989 San Francisco earthquake had a Richter scale magnitude of 7.1. 
Compare the intensities of the earthquakes. 


Continued > 
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Solution 


Let I, be the intensity of the Chilean earthquake and I; the intensity of the 
San Francisco earthquake. Then 


if an earthquake has a Richter 


scale magnitude of M, and a I I 
s(t) =95 and ios(#) =75 


smaller earthquake has a Richter 


scale magnitude of Ms, then the 


I I 
larger earthquake is 10" “2 times . = 10”° - = 10”! 
0 0 
as intense as the smaller 
L = 10°71, I, = 1071p 


earthquake. 
To compare the intensities of the earthquakes, we compute the ratio [;/h. 


L 7 10°°Ip = 10°° 
I, 107'J, 1071 


= 10°°-7! = 1024 = 251 


The earthquake in Chile was approximately 251 times as intense as the 
San Francisco earthquake. 


Seismologists generally determine the Richter scale magnitude of an earth- 
quake by examining a seismogram. See Figure 7.22. 


Arrival of 
first s-wave 


Arrival of Sy f 
first p-wave 


Amplitude = 23 mm 


Y 


-——_—_—_———>| 
24 seconds 
Time between 
s-wave and p-wave 


Figure 7.22 


The magnitude of an earthquake cannot be determined just by examining the 
amplitude of a seismogram because this amplitude decreases as the distance 
between the epicenter of the earthquake and the observation station increases. 
To account for the distance between the epicenter and the observation station, 
a seismologist examines a seismogram for both small waves called p-waves 
and larger waves called s-waves. The Richter scale magnitude M of the earth- 
quake is a function of both the amplitude A of the s-waves and the difference in 
time t between the occurrence of the s-waves and the occurrence of the p-waves. 
In the 1950s, Charles Richter developed the following formula to determine the 
magnitude of an earthquake from the data in a seismogram. 


usually rounded to the nearest 
tenth. 


One mole is equivalent to 


6.022 X 10” ions. 
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Amplitude-Time-Difference Formula 


Find the Richter scale magnitude of the earthquake that produced the 
seismogram in Figure 7.22. 


Solution 


M = log A + 3 log 8t — 2.92 


= log 23 + 3 log[8 - 24] — 2.92 - Substitute 23 for A and 24 for t. 
=~ 1.36173 + 6.84990 — 2.92 
w= 5.3 


The earthquake had a magnitude of about 5.3 on the Richter scale. 


Logarithmic scales are also used in chemistry. One example concerns the pH 
of a liquid, which is a measure of the liquid’s acidity or alkalinity. (You may have 
tested the pH of the water in a swimming pool or an aquarium.) Pure water, which 
is considered neutral, has a pH of 7.0. The pH scale ranges from 0 to 14, with 0 
corresponding to the most acidic solutions and 14 to the most alkaline. Lemon 
juice has a pH of about 2, whereas household ammonia measures about 11. 

Specifically, the pH of a solution is a function of the hydronium-ion concen- 
tration of the solution. Because the hydronium-ion concentration of a solution can 
be very small (with values such as 0.00000001), pH uses a logarithmic scale. 


Definition of the pH of a Solution 


The pH of a solution with a hydronium-ion concentration of H* moles per 
liter is given by 
pH = —logfH*] 
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Find the pH of a 
Find the pH of each liquid. Round to the nearest tenth. 
a. Orange juice with H* = 2.8 x 10‘ mole per liter 
b. Milk with H* = 3.97 X 10°’ mole per liter 
c. Rainwater with H* = 6.31 X 10° mole per liter 
d. Abaking soda solution with H* = 3.98 X 10° mole per liter 


LC © Solution 


The pH scale was created by the 


Danish biochemist Sgren a. pH = —log[H*] = —log(2.8 x 10 *) ~ 3.6 


S@rensen in 1909 to measure the The orange juice has a pH of 3.6. 

acidity of water used in the 

brewing of beer. pH is an abbre- b. pH = —log[H*] = —log(3.97 x 10°’) = 6.4 
viation for pondus The milk has a pH of 6.4. 


hydrogenii, which translates as 
“potential hydrogen.” 


c. pH = —log[H*] = —log(6.31 x 10°) = 4.2 
The rainwater has a pH of 4.2. 


d. pH = —log[H*] = —log(3.98 x 10°”) = 8.4 
The baking soda solution has a pH of 8.4. 


Figure 7.23 illustrates the pH scale, along with the corresponding hydronium- 
ion concentrations. A solution on the left half of the scale, with a pH of less than 
7, is an acid, and a solution on the right half of the scale is an alkaline solution or 
a base. Because the scale is logarithmic, a solution with a pH of 5 is 10 times 
more acidic than a solution with a pH of 6. From Example 9 we see that the 
orange juice, rainwater, and milk are acids, whereas the baking soda solution 
is a base. 


Neutral 
Acidic Basic 


pH 0 1 2 3 4 5 6 Z 8 9 10 pal 12 13 14 


H* 10° 107? 107 10° 10+ 105 10° 107 I0® 10° 107% 108% 10? 108 10-4 
pH = —log[H"] 
Figure 7.23 
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A sample of blood has a pH of 7.3. Find the hydronium-ion concentration of 


the blood. 
Solution 
pH = —log(H"] 
7.3 = —log[H*] + Substitute 7.3 for pH. 
—7.3 = log[H*] + Multiply both sides by —1. 
10°73 = Ht ¢ Change to exponential form. 


5.0 x 10° =H* 


The hydronium-ion concentration of the blood is about 5.0 X 10~* mole 
per liter. 


Ag ® Topics for Discussion 


1. The function f(x) = log, x is defined only for x > 0. Explain why this condi- 
tion is imposed. 


2. Ifpand qare positive numbers, explain why In(p + q) isn’t normally equal to 
Inp + Inq. 


If f(x) = log, x and f(c) = f(d), can we conclude that c = d? 


4. Give examples of situations in which it is advantageous to use logarithmic 
scales. 


Exercise Set 7.3 


In Exercises 1 to 16, expand the given logarithmic expression. Vxz 3 
Assume all variable expressions represent positive real num- 7. logy ye 8. In Vx? Vy 
bers. When possible, evaluate logarithmic expressions. Do 
not use a calculator. 9. In(ez) 10. In (x!/2y2/3) 
3 
Z 
1. log,(xyz) y 2. In Wz Vxz! 
Vx 11.1 — 12. | ——— 
°84\ 16y3 °85\ "195 
2 
x xy 3 
3. In5g 4. logs > 2 
z oe 13. log VxVz 14. in( = ) 


3/ 2 
5. log a 6. log. (xWy) 15. In(W/zve) 16. in| 
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In Exercises 17 to 32, write each expression as a single loga- 
rithm with a coefficient of 1. Assume all variable expressions 
represent positive real numbers. 

17. log(x + 5) + 2log x 

— 1 

»)) 18. 3 log, t — 3 1082 u+4log,v 

19. In(x* — y?) — In(x — y) 


1 
20. 7 loge(x + 5) — 3 logs y 


1 
21. 3 log x +4 3 log y + log(x + 1) 


22. In(xz) — In(xVy) + 2InZ 


23. log(xy’) — log z 
24. In(y'z) — Inz'/? 


25. 2(log, x + log, y”) — logs(x + 2) 


1 
26. 5 log; x — log; y + 2 log;(x + 2) 


27. 2 In(x + 4) — Inx — In(x? — 3) 


28. log(3x) — (2 log x — log y) 


1 
29. In(2x + 5) — Iny — 2Inz + 5 nw 


30. log, x + log,(y + 3) + logi(y + 2) — logi(y? + 5y + 6) 


31. In(x? — 9) — 2In(x — 3) + 3Iny 


32. logi(x? + 7x + 12) — 2 logi(x + 4) 
In Exercises 33 to 44, use the change-of-base formula to 


approximate the logarithm accurate to the nearest ten thou- 
sandth. 


33. log, 20 )) 34. log; 37 
35. log. 8 36. logs) 22 
1 7 
37. logs 38. logs > 
39. log, V17 40. log, V7 


Exponential and Logarithmic Functions 


41. logysz17 42. logy35.5 
43. log,e 44. log, V15 


[4) In Exercises 45 to 52, use a graphing utility and 
the change-of-base formula to graph the logarithmic 
function. 


45. f(x) = logsx 


)) 46. 9(x) = logs(5 — x) 
47. 9(x) = logs(x — 3) 48. t(x) = log.(5 — x) 
49. h(x) = log; (x — 3)? 50. J(x) = logi(—x) 


51. F(x) = —logs |x — 2| 52. n(x) = logsVx — 8 


In Exercises 53 to 62, determine if the statement is true or 
false for all x > 0, y > 0. If it is false, write an example that 
disproves the statement. 


53. log,(x + y) = log, x + log, y 
54. log,(xy) = log, x - log, y 
55. log,(xy) = log, x + log, y 


56. log, x - log, y = log, x + log, y 


57. log, x — log, y = log,(x — y), x >y 


1 b 
58. log, Xi a OBI 
y logo 
59 loge log, x — lo 
. log, y Sb Sb y 


60. log,(x") = n log, x 


61. (log, x)" =n log, x 
1 
62. log, Vx = > 108: x 


63. Evaluate the following without using a calculator. 


log; 5 - logs 7 - log; 9 


64. Evaluate the following without using a calculator. 


logs 20 - logay 60 - logso 100 + logiog 125 


65. Which is larger, 500°"! or 506°? These numbers are too 
large for most calculators to handle. (They each have 
1353 digits!) (Hint: Compare the logarithms of each 
number.) 


66. 


67. 


68. 


69. 


)) 70. 


71. 


)) 72. 


7.3 


1 1 
Which number is smaller, 35 Or 2733? See hint in 


233 
Exercise 65. 50 151 


ANIMATED IVIAPS A software company that creates inter- 
active maps for websites has designed an animated zoom- 
ing feature such that when a user selects the zoom-in 
option, the map appears to expand on a location. This is 
accomplished by displaying several intermediate maps to 
give the illusion of motion. The company has determined 
that zooming in on a location is more informative and 
pleasing to observe when the scale of each step of the an- 
imation is determined using the equation 


n 


$ =s 198 08 5s 108 50) 
n— 90° 


where S, represents the scale of the current step n (n = 0 
corresponds to the initial scale), Sp is the starting scale of 
the map, S; is the final scale, and N is the number of 
steps in the animation following the initial scale. (If the 
initial scale of the map is 1:200, then S, = 200.) Deter- 
mine the scales to be used at each intermediate step if a 
map is to start with a scale of 1:1,000,000 and proceed 
through five intermediate steps to end with a scale of 
1:500,000. 


ANIMATED IVIAPS Use the equation in Exercise 67 to deter- 
mine the scales for each stage of an animated map zoom 
that goes from a scale of 1:250,000 to a scale of 1:100,000 
in four steps (following the initial scale). 


pH Milk of magnesia has a hydronium-ion concentration 
of about 3.97 X 107" mole per liter. Determine the pH of 
milk of magnesia and state whether milk of magnesia is 
an acid or a base. 


pH Vinegar has a hydronium-ion concentration of 
1.26 x 10°° mole per liter. Determine the pH of vinegar 
and state whether vinegar is an acid or a base. 


HYDRONIUM-ION CONCENTRATION A morphine solution 
has a pH of 9.5. Determine the hydronium-ion concentra- 
tion of the morphine solution. 


HYDRONIUM-ION CONCENTRATION A rainstorm in New 
York City produced rainwater with a pH of 5.6. Determine 
the hydronium-ion concentration of the rainwater. 


2 DECIBEL LEVEL The range of sound intensities that the 


human ear can detect is so large that a special decibel 


scale (named after Alexander Graham Bell) is used to meas- 
ure and compare sound intensities. The decibel level dB of a 
sound is given by 


dB I) = 10 log (z) 


0 
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where |, is the intensity of sound that is barely audible to 
the human ear. Use the decibel level formula to work exer- 
cises 73-76. 


73. 


74. 


75. 


76. 


77. 


)) 78. 


79. 


)) 80. 


81. 


)) 82. 


Find the decibel level for the following sounds. Round to 
the nearest tenth of a decibel. 


Sound 


a. Automobile traffic 


Intensity 
T= 1.58 X 108 - Ih 


b. Quiet conversation I = 10,800 = Ip 


c. Fender guitar I=3.16 x 10" - I 


d. Jet engine IT=1.58 x 10%- I, 
COMPARISON OF SOUND INTENSITIES A team in Arizona 
installed a 48,000-watt sound system in a Ford Bronco 
that it claims can output 175-decibel sound. The 
human pain threshold for sound is 125 decibels. How 
many times as great is the intensity of the sound from the 
Bronco than the human pain threshold? 


COMPARISON OF SOUND INTENSITIES How many times as 
great is the intensity of a sound that measures 120 decibels 
than a sound that measures 110 decibels? 


DECIBEL LEVEL If the intensity of a sound is doubled, what is 
the increase in the decibel level? (Hint: Find dB(2I) — dB(1).) 


EARTHQUAKE MIAGNITUDE What is the Richter scale mag- 
nitude of an earthquake with an intensity of I = 100,0001p? 

N EARTHQUAKE MAGNITUDE The Colombia earth- 
o quake of 1906 had an intensity of I = 398,107,000I). 
What did it measure on the Richter scale? 

NI EARTHQUAKE INTENSITY The Coalinga, California, 
o earthquake of 1983 had a Richter scale magnitude 
of 6.5. Find the intensity of this earthquake. 

NI y EARTHQUAKE INTENSITY The earthquake that oc- 
~~ curred just south of Concepcién, Chile, in 1960 had 


a Richter scale magnitude of 9.5. Find the intensity of 
this earthquake. 


COMPARISON OF EARTHQUAKES Compare the intensity of 
an earthquake that measures 5.0 on the Richter scale to 
the intensity of an earthquake that measures 3.0 on the 
Richter scale by finding the ratio of the larger intensity to 


the smaller intensity. 

N COMPARISON OF EARTHQUAKES How many times as 
~ great was the intensity of the 1960 earthquake in 
Chile, which measured 9.5 on the Richter scale, than the 
San Francisco earthquake of 1906, which measured 8.3 
on the Richter scale? 
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N COMPARISON OF EARTHQUAKES On March 2, 1933, 
~ an earthquake of magnitude 8.9 on the Richter scale 
struck Japan. In October 1989, an earthquake of magni- 
tude 7.1 on the Richter scale struck San Francisco, Califor- 
nia. Compare the intensity of the larger earthquake to the 
intensity of the smaller earthquake by finding the ratio of 
the larger intensity to the smaller intensity. 


NI COMPARISON OF EARTHQUAKES An earthquake that 

occurred in China in 1978 measured 8.2 on 
the Richter scale. In 1988, an earthquake in California 
measured 6.9 on the Richter scale. Compare the intensity 
of the larger earthquake to the intensity of the smaller 
earthquake by finding the ratio of the larger intensity to 
the smaller intensity. 


EARTHQUAKE IVMIAGNITUDE Find the Richter scale magni- 
tude of the earthquake that produced the seismogram in 
the following figure. 
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)) 86. EarTHouAKE MAGNITUDE Find the Richter scale magni- 


tude of the earthquake that produced the seismogram in 
the following figure. 


t=17 


87. Prove the quotient property of logarithms: 
M 
log, Wr = log,M — log,N 


(Hint: See the proof of the product property of logarithms 
on page 481.) 
88. Prove the power property of logarithms: 
log,(M’) = p log, M 


See the hint given in exercise 87. 


. NOMOGRAMS AND LOGARITHMIC SCALES A nomogram is a 


diagram used to determine a numerical result by drawing 
a line across numerical scales. The following nomogram, 
used by Richter, determines the magnitude of an earth- 
quake from its seismogram. To use the nomogram, mark 
the amplitude of a seismogram on the amplitude scale 
and mark the time between the s-wave and the 
p-wave on the S-P scale. Draw a line between these marks. 
The Richter scale magnitude of the earthquake that 
produced the seismogram is shown by the intersection of 
the line and the center scale. The nomogram on the right 
shows that an earthquake with a seismogram amplitude 
of 23 millimeters and an S-P time of 24 seconds has a 
Richter scale magnitude of about 5. 

The amplitude and the S-P time are shown on loga- 
rithmic scales. On the amplitude scale, the distance from 
1 to 10 is the same as the distance from 10 to 100, because 
log 100 — log 10 = log 10 — log 1. 
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Richter’s earthquake nomogram 
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Use the nomogram on page 492 to determine the 
Richter scale magnitude of an earthquake with a seismo- 
gram that has 


a. amplitude of 50 millimeters and S-P time of 40 seconds 


b. amplitude of 1 millimeter and S-P time of 30 seconds 


c. How do the results in a. and b. compare with the 
Richter scale magnitude produced by using the 
amplitude-time-difference formula on page 487? 


scales are used to better view a collection of 
data that span a wide range of values. For instance, con- 
sider the table below, which lists the approximate masses 
of various marine creatures in grams. Next we have 
attempted to plot the masses on a number line. 


1. y é y LOGARITHMIC SCALES Sometimes logarithmic 


Rotifer 0.000000006 
Dwarf goby 0.30 
Lobster 15,900 
Leatherback turtle 851,000 
1,820,000 
4,700,000 
120,000,000 


Giant squid 
Whale shark 


Blue whale 


0 20 40 60 80 100 120 


Mass (in millions of grams) 


As you can see, we had to use such a large span of num- 
bers that the data for most of the animals are bunched up 
at the left. Visually, this number line isn’t very helpful for 
comparisons. 


a. Make a new number line, this time plotting the loga- 
rithm (base 10) of each of the masses. 


b. Which number line is more helpful to compare the 
masses of the different animals? 


c. If the data points for two animals on the logarithmic 
number line are 1 unit apart, how do the animals’ 
masses compare? What if the points are 2 units apart? 


: & ) LOGARITHMIC SCALES The distances of the 
planets in our solar system from the sun are 
given in the table in the next column. 


Mercury 58 
Venus 108 
Earth 150 
Mars 228 
Jupiter 778 
Saturn 1427 
Uranus 2871 
Neptune 4497 


a. Draw a number line with an appropriate scale to plot 
the distances. 


b. Draw a second number line, this time plotting the loga- 
rithm (base 10) of each distance. 


c. Which number line do you find more helpful to com- 
pare the different distances? 


d. If two distances are 3 units apart on the logarithmic 
number line, how do the distances of the correspond- 
ing planets compare? 


BIOLoGic Diversity To discuss the variety of 
\ species that live in a certain environment, a biolo- 
gist needs a precise definition of diversity. Let pi, p2,..., Pu 
be the proportions of 1 species that live in an environ- 
ment. The biologic diversity D of this system is 


D = —(p, logs p, + pr logs p, + +++ + py logs pn) 


Suppose that an ecosystem has exactly five different vari- 
eties of grass: rye (R), bermuda (B), blue (L), fescue (F), 
and St. Augustine (A). 
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a. Calculate the diversity of this ecosystem if the propor- environment and the proportions are as shown in 
tions of these grasses are as shown in Table 1. Round to Table 3. Calculate the diversity of this system. (Note: 
the nearest hundredth. Although the equation is not technically correct, for 

purposes of the diversity definition, we may say that 
Table 1 0 log, 0 = 0. By using very small values of p;, we can 


demonstrate that this definition makes sense.) Does 
this system have more or less diversity than the system 
given in Table 2? 


Table 3 


b. Because bermuda and St. Augustine are virulent 
grasses, after a time the proportions will be as shown 1 3 
in Table 2. Calculate the diversity of this system. Does Ola) 8 Ola 
this system have more or less diversity than the system 
given in Table 1? 


d. Finally, the St. Augustine grasses overrun the bermuda 


Table2 grasses and the proportions are as shown in Table 4. 
Calculate the diversity of this system. Write a sentence 
a 3 1 1 5 that explains the meaning of the value you obtained. 
8 8 16 8 16 Table 4 
c. After an even longer time period, the bermuda 0 0 0 0 1 


and St. Augustine grasses completely overrun the 
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Prepare for this section by completing the following exercises. The answers can be 
found on page A39. 


PS1. Use the definition of a logarithm to write the exponential equation 3° = 729 in 
logarithmic form. [7.2] 


PS2. Use the definition of a logarithm to write the logarithmic equation log; 625 = 4 in 
exponential form. [7.2] 


PS3. Use the definition of a logarithm to write the exponential equation a**? = b in 


logarithmic form. [7.2] 


PS4. Solve for x: 4a = 7bx + 2cx. [1.1] 


300 
PS5. Solve f 7165 = ma lea 
olve for x: fon ] 
100 + x 
PS6. Ive for x: A = Abe 
S6. Solve for x 100 2 Hl 


= Solve Exponential Equations 


If a variable appears in the exponent of a term of an equation, such as in 2**' = 32, 
then the equation is called an exponential equation. Example 1 uses the following 
Equality of Exponents Theorem to solve 2**' = 32. 
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Equality of Exponents Theorem 


Use the Equality of Exponents Theorem to solve 2**! = 32. 


Solution 
pee 
Ott => - Write each side as a power of 2. 
x+1=5 + Equate the exponents. 
x=4 * Solve for x. 
Check: Let x = 4. Then 2**! = 2**? 


=> 
= 32 


A graphing utility can also be used to find the solutions of an equation of the 
form f(x) = g(x). Either of the following two methods can be employed. 


Using a Graphing Utility to Find the Solutions of 


SS 


x-intercept 


Y=0 


In Example 1 we were able to write both sides of the equation as a power of 
the same base. If you find it difficult to write both sides of an exponential equa- 
tion in terms of the same base, then try the procedure of taking the logarithm of 
each side of the equation. This procedure is used in Example 2. 
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Be eral esa e tae 
ponential Equation 
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2 olve an Ex 
Solve: 5° = 40 
ALGEBRAIC SOLUTION 
5* = 40 


log(5*) = log 40 
x log 5 = log 40 
log 40 
7 log 5 

x= 2.3 


To the nearest tenth, the solution is 2.3. 


¢ Take the logarithm of each side. 


¢ Power property 
¢ Exact solution 


* Decimal approximation 


VISUALIZE THE SOLUTION 


Intersection Method The solution 
of 5* = 40 is the x-coordinate of 
the point of intersection of y = 5° 
and y = 40. 


60 


7 Intersection 


-15 


An alternative approach to solving the equation in Example 2 is to rewrite 
the exponential equation in logarithmic form: 5° = 40 is equivalent to the loga- 
rithmic equation log; 40 = x. Using the change-of-base formula, we find that 
log 40 
log 5 
rithms of both sides to reach a solution. 


x = log; 40 = . In the following example, however, we must take loga- 


Solve: 3271 = 5**? 


ALGEBRAIC SOLUTION 
Bex) =. 5x2 


In R2x-1 — In 5xt2 


(2x — 1)In3 = (x + 2)In5 
2x In3 —In3=xIn5 4+ 21In5 
2xIn3 —xIn5=21n5 + In3 


x(2In3 —In5)=2In5+1n3 
_2In5 +1n3 
+ 2In3 —In5 
x= 73 


To the nearest tenth, the solution is 7.3. 


itial Equation 


¢ Take the natural logarithm of 
each side. 


¢ Power property 
¢ Distributive property 
* Solve for x. 


¢ Factor. 
- Exact solution 


¢ Decimal approximation 


VISUALIZE THE SOLUTION 


Intercept Method The solution of 
3°"! = 5**? is the x-coordinate of 
the x-intercept of y = 3%! — 5**”, 


400,000 


yea ge 3 


—400,000 


a ae Ean nAnontial Emiiatian lniualiinie tod ko 
e an Exponential Equation Involving b“ - 


ALGEBRAIC SOLUTION 
Multiplying each side by 2 produces 


2 + 2° = 6(2*) + Multiply each side by 2* to 
(28? — 6(2) +1 =0 
(u? — 6(u) +1=0 


By the quadratic formula, 
i 6+ V36 — 4 
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In Example 4 we solve an exponential equation that has two solutions. 


VISUALIZE THE SOLUTION 


Intersection Method The solutions 


2* + Dah 
= 3 are the 


of 


clear negative exponents. x-coordinates of oe 


¢ Write in quadratic form. intersection of y = 


and 


2 


¢ Substitute u for 2*. y =3. 


342V2 


6242 _ 
2 


= +254 * Solve for x. 


The approximate solutions are —2.54 and 2.54. 


¢ Replace u with 2*. 


* Take the common 
logarithm of each side. 


* Power property 


= Solve Logarithmic Equations 


Equations that involve logarithms are called logarithmic equations. The properties 
of logarithms, along with the definition of a logarithm, are often used to find the 
solutions of a logarithmic equation. 


nic Equation 
Caw Lil 
tc Equation 


Solve: log(3x — 5) = 2 


Solution 
log(3x — 5) =2 
3x — 5 = 107 + Definition of a logarithm 
3x = 105 * Solve for x. 
x = 35 


Check: log[3(35) — 5] = log 100 = 2 
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Solve: log 2x — log(x — 3) =1 


Solution 
log 2x — log(x — 3) =1 
2x ; 
log =1 ¢ Quotient property 
i= 3 
2x fi 
= 10 + Definition of a logarithm 
eS 
2x = 10x — 30 ¢ Multiply each side by x — 3. 
—8x = —30 * Solve for x. 
,-35 
4 


15 
Check the solution by substituting £ into the original equation. 


In Example 7 we make use of the one-to-one property of logarithms to find the 
solution of a logarithmic equation. 


Solve a Logarithmic Equation 
Solve: In(3x + 8) = In(2x + 2) + In(x — 2) 


ALGEBRAIC SOLUTION 
In(3x + 8) = In(2x + 2) + In(x — 2) 
In(Bx + 8) = In[(2x + 2)(x — 2)] 
In(3x + 8) = In(2x* — 2x — 4) 
3x + 8 = 2x? -2x-A4 


VISUALIZE THE SOLUTION 
The graph of 


+ Product property y = In(3x + 8) — In(2x + 2) — In(x — 2) 


has only one x-intercept. Thus there is 
¢ One-to-one property of only one real solution. 


logarithms 


y 7¥ 
0 = 2x? — 5x — 12 ¢ Subtract 3x — 8 from 
each side. 
o4 
O = (2x + 3)(x — 4) + Factor. 
3 
x= =, or x=4 * Solve for x. 


3 
A check will show that 4 is a solution, but — 7 is not a solution. 


If air resistance is not considered, 


then the time in seconds required 
for a sky diver to reach a given 


velocity (in feet per second) is 
Vv 
ES Bp The function in Example & 


is a more realistic model of the time 
required to reach a given velocity 
during the free-fall of a sky diver 


who is experiencing air resistance. 
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3 
@ QUESTION Why does x = — 7 not check in Example 7? 


During the free-fall portion of a jump, the time t¢ in seconds required for a 
sky diver to reach a velocity v in feet per second is given by 


v 
=-— = ——|,0=9 <17 
t in( 2,0 v 5 


a. Determine the velocity of the diver after 5 seconds. 


b. The graph of t has a vertical asymptote at v = 175. Explain the meaning of 
the vertical asymptote in the context of this example. 


Solution 


a. Substitute 5 for t and solve for v. 


¢ Replace t with 5. 


32 
(-=)s = in( - S| ¢ Multiply each side by — ~ 
32 v 
—— =I1n{ 1 - — ¢ Simplify. 
35 n( 5) ta 
e 2/3 = 1 — ce ¢ Write in exponential form. 
i “ie ¢ Subtract 1 from each side. 


= 175(1 — e-/*) 
v ~ 104.86 


¢ Multiply each side by —175. 


Continued > 


7 7 
@ ANSWER If x = -=, the original equation becomes n(Z) = In(-1) + in( -2). 


This cannot be true, because the function f(x) = In x is not defined for nega- 
tive values of x. 
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After 5 seconds the velocity of the sky diver will be about 104.9 feet per 
second. See Figure 7.26. 


v=175 


Time (in seconds) 


| 
104.9 
| 
— A — 
50 100 150 


Velocity (in feet per second) 


sy 


~_ 15 Gq 2 
b= “39 In(1— F765) 


Figure 7.26 


b. The vertical asymptote v = 175 indicates that the velocity of the sky 
diver approaches, but never reaches or exceeds, 175 feet per second. In 
Figure 7.26, note that as v — 175 from the left, t > ~. 


Ag N Topics for Discussion 


Discuss how to solve the equation a = log, x for x. 


2. What is the domain of y = log,(2x — 5)? Explain why this means that the 
equation log.(x — 3) = log,(2x — 5) has no real number solution. 


3. —8is nota solution of the equation log, x + log.(x + 6) = 4. Discuss at which 
step in the following solution the extraneous solution —8 was introduced. 

log, x + log.(x + 6) =4 

log, x(x + 6) =4 

x(x + 6) = 2? 

x? + 6x = 16 
x? + 6x -16=0 
(x + 8)(x — 2) =0 

x=-8 or x=2 


7.4 


Exercise Set 7.4 
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In Exercises 1 to 48, use algebraic procedures to find the 


exact solution(s) of the equation. y) 36. 
1. 2°=64 yy 2.3 =243 
37 
1 1 
. 49% = — 4. 9% = — 
oni 343 243 38 
1 39. 
5 goxt3 = 6 Bae-7 a 
9 
2" 8 2\ 25 7 
' (2) ~ 135 (2) ar 
: 43. 
9. 5°=70 )) 10. 6 =50 
11. 3° = 120 12.7° = 63 an. 
13. 10%*3 = 315 14. 10°* = 550 
15. e* = 10 16. ec! = 20 47. 
17. gi = 3xt1 y) 18. 3x-2 = gest 
19, 22-3 = 5-1 20. 5* = 3°"4 
21. log(4x — 18) =1 )) 22. log(x? + 19) =2 = 
u 
23. In(x? — 12) =Inx 49 


24. log(2x? + 3x) = log(10x + 30) 51. 
25. log. x + log,(x — 4) =2 53. 
)) 26. log, x + logs(x + 6) =3 

55. 
27. log(5x — 1) = 2 + log(x — 2) 
28. 1 + log(3x — 1) = log(2x + 1) Bi: 
29. In(1 — x) + In} — x) =In8 59. 
30. log(4 — x) = log(x + 8) + log(2x + 13) 

1 

31. log Vx3 — 17 = - 32. log(x*) = (log x)? 
33. log(log x) = 1 34. In(In x) = 2 
35. In(e*) = 6 


. log,(5x) — log, 3 = log,(2x + 1) 


. log, x + logs(x — 2) = log, 15 


eln-1) = 4 


10° — 10" _ 


2 
5 0 


10* + 10°* 


— 5 
10° — 10° 


e~t+te~* 
2 


15 


40. 10'%2? — 8 


10" + 107 
—_—-=8 


)) 42. 5 


10°-10* 1 


44, 
10°+10* 2 


46. 


48. 


In Exercises 49 to 58, use a graphing utility to approxi- 


mate the solution(s) of the equation to the nearest 


ndredth. 


at aad 


3 logx — 1) = -x +3 
1 
In(2x + 4) + ria =-3 


Oxtl — x2 = 1 


50. 3°? = -2x -1 
52. 2e*? + 3x = 2 


54. 2 log;(2 — 3x) =2x —1 


56. 2In(3 — x) + 3x =4 


58. Inx = -x7+4 


POPULATION GROWTH The population P of a city grows 


exponentially according to the function 


P(t) = 8500(1.1)', 


0o=<=t<8 


where t is measured in years. 


a. Find the population at time t = 0 and also at time 


t=2. 


b. When, to the nearest year, will the population reach 


15,000? 
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60. PHYSICAL FITNESS After a race, a runner’s pulse rate R in 
beats per minute decreases according to the function 


R(t) = 145e °°", O=<t=15 
where ¢ is measured in minutes. 


a. Find the runner’s pulse rate at the end of the race and 
also 1 minute after the end of the race. 


b. How long, to the nearest minute, after the end of the 
race will the runner’s pulse rate be 80 beats per minute? 


61. RATE OF COOLING A can of soda at 79°F is placed in a re- 
frigerator that maintains a constant temperature of 36°F. 
The temperature T of the soda t minutes after it is placed 
in the refrigerator is given by 


T(t) = 36 + 437008 


a. Find the temperature, to the nearest degree, of the soda 
10 minutes after it is placed in the refrigerator. 


b. When, to the nearest minute, will the temperature of 
the soda be 45°F? 


62. MEDICINE During surgery, a patient’s circulatory system 
requires at least 50 milligrams of an anesthetic. The 
amount of anesthetic present t hours after 80 milligrams 
of anesthetic is administered is given by 


T(t) = 80(0.727)' 


a. How much, to the nearest milligram, of the anesthetic 
is present in the patient’s circulatory system 30 min- 
utes after the anesthetic is administered? 


b. How long, to the nearest minute, can the operation last 
if the patient does not receive additional anesthetic? 


BERTALANFFY’S EQUATION In 1938, the biologist Ludwig von 
Bertalanffy developed the equation 


L=m-(m- L)e™ 


which models the length L, in centimeters, of a fish as it 
grows under optimal conditions for a period of x years. In 
Bertalanffy’s equation, m represents the maximum length, in 
centimeters, the fish is expected to attain, L, is the length, in 
centimeters, of the fish at birth, and ris a constant related to 
the growth rate of the fish species. Use Bertalanffy’s equa- 
tion to predict the age of the fish described in Exercises 63 
and 64. 


63. A barracuda has a length of 114 centimeters. Use Berta- 
lanffy’s equation to predict, to the nearest tenth of a year, 
the age of the barracuda. Assume m = 198 centimeters, 
Lo = 0.9 centimeter, and r = 0.23. 
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64. A haddock has a length of 21 centimeters. Use Berta- 
lanffy’s equation to predict, to the nearest tenth of a year, 
the age of the haddock. Assume m = 94 centimeters, 
Lo = 0.6 centimeters, and r = 0.21. 


65. TYPING SPEED The following function models the average 
typing speed S, in words per minute, for a student who 
has been typing for t months. 


S(t) =5 + 29In(t+ 1), OStS9 
Use S to determine how long it takes the student to 


achieve an average typing speed of 65 words per minute. 
Round to the nearest tenth of a month. 


66. WALKING SPEED An approximate relation between the 
average pedestrian walking speed s, in miles per hour, 
and the population x, in thousands, of a city is given by 
the formula 


s(x) = 0.37 Inx + 0.05 
Use s to estimate the population of a city for which the 
average pedestrian walking speed is 2.9 miles per hour. 
Round to the nearest hundred thousand. 
67. DRAG RACING The quadratic function 
81(Xx) 2.25x? + 56.26x — 0.28, 0x = 10 


models the speed of a dragster from the start of a race 
until the dragster crosses the finish line 10 seconds later. 
This is the acceleration phase of the race. 

The exponential function 


s(x) = 8320(0.73)", 10 <x <20 


models the speed of the dragster during the 10-second 
period immediately following the time when the drag- 
ster crosses the finish line. This is the deceleration 
period. 

How long after the start of the race did the dragster 
attain a speed of 275 miles per hour? Round to the nearest 
hundredth of a second. 


68. EIFFEL TOWER The functions 
hy(x) = 363.4 — 88.4Inx, 16.47 <x =< 61.0 
and 
ho(x) = 568.2 — 161.5Inx, 61=x = 16.47 
approximate the height, in meters, of the Eiffel Tower 


x meters to the right of the center line, shown by the y-axis 
in the following figure (on page 503). 


69. 


7.4 


Third stage 
276.13 m 


Second stage 
115.73 m 


First stage 
57.63 m 


—50 50 = 


The graph of , models the shape of the tower from 
ground level up to the second stage in the figure, and the 
graph of h; models the shape of the tower from the second 
stage up to the third stage. 

Determine the horizontal distance across the Eiffel 
Tower, rounded to the nearest tenth of a meter, at a 
height of 


a. 50 meters 


b. 125 meters 


(2) PSYCHOLOGY Industrial psychologists study em- 
= ployee training programs to assess the effectiveness 
of the instruction. In one study, the percent score P on a 
test for a person who had completed ft hours of training 
was given by 


100 
a T+ 30e~ 0.088 


a. Use a graphing utility to graph the equation for t = 0. 

b. Use the graph to estimate (to the nearest hour) the 
number of hours of training necessary to achieve a 70% 
score on the test. 


c. From the graph, determine the horizontal asymptote. 


d. Write a sentence that explains the meaning of 
the horizontal asymptote. 
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70. [42 PsvcHoLocy An industrial psychologist has deter- 
=| mined that the average percent score for an em- 
ployee on a test of the employee’s knowledge of the 
company’s product is given by 


_ 100 
eee 


where t is the number of weeks on the job and P is the per- 
cent score. 


a. Use a graphing utility to graph the equation for 
t=0. 


b. Use the graph to estimate (to the nearest week) the 
expected number of weeks of employment that are 
necessary for an employee to earn a 70% score on the 
test. 


c. Determine the horizontal asymptote of the graph. 


d. Write a sentence that explains the meaning of 
the horizontal asymptote. 


71. (4) Eco.Locy A herd of bison was placed in a wildlife 
i preserve that can support a maximum of 1000 bison. 
A population model for the bison is given by 


1000 
— 1+ 300-0127! 


where B is the number of bison in the preserve and t is 
time in years, with the year 1999 represented by t = 0. 

a. Use a graphing utility to graph the equation for ¢ = 0. 
b. Use the graph to estimate (to the nearest year) the 


number of years before the bison population reaches 
500. 


c. Determine the horizontal asymptote of the graph. 


d. Write a sentence that explains the meaning of 
the horizontal asymptote. 


| PopuLaTioN GROWTH A yeast culture grows accord- 
ing to the equation 


50,000 


Y = 
1 + 2502-050 


where Y is the number of yeast and t is time in hours. 


a. Use a graphing utility to graph the equation for t = 0. 
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b. Use the graph to estimate (to the nearest hour) the 
number of hours before the yeast population reaches 
35,000. 


c. From the graph, estimate the horizontal asymptote. 


d. Write a sentence that explains the meaning of 
the horizontal asymptote. 


CONSUMPTION OF NATURAL RESOURCES A model for 
=| how long our coal resources will last is given by 
_ In(300r + 1) 
In(r + 1) 
where r is the percent increase in consumption from cur- 


rent levels of use and T is the time (in years) before the 
resources are depleted. 


a. Use a graphing utility to graph this equation. 


b. If our consumption of coal increases by 3% per year, in 
how many years will we deplete our coal resources? 


c. What percent increase in consumption of coal will de- 
plete the resources in 100 years? Round to the nearest 
tenth of a percent. 


—) 


»)) 74. (4g) EFFECTS OF AIR RESISTANCE ON VELOCITY If we 


===| assume that air resistance is proportional to the 
square of the velocity, then the time f in seconds required for 
an object to reach a velocity v in feet per second is given by 


_9 2442 
24° 24-0 


t ,Osv<24 
a. Determine the velocity, to the nearest hundredth of a 
foot per second, of the object after 1.5 seconds. 


b. Determine the vertical asymptote for the graph of this 
function. 


c. Write a sentence that explains the meaning of 
the vertical asymptote in the context of this ap- 
plication. 


75. (40) TERMINAL VELOCITY WITH AIR RESISTANCE The veloc- 
=| ity v of an object ¢ seconds after it has been dropped 
from a height above the surface of the earth is given by the 
equation v = 32t feet per second, assuming no air resist- 
ance. If we assume that air resistance is proportional to the 
square of the velocity, then the velocity after t seconds is 


given by 
et 4 
v = 100 oot 4 


a. In how many seconds will the velocity be 50 feet per 
second? 
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b. Determine the horizontal asymptote for the graph of 
this function. 


c. Write a sentence that explains the meaning of 
the horizontal asymptote in the context of this 
application. 


EFFECTS OF AIR RESISTANCE ON DISTANCE The dis- 
=| tance s, in feet, that the object in Exercise 75 will fall 
in ft seconds is given by 


1002 e032t + e 052t 
In 
ee’: ( 2 ) 


a. Use a graphing utility to graph this equation for t = 0. 


b. How long does it take for the object to fall 100 feet? 
Round to the nearest tenth of a second. 


77. RETIREMENT PLANNING The retirement account for a 
graphic designer contains $250,000 on January 1, 2006, 
and earns interest at a rate of 0.5% per month. On Febru- 
ary 1, 2006, the designer withdraws $2000 and plans to 
continue these withdrawals as retirement income each 
month. The value V of the account after x months is 


V = 400,000 — 150,000(1.005)* 


If the designer wishes to leave $100,000 to a scholarship 
foundation, what is the maximum number of with- 
drawals the designer can make from this account and still 
have $100,000 to donate? 


78. HANGING CABLE The height h, in feet, of any point P on 
the cable shown is given by 
h(x) = 10(e*/? +e), -15 <x =<15 


where |x| is the horizontal distance in feet between P and 
the y-axis. 


Ry 


a. What is the lowest height of the cable? 


b. What is the height of the cable 10 feet to the right of the 
y-axis? Round to the nearest tenth of a foot. 


c. How far to the right of the y-axis is the cable 24 feet in 
height? Round to the nearest tenth of a foot. 
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79. The following argument seems to indicate that 0.125 > 0.25. 


Find the first incorrect statement in the argument. 
3>2 
3(log 0.5) > 2(log 0.5) 
log 0.5° > log 0.57 
0.5° > 0.57 
0.125 > 0.25 


80. The following argument seems to indicate that 4 = 6. Find 


the first incorrect statement in the argument. 
4 = log, 16 
4 = log,(8 + 8) 
4 = log, 8 + log, 8 
4=3+3 
4=6 


81. 


82. 


83. 


84. 


A common mistake that students make is to write 
log(x + y) as log x + log y. For what values of x and y 
does log(x + y) =log x + log y? (Hint: Solve for x in 
terms of y.) 


Let f(x) = 2 In x and g(x) = Inx*. Does f(x) = g(x) for all 
real numbers x? 


Explain why the functions F(x) =14* and 
G(x) = e°°* represent essentially the same function. 


Find the constant k that will make f(t) = 2.2' and 
g(t) = e™ represent essentially the same function. 


1 NAVIGATING The pilot of a boat is trying to cross a 

® river to a point O two miles due west of the boat's 
starting position by always pointing the nose of the boat 
toward O. Suppose the speed of the current is w miles per 
hour and the speed of the boat is v miles per hour. If point 
O is the origin and the boat’s starting position is (2, 0) (see 
the diagram at the right), then the equation of the boat’s 
path is given by 


x 1-(w/v) x 1+(w/v) 
oN 2 


a. If the speed of the current and the speed of the boat are 
the same, can the pilot reach point O by always having 
the nose of the boat pointed toward O? If not, at what 
point will the pilot arrive? Explain your answer. 


b. If the speed of the current is greater than the speed of 
the boat, can the pilot reach point O by always point- 


ing the nose of the boat toward point O? If not, where 
will the pilot arrive? Explain. 


c. If the speed of the current is less than the speed of the 
boat, can the pilot reach point O by always pointing 
the nose of the boat toward point O? If not, where will 
the pilot arrive? Explain. 
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Exponential Growth and Decay 


PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be 
found on page A40. 


1 12 
PS1. Evaluate A = 1000(1 + 2) for f = 2. Round to the nearest hundredth. [7.1] 


ih 4. At 
PS2. Evaluate A son(1 a ) for f = 8. Round to the nearest hundredth. [7.1] 


PS3. Solve 0.5 = e™ for k. Round to the nearest ten-thousandth. [7.4] 


PS4. Solve 0.85 = 0.5’ for t. Round to the nearest ten. [7.4] 


70 


PS5. Solve 6= 5 +9e*2 


for k. Round to the nearest thousandth. [7.4] 


nt+1 


PS6. Solve 2,000,000 = for n. Round to the nearest tenth. [7.4] 


= Exponential Growth and Decay 


In many applications, a quantity changes at a rate proportional to the amount 
present. In these applications, the amount present at time f is given by a special 
function called an exponential growth function or an exponential decay function. 


Definition of Exponential Growth and Decay Functions 


If a quantity N increases or decreases at a rate proportional to the amount 
present at time f, then the quantity can be modeled by 


N(t) = Noe™ 


where N, is the value of N at time t = 0, and k is a constant called the 
growth rate constant. 


= If k is positive, N increases as ¢ increases and N(t) = Noe“ is called an 
exponential growth function. See Figure 7.27. 


= If k is negative, N decreases as t increases and N(t) = Noe“ is called an 
exponential decay function. See Figure 7.28. 


N+ 


No 


N(t) = Noe"; 
k<0,t=0 


N(t) = Noe*; 


No k>0,t20 


oy 
oy 


Figure 7.27 Figure 7.28 
Exponential growth function — Exponential decay function 
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@ QueEsTION Is N(t) = 1450e°°* an exponential growth function or an expo- 
nential decay function? 


In Example 1 we find an exponential growth function that models the popu- 
lation growth of a city. 


a. The population of a city is growing exponentially. The population of the city 
was 16,400 in 1995 and 20,200 in 2005. Find the exponential growth function 
that models the population growth of the city. 


b. Use the function from a. to predict, to the nearest 100, the population of the 
city in 2010. 
Solution 


a. Weneed to determine Nj and k in N(t) = Noe“. If we represent the year 
1995 by t = 0, then our given data are N(0) = 16,400 and N(10) = 20,200. 
Because N, is defined to be N(0), we know that Nj) = 16,400. To determine 
k, substitute t = 10 and No = 16,400 into N(t) = Noe“ to produce 


N(10) = 16,400e*?° 


20,200 = 16,400e!* « Substitute 20,200 for (10). 
20,200 ‘Gi 
= ¢ Solve f 10k 
16,400 Solve for e 
20,200 
In — = 10k saab 2 ae . 

16,400 0 Write in logarithmic form 
A 20a ddd 
10 16,400 olve for k. 

0.0208 ~ k 


The exponential growth function is N(t) ~ 16,400¢°*. 


b. The year 1995 was represented by t = 0, so we will use f = 15 to 
represent the year 2010. 


N(t) ~ 16,400e°°?*" 
N(15) ~ 16,4000e°°78S 
=~ 22,400 (nearest 100) 


The exponential growth function yields 22,400 as the approximate 
population of the city in 2010. 


@ ANSWER Because the growth rate constant k = 0.05 is positive, the function is an 
exponential growth function. 
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Be) Many radioactive materials decrease in mass exponentially over time. This 
~ decrease, called radioactive decay, is measured in terms of half-life, which 
is defined as the time required for the disintegration of half the atoms in a sample 
of a radioactive substance. Table 7.11 shows the half-lives of selected radioactive 


isotopes. 
Table 7.11 
Carbon (“C) 5730 years 
Radium (7°Ra) 1660 years 


Polonium (7!°Po) 138 days 
Phosphorus (**P) 14 days 


1/10,000th 
of a second 


Polonium (7"*Po) 


Find the exponential decay function for the amount of phosphorus (**P) that 
remains in a sample after t days. 


Solution 
When t = 0, N(O) = Noe*? = No. Thus N(O) = Np. Also, because the 


kerr hosphorus has a half-life of 14 days (from Table 7.11), N(14) = 0.5Np. To 

decay function N(t) = pover y , 0 

oe ; © find k, substitute t = 14 into N(t) = Nee“ and solve for k. 

can also be written as 

N(t) = No(0.5)*™. In this form it is N(14) = Ny: e*™ 

easy to see that if t is increased 0.5N) = Noe! - Substitute 0.5N) for N14). 

by 14, then N will decrease by a 05 Gg a ’ 

ere o=e * Divide each side by N). 

In 0.5 = 14k ¢ Write in logarithmic form. 
= n0.5=k Solve for k. 
14 B olive tor K. 
P(t)4 —0.0495 =k 
No The exponential decay function is N(f) ~ Noe °°". 

sH 

5 —— 

2 0.75 Ny c 

S 

§ + . 

ai = Carbon Dating 

<x 

0.25 Ny + The bone tissue in all living animals contains both carbon-12, which is nonra- 


dioactive, and carbon-14, which is radioactive with a half-life of approximately 

a: 5730 years. See Figure 7.29. As long as the animal is alive, the ratio of carbon-14 to 

5730 17,190 28650 ¢ carbon-12 remains constant. When the animal dies (tf = 0), the carbon-14 begins to 
Time (in years) decay. Thus a bone that has a smaller ratio of carbon-14 to carbon-12 is older than 
P(t) = 0.5¢/5730 a bone that has a larger ratio. The percent of carbon-14 present at time t is 


Figure 7.29 P(t) = 0).51/5730 
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The process of using the percent of carbon-14 present at a given time to 
estimate the age of a bone is called carbon dating. 


The chemist Willard Frank Libby 
developed the carbon dating 
process in 1947. In 1960 he was SSS 
awarded the Nobel Prize in EXAMPLE 3 
chemistry for this achievement. 


Estimate the age of a bone if it now has 85% of the carbon-14 it had at time 
t=0. 
Solution 
Let t be the time at which P(t) = 0.85. 
0.85 = 0.51/57 


In 0.85 = In 0.5'/579 * Take the natural logarithm of 
each side. 
t 
In 0.85 = 5730 In 0.5 « Power property. 
In 0.85 
s7an( 2088) =t * Solve for t. 
1340 = t 


The bone is about 1340 years old. 


™ Compound Interest Formulas 


Interest is money paid for the use of money. The interest I is called simple interest 
if it is a fixed percent r, per time period t, of the amount of money invested. The 
amount of money invested is called the principal P. Simple interest is computed 
using the formula I = Prt. For example, if $1000 is invested at 12% for 3 years, the 
simple interest is 


I = Prt = $1000(0.12)(3) = $360 


The balance after t years is A = P + I= P + Prt. In the preceding example, the 
$1000 invested for 3 years produced $360 interest. Thus the balance after 3 years 
is $1000 + $360 = $1360. 

In many financial transactions, interest is added to the principal at regular 
intervals so that interest is paid on interest as well as on the principal. Interest 
earned in this manner is called compound interest. For example, if $1000 is 
invested at 12% annual interest compounded annually for 3 years, then the total 
interest after 3 years is 


First-year interest $1000(0.12) = $120.00 
Second-year interest $1120(0.12) = $134.40 
Third-year interest $1254.40(0.12) ~ $150.53 
$404.93 + Total interest 


This method of computing the balance can be tedious and time-consuming. A com- 
pound interest formula that can be used to determine the balance due after t years 
of compounding can be developed as follows. 
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Table 7.12 


Chapter 7 


3 A; = P(1 Tr ry 
4 A, = P( +r)! 
t A, =P +7) 


Exponential and Logarithmic Functions 


Note that if P dollars is invested at an interest rate of r per year, then the 
balance after 1 year is A, = P + Pr = P(1 + r), where Pr represents the interest 
earned for the year. Observe that A, is the product of the original principal P and 
(1 + r). If the amount A, is reinvested for another year, then the balance after the 
second year is 


A,=(A)A4+7r)=P04+n04+n=P04+7ry 


Successive reinvestments lead to the results shown in Table 7.12. The equation 
A, = P(1 + r)'is valid if ris the annual interest rate paid during each of the t years. 
If r is an annual interest rate and n is the number of compounding periods per 
year, then the interest rate each period is r/n, and the number of compounding 
periods after t years is nt. Thus the compound interest formula is as follows: 


The Compound Interest Formula 


Find the balance if $1000 is invested at an annual interest rate of 10% for 
2 years compounded 


a. monthly  b. daily 


Solution 


a. Because there are 12 months ina year, use n = 12. 
0.1 12-2 
A= s1000(1 + 2) =~ $1000(1.008333333)* ~ $1220.39 
b. Because there are 365 days in a year, use n = 365. 


0.1 365-2 
A= s1000(1 + ot) =~ $1000(1.000273973)”" ~ $1221.37 


To compound continuously means to increase the number of compounding 
periods per year, n, without bound. 


1 r 
To derive a continuous compounding interest formula, substitute = for 7 in 


the compound interest formula 


nt 
A= of + *) 
n 


to produce 
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1 nt 
A= of + +) (1) 


rT n 
This substitution is motivated by the desire to express (: + £) as 


1 m |r 
(: + +) | , which approaches e’ as m gets larger without bound. 


1 r 
Solving the equation of for n yields n = mr, so the exponent nt can be 


written as mrt. Therefore Equation (1) can be expressed as 


A= of b ay" = ale “p 1yy (2) 
mM Mm 


By the definition of e, we know that as m increases without bound, 


1 m 
Le h 
( 1) approaches e 


Thus, using continuous compounding, Equation (2) simplifies to A = Pe". 


Continuous Compounding Interest Formula 


AMPLE Solve a Continuous Compound Interest Application 


Find the balance after 4 years on $800 invested at an annual rate of 6% 
compounded continuously. 


ALGEBRAIC SOLUTION VISUALIZE THE SOLUTION 
Use the continuous compounding formula with P = 800, r = 0.06, The following graph of 
Pp 8 & gtap 
and t = 4. A = 800e°° shows that the bal- 
A = Pett ance is about $1017.00 when t = 4. 

= 800e° + Substitute given values. 

= 800e°** + Simplify. 

= 800(1.27124915) 

= 1017.00 « Round to the nearest cent. 


The balance after 4 years will be $1017.00. 
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You have probably heard it said that time is money. In fact, many investors 
ask the question “How long will it take to double my money?” The following 
example answers this question for two different investments. 


XAMPLE Double Your Mc 


Find the time required for money invested at an annual rate of 6% to double 
in value if the investment is compounded. 


a. semiannually b. continuously 


Solution 
nt 
a. UseA=P{ 1+ - with r = 0.06, n = 2, and the balance A equal to 


twice the principal (A = 2P). 


2t 
2P = (1 + ) 


0.06 \" =3 : 
2={1+ > ¢ Divide each side by P. 
0.06 \7! : : 
In2 =In{ 1+ > ¢ Take the natural logarithm of each side. 
0.06 
In2 = 2tIn{1 + cs ¢ Apply the power property. 
In 2 
2t= 70.06) « Solve for t. 
Inj 1 + — 
; iL. In 2 
n(x + 28) 
t ~ 11.72 


If the investment is compounded semiannually, it will double in value in 
about 11.72 years. 


b. Use A = Pe" with r = 0.06 and A = 2P. 


2P = Peds 
2 = e606 + Divide each side by P. 
In 2 = 0.06t ¢ Write in logarithmic form. 
t= ale * Solve for t. 
0.06 
t ~ 11.55 


If the investment is compounded continuously, it will double in value in 
about 11.55 years. 
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™ Restricted Growth Models 


The exponential growth function N(t) = Noe“ is an unrestricted growth model that 
does not consider any limited resources that eventually will curb population 
growth. 

The logistic model is a restricted growth model that takes into consideration: 
the effects of limited resources. The logistic model was developed by Pierre 
Verhulust in 1836. 


Definition of the Logistic Model (A Restricted Growth Model) 


The magnitude of a population at time t = 0 is given by 


P(t) = ——— 

©) 1+ ae" 

where c is the carrying capacity (the P(t) + 

maximum population that can be c = 


supported by available resources as 
t — ©) and b is a positive constant called 
the growth rate constant. 
The initial population is Py) = P(0). 
The constant a is related to the initial Py 
population P) and the carrying capacity c 
by the formula ; if 
_c-PB A sare au 


Po 


a 


In the following example we determine a logistic growth model for a coyote 
population. 


EXAMPLE 7)) Find and Use a Logi 


Model — 


At the beginning of 2005, the coyote population in a wilderness area was 
estimated at 200. By the beginning of 2007, the coyote population had 
increased to 250. A park ranger estimates that the carrying capacity of the 
wilderness area is 500 coyotes. 


a. Use the given data to determine the 
growth rate constant for the logistic 
model of this coyote population. 


b. Use the logistic model determined in 
a. to predict the year in which the 
coyote population will first reach 400. 


Solution 


a. If we represent the beginning of the year 2005 by t = 0, then the 
beginning of the year 2007 will be represented by t = 2. In the logistic 
model, make the following substitutions: P(2) = 250, c = 500, and 

_&—%_ 500 ~ 200 _.. 
a: 200 = 


Continued > 
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Coyote population 


P(t) 4 


100 + 


Exponential and Logarithmic Functions 


10 20 30 
Year (t = 0 represents the 
beginning of the year 2005) 
500 
es 1.5e70-20273255t 


Figure 7.30 


P(t)= 


oy 


c 
a i 1t+ae" 
500 
PQ) = Te 1502 - Substitute the given values. 
500 
250 = 14150 ¢ P(2) = 250 
250(1 + 1.5e°?) = 500 + Solve for the growth rate 
constant b. 
500 
1 +152" = — 
© 350 
1.5e°2 =2-1 
1 
v2 + 
oS 


¢ Write in logarithmic form. 


1 
-25 = 1n( 2) 
1 1 
b= -in() 


b = 0.20273255 


Using a = 1.5, b = 0.20273255, and c = 500 gives us the following 
logistic model. 
500 


P(t) — 1+ 1. 5e7 0 20278205t 


To determine during what year the logistic model predicts the coyote 
population will first reach 400, replace P(t) with 400 and solve for t. 
500 
1 + 1.5¢e~ 0:20273255t 
400(1 + 1.5¢7°707795') = 500 


400 = 


500 
{4 1 Sertawrese = 
" 400 
1.5e7 0-20278255t =x 1.25 — 1 
e 0-20273255¢ — 0.25 
15 
2 
—0.20273255t = in( 2) ¢ Write in logarithmic 
15 form. 
1 0.25 
i= In * Solve for tf. 
—0.20273255 ( 15 sia dil 
~ 8.8 


According to the logistic model, the coyote population will reach 400 
about 8.8 years after the beginning of 2005, which is during the year 
2013. The graph of the logistic model is shown in Figure 7.30. Note that 
P(8.8) ~ 400 and that as t — ©, P(t) — 500. 
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In Example 8, we use a function of the form v = a(1 — e“’) to model the 
velocity of an object that has been dropped from a high elevation. 


-XAMPLE 8 / lication 1 Fi nce 


Assuming that air resistance is proportional to the velocity of a falling 
object, the velocity (in feet per second) of the object f seconds after it has 
been dropped is given by v = 82(1 — e °°"). 


a. Determine when the velocity will be 70 feet per second. 


b. The graph of v has v = 82 as a horizontal asymptote. Explain the 
meaning of this asymptote in the context of this example. 


ALGEBRAIC SOLUTION VISUALIZE THE SOLUTION 
a. v = 82(1 — e °°") a. Agraph of y = 82(1 — e °°") 
70 = 82(1 — e°) - Substitute 70 for v. and y = 70 shows that the 
70 x-coordinate of the point of 
an Leo + Divide each side by 82. intersection is about 4.9. 
= 90 
-0.39 4 _ /¥ : -0.39t 
e 1 39 Solve for e~°3%, 
6 ‘i eine 
—0.39t = In ra ¢ Write in logarithmic form. 
In(6/41 
= mer =~ 49277246 + Solve for t. 
The velocity will be 70 feet per second after approximately y = 82(1 — e *™*) 
4.9 seconds. Note: The x value shown is 


eee h h. 
b. The horizontal asymptote v = 82 means that as time increases, the pon ed tO menwarcet nent 


velocity of the object will approach, but never reach or exceed, 
82 feet per second. 


Ag \ Topics for Discussion 


Explain the difference between compound interest and simple interest. 


2. What is an exponential growth function? Give an example of an application 
for which an exponential growth function might be an appropriate model. 


3. What is an exponential decay function? Give an example of an application for 
which an exponential decay function might be an appropriate model. 


4. Consider the exponential function P(t) = Pe and the logistic function 
P(t) = re Explain the similarities and differences between the graphs 


of the two functions. 


» 
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Exercise Set 7.5 


. POPULATION GROWTH The number of bacteria N(t) present 


in a culture at time t hours is given by 
N(t) = 2200(2)' 
Find the number of bacteria present when 


a. t = 0 hours b. tf = 3 hours 


. POPULATION GROWTH The population of a city grows 


exponentially according to the function 
f(é) = 12,400(1.14)! 


for 0 = t = 5 years. Find, to the nearest hundred, the popu- 
lation of the city when t is 


a. 3 years b. 4.25 years 


. POPULATION GROWTH A city had a population of 22,600 in 


1997 and a population of 24,200 in 2002. 


a. Find the exponential growth function for the city. Use 
t = 0 to represent the year 1997. 


b. Use the growth function to predict the population of 
the city in 2012. Round to the nearest hundred. 


. POPULATION GROWTH A city had a population of 53,700 in 


1999 and a population of 58,100 in 2003. 


a. Find the exponential growth function for the city. Use 
t = 0 to represent the year 1999. 


b. Use the growth function to predict the population of 
the city in 2011. Round to the nearest hundred. 


POPULATION GROWTH The population of Miami, 
Florida, is growing exponentially. The population of 
Miami was 362,300 in the year 2000 and 379,700 in 2004. 
Find the exponential growth function that models the pop- 
ulation growth of Miami and use it to predict the population 
of Miami in 2009. Use t = 0 to represent the year 2000. 
Round to the nearest hundred. 


POPULATION GROWTH The population of Aurora, 
Colorado, is growing exponentially. The population 
of Aurora was 276,400 in the year 2000 and 291,800 in 
2004. Find the exponential growth function that models 
the population growth of the Aurora and use it to predict 
the population of Aurora in 2008. Use t = 0 to represent the 
year 2000. Round to the nearest hundred. 


. MEDICINE Sodium-24 is a radioactive isotope of sodium 


that is used to study circulatory dysfunction. Assuming that 


Exponential and Logarithmic Functions 


4 micrograms of sodium-24 is injected into a person, the 
amount A in micrograms remaining in that person after t 
hours is given by the equation A = 4e 0%. 


a. Graph this equation. 
b. What amount of sodium-24 remains after 5 hours? 
c. What is the half-life of sodium-24? 


d. In how many hours will the amount of sodium-24 be 
1 microgram? 


In Exercises 8-12, use the half-life information from Table 7.11, 
page 508, to work each exercise. 


» 2 


10. 


11. 


>) 12. 


13. 


14. 


SO 


NI y RADIOACTIVE DECAY Find the decay function for the 
~~ amount of polonium (?'°Po) that remains in a sample 
after t days. 


GEOLOGY Geologists have determined that Crater 
Lake in Oregon was formed by a volcanic eruption. 
Chemical analysis of a wood chip assumed to be from a 
tree that died during the eruption has shown that it 
contains approximately 45% of its original carbon-14. 
Estimate how long ago the volcanic eruption occurred. 

< RADIOACTIVE DECAY Estimate the percentage of 
polonium (*'"Po) that remains in a sample after 2 
years. Round to the nearest hundredth of a percent. 

NI y ARCHEOLOGY The Rhind papyrus, named after A. 
— Henry Rhind, contains most of what we know 
today of ancient Egyptian mathematics. A chemical analy- 
sis of a sample from the papyrus has shown that it 


contains approximately 75% of its original carbon-14. 
Estimate the age of the Rhind papyrus. 


ARCHEOLOGY Estimate the age of a bone if it now contains 
65% of its original amount of carbon-14. Round to the 
nearest 100 years. 


COMPOUND INTEREST If $8000 is invested at an annual 
interest rate of 5% and compounded annually, find the 
balance after 


a. 4 years b. 7 years 

COMPOUND INTEREST If $22,000 is invested at an annual 
interest rate of 4.5% and compounded annually, find the 
balance after 


a. 2 years b. 10 years 


15. 


>) 16. 


17. 


)) 18. 


19. 


20. 


21. 


)) 22. 


23. 


24. 


COMPOUND INTEREST If $38,000 is invested at an annual 
interest rate of 6.5% for 4 years, find the balance if the 
interest is compounded 


a. annually b. daily c. hourly 


COMPOUND INTEREST If $12,500 is invested at an annual 
interest rate of 8% for 10 years, find the balance if the 
interest is compounded 


a. annually b. daily c. hourly 


COMPOUND INTEREST Find the balance if $15,000 is in- 
vested at an annual rate of 10% for 5 years, compounded 
continuously. 


COMPOUND INTEREST Find the balance if $32,000 is in- 
vested at an annual rate of 8% for 3 years, compounded 
continuously. 


COMPOUND INTEREST How long will it take $4000 to dou- 
ble if it is invested in a certificate of deposit that pays 
7.84% annual interest compounded continuously? Round 
to the nearest tenth of a year. 


COMPOUND INTEREST How long will it take $25,000 to 
double if it is invested in a savings account that pays 
5.88% annual interest compounded continuously? Round 
to the nearest tenth of a year. 


CONTINUOUS COMPOUNDING INTEREST Use the Con- 
tinuous Compounding Interest Formula to derive an 
expression for the time it will take money to triple when 
invested at an annual interest rate of r compounded 
continuously. 


ConTINUOUS COMPOUNDING INTEREST How long will it 
take $1000 to triple if it is invested at an annual interest 
rate of 5.5% compounded continuously? Round to the 
nearest year. 


ConTINUOUS COMPOUNDING INTEREST How long will it 
take $6000 to triple if it is invested in a savings account 
that pays 7.6% annual interest compounded continu- 
ously? Round to the nearest year. 


CONTINUOUS COMPOUNDING INTEREST How long will it 
take $10,000 to triple if it is invested in a savings account 
that pays 5.5% annual interest compounded continu- 
ously? Round to the nearest year. 


In Exercises 25 to 30, determine the following constants for 
the given logistic growth model. 

a. The carrying capacity 

b. The growth rate constant 

c. The initial population P, 


25. 


1900 
1+ 8.5e0 


32,550 


= 1 + 0.75¢ 008 


26. P(t) = 


7.5 


27. 


29. 
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157,500 Ba 
Pi) = eT 28. P(t) = 1+ 1.04¢70! 
2400 = 
P) = 77am 30. P() = TS y5.-0m 


In Exercises 31 to 34, use algebraic procedures to find the 
logistic growth model for the data. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


Py = 400, P(2) = 780, and the carrying capacity is 5500. 
Py = 6200, P(8) = 7100, and the carrying capacity is 9500. 
Py = 18, P(3) = 30, and the carrying capacity is 100. 


Py) = 3200, P(22) ~ 5565, and the growth rate constant is 
0.056. 


REVENUE The annual revenue R, in dollars, of a new 
company can be closely modeled by the logistic function 


625,000 


RO = Tye 08 


where the natural number t is the time, in years, since the 
company was founded. 


a. According to the model, what will be the company’s 
annual revenue for its first year and its second year 
(ft = 1 and t = 2) of operation? Round to the nearest 
$1000. 


b. According to the model, what will the company’s 
annual revenue approach in the long-term future? 


New CAR SALES The number of cars A sold annually by 
an automobile dealership can be closely modeled by the 
logistic function 


1650 


AO Te 


where the natural number t is the time, in years, since the 
dealership was founded. 


a. According to the model, what number of cars will the 
dealership sell during its first year and its second year 
(t = 1 and t = 2) of operation? Round to the nearest 
unit. 


b. According to the model, what will the dealership’s 
annual car sales approach in the long-term future? 


POPULATION GROWTH The population of wolves in a pre- 
serve satisfies a logistic model in which P) = 312 in the 
year 2005, c = 1600, and P(6) = 416. 
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)) 38. 


39. 


40. 


41. 
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a. Determine the logistic model for this population, 
where ¢ is the number of years after 2005. 


b. Use the logistic model from a. to predict the size of the 
wolf population in 2015. 


POPULATION GROWTH The population of groundhogs on a 
ranch satisfies a logistic model in which Py) = 240 in the 
year 2004, c = 3400, and P(1) = 310. 


a. Determine the logistic model for this population, 
where ¢ is the number of years after 2004. 


b. Use the logistic model from a. to predict the size of the 
groundhog population in 2011. 


POPULATION GROWTH The population of squirrels in a 
nature preserve satisfies a logistic model in which 
Py = 1500 in the year 2007. The carrying capacity of 
the preserve is estimated at 8500 squirrels, and 
P(2) = 1900. 


a. Determine the logistic model for this population, 
where ¢ is the number of years after 2007. 


b. Use the logistic model from a. to predict the year in 
which the squirrel population will first exceed 4000. 


POPULATION GROWTH The population of walruses on an 
island satisfies a logistic model in which Py) = 800 in the 
year 2003. The carrying capacity of the island is estimated 
at 5500 walruses, and P(1) = 900. 


a. Determine the logistic model for this population, 
where ft is the number of years after 2003. 


b. Use the logistic model from a. to predict the 
year in which the walrus population will first exceed 
2000. 


Puysics Newton’s Law of Cooling states that if an object 
at temperature Ty is placed into an environment at 
constant temperature A, then the temperature of the 
object, T(t) (in degrees Fahrenheit), after t minutes is given 
by T(t) =A + (T) — A)e™“, where k is a constant that 
depends on the object. 


a. Determine the constant k (to the nearest thousandth) 
for a canned soda drink that takes 5 minutes to cool 
from 75°F to 65°F after being placed in a refrigerator 
that maintains a constant temperature of 34°F. 


b. What will be the temperature (to the nearest degree) of 
the soda drink after 30 minutes? 


c. When (to the nearest minute) will the temperature of 
the soda drink be 36°F? 


42. 


43. 


44. 


45. 


46. 
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PSYCHOLOGY According to a software company, the users 
of its typing tutorial can expect to type N(t) words per 
minute after f hours of practice with the product, 
according to the function N(t) = 100(1.04 — 0.99’). 


a. How many words per minute can a student expect to 
type after 2 hours of practice? 


b. How many words per minute can a student expect to 
type after 40 hours of practice? 


c. According to the function N, how many hours (to the 
nearest hour) of practice will be required before a stu- 
dent can expect to type 60 words per minute? 


PSYCHOLOGY In the city of Whispering Palms, which has 
a population of 80,000 people, the number of people P(t) 
exposed to a rumor in ¢ hours is given by the function 
P(t) = 80,000(1 — e °°"), 


a. Find the number of hours until 10% of the population 
have heard the rumor. 


b. Find the number of hours until 50% of the population 
have heard the rumor. 


Law A lawyer has determined that the number of people 
P(t) in a city of 1,200,000 people who have been exposed 
to a news item after ¢ days is given by the function 


P(t) = 1,200,000(1 — e~°°*) 


a. How many days after a major crime has been reported 
have 40% of the population heard of the crime? 


b. A defense lawyer knows it will be very difficult to pick 
an unbiased jury after 80% of the population have 
heard of the crime. After how many days will 80% of 
the population have heard of the crime? 


DEPRECIATION An automobile depreciates according to the 
function V(t) = Vo(1 — r)', where V(t) is the value in dol- 
lars after t years, Vo is the original value, and r is the yearly 
depreciation rate. A car has a yearly depreciation rate of 
20%. Determine, to the nearest 0.1 year, in how many years 
the car will depreciate to half its original value. 


Puysics The current I(t) (measured in amperes) of a cir- 
cuit is given by the function I(t) = 6(1 — e?*), where f is 
the number of seconds after the switch is closed. 


a. Find the current when t = 0. 


b. Find the current when t = 0.5. 


47. 


49. 


c. Solve the equation for f. 
I(t) 4 


6+ 


Current, in amperes 


eh 


1 3 
Time, in seconds 
AIR RESISTANCE Assuming that air resistance is propor- 


tional to velocity, the velocity v, in feet per second, of a 
falling object after f seconds is given by v = 32(1 — e”’). 


a. Graph this equation for t = 0. 


b. Determine algebraically, to the nearest 0.01 second, 
when the velocity is 20 feet per second. 


c. Determine the horizontal asymptote of the graph of v. 
d. Write a sentence that explains the meaning of 


the horizontal asymptote in the context of this 
application. 


. AIR RESISTANCE Assuming that air resistance is propor- 


tional to velocity, the velocity v, in feet per second, of a 
falling object after t seconds is given by v = 64(1 — e "””). 


a. Graph this equation for t = 0. 


b. Determine algebraically, to the nearest 0.1 second, 
when the velocity is 50 feet per second. 


c. Determine the horizontal asymptote of the graph of v. 


d. Write a sentence that explains the meaning of 
the horizontal asymptote in the context of this 
application. 


| The distance s (in feet) that the object in Exer- 
: cise 47 will fall in t seconds is given by the function 
s= = 304 + 32(e' — 1). 


a. Graph this equation for t = 0. 


7.5 


50. 


51. 


52. 
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b. Determine, to the nearest 0.1 second, the time it takes 
the object to fall 50 feet. 


c. Calculate the slope of the secant line through (1, s(1)) 
and (2, s(2)). 


d. Write a sentence that explains the meaning of 
the slope of the secant line you calculated in c. 


(4s) The distance s (in feet) that the object in Exer- 
cise 48 will fall in t seconds is given by the function 
= 64t + 128(e'/? — 1). 


a. Graph this equation for t = 0. 


b. Determine, to the nearest 0.1 second, the time it takes 
the object to fall 50 feet. 


c. Calculate the slope of the secant line through (1, s(1)) 
and (2, s(2)). 


d. Write a sentence that explains the meaning of 
the slope of the secant line you calculated in c. 


LEARNING THEORY The logistic model is also used in 
learning theory. Suppose that historical records from emp- 
loyee training at a company show that the percent score 
on a product information test is given by 


100 
= 1+ 25e0.095t 


where ¢ is the number of hours of training. What is the 
number of hours (to the nearest hour) of training needed 
before a new employee will answer 75% of the questions 
correctly? 


LEARNING THEORY A company provides training in the 
assembly of a computer circuit to new employees. Past 
experience has shown that the number of correctly assem- 
bled circuits per week can be modeled by 
_ 250 
1 + 249¢ 0503! 
where f¢ is the number of weeks of training. What is 
the number of weeks (to the nearest week) of train- 


ing needed before a new employee will correctly make 
140 circuits? 
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53. IVIEDICATION LEVEL A patient is given three doses of 
aspirin. Each dose contains 1 gram of aspirin. The second 
and third doses are each taken 3 hours after the previous 
dose is administered. The half-life of the aspirin is 2 hours. 
The amount of aspirin A in the patient’s body t hours after 
the first dose is administered is 


0.5!/? 0<t<3 
A(t) = 4 0.5'7 + 0.592 3<t<6 
0.517 + 0.592 + g.5t-9/2 t=6 


Find, to the nearest hundredth of a gram, the amount of 
aspirin in the patient’s body when 


a.t=1 b. t=4 c.t=9 

| MEDICATION LEVEL Use the dosage formula in Exer- 
===} cise 53 to determine when, to the nearest tenth of an 

hour, the amount of aspirin in the patient’s body first 


reaches 0.25 gram. 


55. ~~ ANNUAL GROWTH RATE The exponential growth 
function for the population of a city is 
N(t) = 78,245e°!, where t is in years. Because 


elO2st — (°00%5)t ~ (1.0248)! 


56. 


we can write the growth function as 


Lt 
N(t) = 78,245(1.0248)' ~ 73245(1 + Be 
In this form we can see that the city’s population is grow- 
ing by 2.48% per year. 

The population of the city of Lake Tahoe, Nevada, 
can be modeled by the exponential growth function 
N(t) = 22,755e°8", Find the annual growth rate, ex- 
pressed as a percent, of Lake Tahoe. Round to the nearest 
hundredth of a percent. 


OlL SPILLS Crude oil leaks from a tank at a rate that 

depends on the amount of oil that remains in the tank. 
1 

Because a of the oil in the tank leaks out every 2 hours, 


the volume V(t) of oil in the tank after t hours is given 
by V(t) = V(0.875)?, where Vo = 350,000 gallons is the 
number of gallons in the tank at the time the tank started 
to leak (t = 0). 


a. How many gallons does the tank hold after 3 hours? 
b. How many gallons does the tank hold after 5 hours? 


c. How long, to the nearest hour, will it take until 90% of 
the oil has leaked from the tank? 


A DECLINING LoGistic MODEL If P) > c (which implies that 


—1<a<0), then the logistic function P(t) = de- 


1 +ae™ 
creases as f increases. Biologists often use this type of logistic 
function to model populations that decrease over time. See the 
following figure. 


P(t) 4 


oY 


P(t)= ,Pg>c 


1+ae% 


1. A DECLINING FISH POPULATION A biologist finds that the 
fish population in a small lake can be closely modeled by 
the logistic function 


1000 
1 + (—0.3333)e0° 


where f is the time, in years, since the lake was first 
stocked with fish. 


P(t) 


a. What was the fish population when the lake was first 
stocked with fish? 


b. According to the logistic model, what will the fish popu- 
lation approach in the long-term future? 


. A DECLINING DEER POPULATION The deer population in a 


reserve is given by the logistic function 


1800 
1 + (—0.25)e™ 


P(t) 


where ¢ is the time, in years, since July 1, 2001. 
a. What was the deer population on July 1, 2001? What 
was the deer population on July 1, 2003? 


b. According to the logistic model, what will the deer 
population approach in the long-term future? 
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3: ~~ MODELING WoRLD 
RECORD TIMES IN 
THE MEN’S MILE 
RACE In the early 1950s, 
many people speculated 
that no runner would 
ever run a mile race in 
under 4 minutes. During 
the period from 1913 to 
1945, the world record 
in the mile event had 
been reduced from 4.14.4 
(4 minutes, 14.4 seconds) 
to 4.01.4, but no one 
seemed capable of run- 
ning a sub-four-minute 
mile. Then, in 1954, — 
Roger Bannister broke through the four-minute barrier by 


found on page A40. 


running a mile in 3.59.6. In 1999, the current record of 
3.43.13 was established. It is fun to think about future 
record times in the mile race. Will they ever go below 
3 minutes, 30 seconds? Below 3 minutes, 20 seconds? 
What about a sub-three-minute mile? 

A declining logistic function that closely models the 
world record times WR, in seconds, in the men’s mile run 
from 1913 (t = 0) to 1999 (f = 86) is given by 


199.13 
1 + (—0.21726)e~ 0.007988 


WR(E) 


a. Use the above logistic function to predict the world 
record time for the men’s mile run in the year 2020 and 
the year 2050. 


b. According to the logistic function, what time will the 
world record in the men’s mile event approach but 
never break through? 


Modeling Data with Exponential and 
Logarithmic Functions 


PREPARE FOR THIS SECTION 


Prepare for this section by completing the following exercises. The answers can be 


PS1. Determine whether N(t) = 4 — Int is an increasing or a decreasing function. [7.2] 


PS2. Determine whether P(t) = 1 — 2(1.05') is an increasing or a decreasing function. [7.1] 


108 
1+ 2¢°" 


PS3. Evaluate P(t) = for t = 0. [7.1] 


PS4. Evaluate N(f) = 840e!™ for t = 0. [7.1] 


PS5. Solve 10 = for t. Round to the nearest tenth. [7.4] 


a 
1 + 2.2600 


55 
PS6. Determine the horizontal asymptote of the graph of P(t) = 1 fort = 0. [7.5] 


A. 3e~ 0.08 y 


= Analyze Scatter Plots 


In Section 1.7 we used linear and quadratic functions to model several data 
sets. However, in some applications, data can be modeled more closely by using 
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exponential or logarithmic functions. For instance, Figure 7.31 illustrates 
some scatter plots that can be modeled effectively by exponential and logarithmic 


functions. 
y y 
a. Exponential increasing: b. Exponential decreasing c. Logarithmic increasing: — _d. Logarithmic decreasing: 
y=ab*,a>0,b>1 y=ab,a>0,0<b<1 y=at+blinx,b>0 y=a+binx,b<0 


Figure 7.31 
Exponential and Logarithmic Models 


The terms concave upward and concave downward are often used to describe a 
graph. For instance, Figures 7.32a and 7.32b show the graphs of two increasing 
functions that join the points P and Q. The graphs of f and g differ in that they 
bend in different directions. We can distinguish between these two types of “bend- 
ing” by examining the positions of tangent lines to the graphs. In Figures 7.32c and 
7.32d, tangent lines (in red) have been drawn to the graphs of f and g. The graph 
of f lies above its tangent lines and the graph of g lies below its tangent lines. The 
function f is said to be concave upward, and g is concave downward. 


c. f is concave upward. d. ¢ is concave downward. 


Figure 7.32 


Definition of Concavity 


If the graph of f lies above all of its tangents on an interval [x;, x2], then f is 
concave upward on [x,, xo]. 


If the graph of f lies below all of its tangents on an interval [x,, x2], then f is 
concave downward on [%,, x]. 
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An examination of the graphs in Figure 7.31 shows that the graphs of all expo- 
nential functions of the form y = ab*, a > 0,b > 0,b # 1 are concave upward. The 
graphs of increasing logarithmic functions of the form y =a + blnx,b>0 are 
concave downward, and the graphs of decreasing logarithmic functions of the 
form y = a + bInx,b < 0, are concave upward. 

In Example 1 we analyze scatter plots to determine whether the shape of the 
scatter plot can be best approximated by a function that is concave upward or con- 
cave downward. 


@ auesTion Is the graph of y=5—2Inx concave upward or concave 
downward? 


| For each of the following data sets, determine whether the most 
==) suitable model of the data would be an increasing exponential function 
or an increasing logarithmic function. 


A = {(1, 0.6), (2, 0.7), (2.8, 0.8), (4, 1.3), (6, 1.5), 
(6.5, 1.6), (8, 2.1), (11.2, 4.1), (12, 4.6), (15, 8.2)} 


TO REVIEW 


See section 1.7 if you need to 


review the steps needed to create a B = {(1.5, 2.8), (2, 3.5), (4.1, 5.1), (5, 5.5), (5.5, 5.7), (7, 6.1), 
scatter plot ona (7.2, 6.4), (8, 6.6), (9, 6.9), (11.6, 7.4), (12.3, 7.5), (14.7, 7.9)} 
TI-83/TI-83 Plus/TI-84 Plus é 

Solution 
calculator. 


For each set, construct a scatter plot of the data. See Figure 7.33. 


10 


0 
Scatter plot of A Scatter plot of B 
Figure 7.33 


The scatter plot of A suggests that A is an increasing function that is concave 
upward. Thus an increasing exponential function would be the most suitable 
model for data set A. 

The scatter plot of B suggests that B is an increasing function that is 
concave downward. Thus an increasing logarithmic function would be the 
most suitable model for data set B. 


@ ANSWER The graph of y = 5 — 2 Inx is concave upward because the b-value, —2, is 
less than zero. See Figure 7.31d. 
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Most graphing utilities 
have built-in routines that 
can be used to determine 
the exponential or 
logarithmic regression 
function that models a set 
of data. On a TI-83/TI-83 
Plus/TI-84 Plus, the 
ExpReg instruction is used 
to find the exponential 
regression function and the 
LnReg instruction is used to 
find the logarithmic 
regression function. The 
TI-83/TI-83 Plus/TI-84 Plus 
does not show the value of 
the regression coefficient r 
or the coefficient of 
determination unless the 
DiagnosticOn command 
has been entered. The 
DiagnosticOn command is 
in the CATALOG menu. 


known as the four c’s. In Example 2 


we have assumed that the color, 
cut, and clarity of all the diamonds 
are similar. This assumption 
enables us to model the value of 
each diamond as a function of just 


its carat weight. 


m= Model Data 


The methods used to model data using exponential or logarithmic functions are 
similar to the methods used in Section 1.7 to model data using linear or quadratic 
functions. Here is a summary of the modeling process. 


The Modeling Process 


In the following example we use the modeling process to find an exponential 
function that closely models the value of a diamond as a function of its weight. 


diamonds that have different weights (measured in carats), but are 
similar in quality. See Table 7.13. 


Table 7.13 
0.50ct O.75ct 1.00ct 125ct 1.50ct 175ct 200ct 3.00ct 4.00ct 


2606808 8 e@ By Or 
260 6 @ @ 


ety “Sa 
Se 
$4,600 $5,000 $5,800 $6,200 $6,700 $7,300 $7,900 $10,700 $14,500 


Find a function that models the values of the diamonds as a function of their 
weights, and use the function to predict the value of a 3.5-carat diamond of 
similar quality. 


Solution 


1. Construct a scatter plot of the data. 
18,000 
L2 
4600 
5000 
5800 
6200 
6700 


7300 
7900 


L2(6) =7300 


Figure 7.34 
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|MathMattes = | From the scatter plot in Figure 7.34, it appears that the data can be closely 


modeled by an exponential function of the form y = ab’, a > 0 and 
The Hope Diamond, shown i 


below, is the world’s largest 
deep blue diamond. It has a 


weight of 45.52 carats. We 2. Find the equation of the model. The ExpReg 

should not expect the function calculator display in Figure 7.35 shows that y=a«bx 

y ~ 4067.6 x 1.3816* in the exponential regression equation a aS 
Example 2 to yield an accurate is y ~ 4067.6(1.3816)*, where x is the carat r=. 994881215 


value of the Hope Diamond r=.9974373238 
because the Hope Diamond is 
not the same type of diamond as 
the diamonds in Table 7.13, and 
its weight is much larger than Figure 7.35 
the weights of the diamonds in 


Table 7.13. 


weight of the diamond and y is the value 
of the diamond. 


ExpReg display (DiagnosticOn) 


3. Examine the correlation coefficient or the coefficient of 
determination. The correlation coefficient r ~ 0.9974 is close to 1. 
This indicates that the exponential regression function 
y ~ 4067.6(1.3816)* provides a good fit for the data. The graph in 
Figure 7.36 also shows that the exponential regression function 
provides a good model for the data. 


18,000 


The Hope Diamond is on 

display at the Smithsonian 
Museum of Natural History in . 

Washington, D.C. Pigute 7-36 


To estimate the value of a 3.5-carat 18,000 

diamond, substitute 3.5 for x in the Y1=4067.641144727+1.381... 
exponential regression function or use 
the VALUE command in the 
CALCULATE menu to evaluate the 
exponential regression function at 

x = 3.5. See Figure 7.37. Y=12610.415_, 


Figure 7.37 


According to the exponential regression function, the value of a 3.5-carat 
diamond of similar quality is about $12,610. 


»)) Try Exercise 22, page 531 
When you are selecting a function to model a given set of data, try to find 


a function that provides a good fit to the data and is likely to produce realistic 
predictions. The following guidelines may facilitate the selection process. 
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Guidelines for Selecting a Modeling Function 


Table 7.14 shows the winning times in the women’s Olympic 
100-meter freestyle event for the years 1960 to 2004. 


Table 7.14 Women’s Olympic 100-Meter Freestyle, 
1960 to 2004 


1960 61.2 
1964 59.5 
1968 60.0 
1972 58.59 
1976 55.65 
1980 54.79 


Source: Time Almanac 2006. 


Find a function to model the data, and use the function to predict the 
winning time in the women’s Olympic 100-meter freestyle event for the 
year 2012. 


Solution 


tive numbers. Construct a scatter plot of the data. See 

Figure 7.38. (Note: This scatter plot was 
produced using x = 1 to represent the year 
1960, x = 2 to represent the year 1964, ..., 
and x = 12 to represent the year 2004.) The 

to represent the year 1960 in general shape of the scatter plot suggests that 
Example 3. we consider functions whose graphs are 
decreasing and concave upward. Thus we Figure 7.38 


Thus zero must not be used as 


an x value of a data point. This 


is the reason we have used x = 1 
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consider a decreasing exponential function and a decreasing logarithmic 
function as possible models. Use a graphing utility to find the 
exponential regression function and the logarithmic regression 

function for the data. See Figures 7.39 and 7.40. 


ExpReg LnReg 
y=a«b”x y=a+binx 
a=60.85756911 a=61.93339969 
b=.988350233 b=-3.292644718 


re=.84U9501015 r=.8989U1686 
r=-.921683794 r=-.948125353 


Figure 7.39 Figure 7.40 


The exponential function is y ~ 60.85757(0.98835)* and the logarithmic 
function is y ~ 61.93340 — 3.29264 In x. The coefficient of determination r? 
for the logarithmic regression is larger than the coefficient of determination 
for the exponential regression. See Figures 7.39 and 7.40. Thus the 
logarithmic regression function provides a better fit to the data than the 
exponential regression function. The correlation coefficients r can also be 
used to determine which function provides the better fit. For decreasing 
functions, the function with correlation coefficient closest to —1 provides 

the better fit. 


Notice that the graph of the logarithmic 
function has the desired behavior to the right 
of the scatter plot. That is, it is a gradually 
decreasing curve, and this is the general 
behavior we would expect for future winning 
times in the 100-meter freestyle event. The 
graph of the exponential function is almost 
linear and is decreasing at a rapid pace, 
which is not what we would expect for Figure 7.41 
results in an established Olympic event. 

See Figure 7.41. Thus we select the logarithmic 

function as our modeling function. 


To predict the winning time for this event in 65 

the year 2012 (represented by x = 14), Y2=61.933399686+-3.2926... 
substitute 14 for x in the equation of the 
logarithmic function or use the VALUE 
command in the CALCULATE menu to 
produce the approximate time of 53.24 
seconds, as shown in Figure 7.42. 


o DXEIU ee eeyesaimouagoo!| 2 | 
45 


Figure 7.42 


)) Try Exercise 24, page 531 
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On a TI-83/TI-83 Plus/ 
TI-84 Plus graphing 
calculator, the logistic 
growth model is given in 
the form 


ee: 
YT + ae 


Think of the variable x as 
the time t and the variable y 
as P(t). 


Exponential and Logarithmic Functions 


= Find a Logistic Growth Model 


If a scatter plot of a set of data suggests that the data can be effectively modeled 
by a logistic growth model, then you can use the Logistic feature of a graphing 
utility to find the logistic growth model. This process is illustrated in Example 4. 


1990 320 1995 1150 2000 2620 
1991 410 1996 1410 2001 2940 
1992 560 1997 1760 2002 3100 
1993 730 1998 2040 2003 3300 
1994. 940 1999 2310 2004 3460 


Find a logistic model that approximates the deer population as a function of 
the year. Use the model to predict the deer population in the year 2010. 


Solution 


1. 


Construct a scatter plot of the data. 4800 
Enter the data into a graphing utility, 
and then use the utility to display a scat- 
ter plot of the data. In this example we 
represent the year 1990 by x = 0, the 
year 2004 by x = 14, and the deer popu- 
lation by y. 

Figure 7.43 shows that the data can 
be closely approximated by a logistic 
growth model. 


Figure 7.43 


Find the equation of the model. Ona 
TI-83/TI-83 Plus/TI-84 Plus graphing 
calculator, select B: Logistic, which is in 
the STAT CALC menu. The logistic 
function for the data is 

3965.3 


YT + 114450 05 


Examine the fit. A TI-83/TI-83 Plus/TI-84 

Plus calculator does not compute the coefficient of determination or the 
correlation coefficient for a logistic model. However, Figure 7.45 shows 
that the logistic model provides a good fit to the data. The VALUE 
command in the CALCULATE menu shows that the logistic model 
predicts a deer population of about 3878 in the year 2010 (x = 20). See 
Figure 7.46. 


Logistic 
y=c/(l+ae(-bx)) 
a=11.44466821 
b=.3115234553 


c=3965.337214 


. See Figure 7.44. 
Figure 7.44 


7.6 Modeling Data with Exponential and Logarithmic Functions 529 


4800 4800 
Y1=3965.3372136266/(I+1... 


0 | X=20 1111. ¥=3877.9698.) 94 


Figure 7.46 


Ay \ Topics for Discussion 


1. Astudent tries to determine the exponential regression equation for the fol- 
lowing data. 


2 3 4 5 
2 0 =15 =2 


The student’s calculator displays an ERROR message. Explain why the calcu- 
lator was unable to determine the exponential regression equation for the 
data. 


2. Consider the logarithmic model h(x) = 6 — 2 Inx. 

a. Is han increasing or a decreasing function? 

b. Ish concave up or concave down on the interval (0, ~)? 
c. Find, if possible, (0) and h(e). 
d 


Does h have a horizontal asymptote? Explain. 


YS Exercises Set 7.6 


In Exercises 1 to 6, use a scatter plot of the given data (Note: Some data sets can be closely modeled by more than one 
to determine which of the following types of functions type of function.) 
might provide a suitable model of the data. 


1. {(1, 3), (1.5, 4), (2, 6), (3, 13), (3.5, 19), (4, 27)} 
© An increasing exponential function 


y=ab’, a>0O, b> 1 (See Figure 7.31a.) 2. {(1.0, 1.12), (2.1, 0.87), (3.2, 0.68), (3.5, 0.63), (4.4, 0.52)} 

© An increasing logarithmic function 
- 11, 2.4), (2, 1.1 .5), (4, 0.2 ait 

y=atbinx, b>0 (See Figure 7.31c.) Sele tae Lea Ee eat 

= A decreasing exponential function D> 4 {6,2.3), (7,3.9), 9, 4.5), (12, 5.0), (16, 5.4), (21, 5.8), (26, 6.1} 
= ab’, >0, 0<b< 1 (See Figure 7.31b. 

ee sits 5. {(1, 2.5), (1.5, 1.7), (2, 0.7), (3, -0.5), (3.5, -1.3), (4, -1.5)} 
© A decreasing logarithmic function 

y=a+t+binx, b <0 (See Figure 7.31d.) 6. {(1, 3), (1.5, 3.8), (2, 4.4), (3, 5.2), (4, 5.8), (6, 6.6)} 
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| In Exercises 7 to 10, find the exponential regression 
function for the data. State the correlation coefficient r. 
Round a, b, and rto the nearest hundred thousandth. 


7. {(10, 6.8), (12, 6.9), (14, 15.0), (16, 16.1), (18, 50.0), (19, 20.0)} 


8. {(2.6, 16.2), (3.8, 48.8), (5.1, 160.1), (6.5, 590.2), (7, 911.2)} 
9. {(0, 1.83), (1, 0.92), (2, 0.51), (3, 0.25), (4, 0.13), (5, 0.07)} 


10. {(4.5, 1.92), (6.0, 1.48), (7.5, 1.14), (10.2, 0.71), (12.3, 0.49)} 


| In Exercises 11 to 14, find the logarithmic regression 
function for the data. State the correlation coefficient r. 
Round a, b, and rto the nearest hundred thousandth. 


11. {(5, 2.7), (6, 2.5), (7.2, 2.2), (9.3, 1.9), (11.4, 1.6), (14.2, 1.3)} 


12. {(11, 15.75), (14, 15.52), (17, 15.34), (20, 15.18), (23, 15.05)} 
13. {(3, 16.0), (4, 16.5), (5, 16.9), (7, 17.5), (8, 17.7), (9.8, 18.1)} 


14. {(8, 67.1), (10, 67.8), (12, 68.4), (14, 69.0), (16, 69.4)} 


(a) In Exercises 15 to 18, find the logistic regression func- 
tion for the data. Round the constants a, b, and c to the 
nearest hundred thousandth. 


15. {(0, 81), (2, 87), (6, 98), (10, 110), (15, 125)} 


16. {(0, 175), (5, 195), (10, 217), (20, 264), (35, 341)} 

17. {(0, 955), (10, 1266), (20, 1543), (30, 1752)} 

18. {(0, 1588), (5, 2598), (10, 3638), (25, 5172)} 

S Movie TICKET PRICES The following table 


shows the average U.S. movie theater ticket 
prices for selected years from 1994 to 2004. 


1994. $4.08 
1996 $4.42 
1998 $4.69 
2000 $5.39 
2002 $5.80 
2004 $6.21 


Source: National Associa- 
tion of Theatre Owners 


a. Determine an exponential regression model and a linear 
regression model for the data. Use f = 0 to represent 


Exponential and Logarithmic Functions 


the year 1994 and ¢t = 2 to represent the year 1996. 
Round the constants a and b to the nearest hundred 
thousandth. State the correlation coefficient r for each 
model. 


b. Examine the correlation coefficients to determine 
which model provides a better fit for the data. 


c. Use the model you selected in b. to predict the average 
U.S. movie theater ticket price for the year 2010. 


20. (2) & GENERATION OF GARBAGE According to the 


U.S. Environmental Protection Agency, the 


amount of garbage generated per person has been 
increasing over the last few decades. The following table 
shows the per capita garbage, in pounds per day, gener- 
ated in the United States. 


a. Find a linear model and a logarithmic model for the 
data. Use t as the independent variable (domain) and 
p as the dependent variable (range). Represent the year 
1960 by t = 60 and the year 1970 by t = 70. 


b. Examine the correlation coefficients to determine 
which model provides a better fit for the data. 


c. Use the model you selected in b. to predict the amount 
of garbage that will be generated per capita per day in 
2009. Round to the nearest tenth of a pound. 


21. ee ~), HYPOTHERMIA The following table shows the 
time T, in hours, before a scuba diver wearing 


a 3-millimeter-thick wet suit reaches hypothermia (95°F) for 
various water temperatures F, in degrees Fahrenheit. 


41 1.1 
46 1.4 
50 1.8 
59 3.7 


a. Find an exponential regression model for the data. 
Round the constants a and b to the nearest hundred 
thousandth. 
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b. Use the model from a. to estimate the time it takes for 
the diver to reach hypothermia in water that has a tem- 
perature of 65°F. Round to the nearest tenth of 
an hour. 


. ATMOSPHERIC PRESSURE The following table 
shows the earth’s atmospheric pressure y (in 
newtons per square centimeter) at an altitude of x kilome- 
ters. Find a suitable function that models the atmospheric 
pressure as a function of the altitude. Use the function to 
estimate the atmospheric pressure at an altitude of 24 kilo- 
meters. Round to the nearest tenth of a newton per square 
centimeter. 


0 10.3 
2 8.0 
4 6.4 
6 aa 
8 4.0 
10 3.2 
12 2.5 
14 2.0 
16 1.6 
18 13 


. HYPOTHERMIA The following table shows 
; the time T, in hours, before a scuba diver 
wearing a 4-millimeter-thick wet suit reaches hypother- 
mia (95° E) for various water temperatures F, in degress 
Fahrenheit. 


41 1.5 
46 1.9 
50 2.4 
59 5.2 


a. Find an exponential regression model for the data. 
Round the constants a and b to the nearest hundred 
thousandth. 


b. Use the model from a. to estimate the time it takes for 
the diver to reach hypothermia in water that has a tem- 
perature of 65°F. Round to the nearest tenth of 


an hour. How much greater is this result compared 
with the answer to Exercise 21b.? 


2) ae 400-MeTER RACE The following table lists 

the progression of world record times in 
the men’s 400-meter race for the years from 1948 to 
2005. (Note: No new world record times were set during 
the time period from 2000 to 2005.) 


World Record Times in the Men’s 400-Meter Race, 
1948 to 2005 


1948 45.9 1964 44.9 
1950 45.8 1967 44.5 
1955 45.4 1968 44.1 
1956 45.2 1968 43.86 
1960 44.9 1988 43.29 
1963 44.9 1999 43.18 


Source: Track and Field Statistics, http: / /trackfield.brinkster.net /Main.asp. 


a. Determine whether the data can best be modeled by a 
decreasing exponential function or a decreasing loga- 
rithmic function. Let x = 48 represent the year 1948 
and x = 50 represent the year 1950. 


b. Assume a new world record time will be established in 
2008. Use the function you chose in a. to predict the 
world record time in the men’s 400-meter race for 
the year 2008. Round to the nearest hundredth of 
a second. 


25. é ) TELECOMMUTING The graph below shows the pro- 
jected growth in the number of telecommuters. 


Projected Growth in Telecommuting 
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Which type of model, an increasing exponential model or 
an increasing logarithmic model, is more likely to provide 
a better fit for the data? Explain. 
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Sy POPULATION OF HAWAII The following table 
= ~ shows the population of the state of Hawaii 
for selected years from 1950 to 2004. 


Population of the State of Hawaii 


1950 499,000 1985 1,039,698 
1955 529,000 1990 1,113,491 
1960 642,000 1995 1,196,854 
1965 704,000 2000 1,212,670 
1970 762,920 2001 1,227,024 
1975 875,052 2002 1,244,898 
1980 967,710 2004 1,262,840 


Source: economagic.com, http://www.economagic.com/ 
em-cgi/data.exe/beapi/a15300. 


a. Find a logistic growth model that approximates the 
population of the state of Hawaii as a function of the 
year. Use t = 0 to represent the year 1950. 


b. Use the model from a. to predict the population 
of the state of Hawaii for the year 2010. Round to the 
nearest ten thousand. 


c. What is the carrying capacity of the model? Round to 
the nearest thousand. 


oe) OPTOMETRY The near point p of a person is 

the closest distance at which the person can 
see an object distinctly. As one grows older, one’s 
near point increases. The table below shows data for 
the average near point of various people with normal 


eyesight. 


15 a 
20 13 
25 15 
30 17 
35 20 
40 23 
50 26 


a. Find an exponential regression model for these data. 
Round each constant to the nearest thousandth. 


b. What near point does this equation predict for a person 
60 years old? Round to the nearest centimeter. 


Exponential and Logarithmic Functions 


S CHEMISTRY The amount of oxygen x, in milli- 

liters per liter, that can be absorbed by water 
at a certain temperature T, in degrees Fahrenheit, is given 
in the following table. 


a. Find a logarithmic regression equation for these data. 
Round each constant to the nearest thousandth. 


b. Using your model, how much oxygen, to the nearest 
tenth of a milliliter per liter, can be absorbed in water 
that is 50°F? 


\ THE HENDERSON-HASSELBACH FUNCTION The 
scientists Henderson and Hasselbach deter- 
mance that the pH of blood is a function of the ratio q of the 
amounts of bicarbonate and carbonic acid in the blood. 


a. Determine a linear model and a logarithmic model for 
the data. Use q as the independent variable (domain) and 
PH as the dependent variable (range). State the correla- 
tion coefficient for each model. Round a and b to five dec- 
imal places and r to six decimal places. Which model 
provides the better fit for the data? 


7.9 12.6 31.6 50.1 79.4 

7.0 7.2 7.6 7.8 8.0 

b. Use the model you chose in a. to find the q-value asso- 
ciated with a pH of 8.2. Round to the nearest tenth. 


é ) WORLD POPULATION The following table lists 
the years in which the world’s population first 
reached 3, 4, 5, and 6 billion. 


World Population 


Milestones 
1960 3 billion 
1974 4 billion 
1987 5 billion 
1999 6 billion 


Source: The World Almanac 2006, p. 851. 
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a. Find an exponential model for the data in the table. Let 
x = 0 represent the year 1960. 


b. Use the model to predict the year in which the world’s 
population will first reach 8 billion. 


|] » PANDA POPULATION One estimate gives the 
~~ world panda population as 3200 in 1980 and 
590 in 2000. 


a. Find an exponential model for the data and use the 
model to predict the year in which the panda popu- 
lation p will be reduced to 200. (Let t = 0 represent the 
year 1980.) 


b. Because the exponential model in a. fits 
| the data perfectly, does this mean that the model 
will accurately predict future panda populations? 
Explain. 


O._ympic HIGH JUMP The following table 
shows the Olympic gold medal heights for the 
women’s high jump from 1968 to 2004. 


Women’s Olympic High Jump, 1968 to 2004 


1968 5 ft 11.75 in. 1988 6 ft 8 in. 
1972 6 ft 3.65 in. 1992 6 ft 7.5 in. 
1976 6 ft 4 in. 1996 6 ft 8.75 in. 
1980 6 ft 5.5 in 2000 6 ft 7 in. 
1984 6 ft 7.5 in. 2004 6 ft 9.1 in. 


Source: Time Almanac 2006. 


a. Determine a linear model and a logarithmic model for 
the data, with the height measured in inches. State the 
correlation coefficient r for each model. Represent the 
year 1968 by x = 1, the year 1972 by x = 2, and the 
year 2004 by x = 10. 


b. Examine the correlation coefficients to determine 
which model provides a better fit for the data. 


c. Use the model you selected in b. to predict the 
women’s Olympic gold medal high jump height in 
2012. Round to the nearest tenth of an inch. 
33. A ¢ » NUMBER OF CINEMA SITES The following table 
: - shows the number of U.S. indoor cinema sites 
for the years 1999 to 2004. 


1999 7031 
2000 6550 
2001 5813 
2002 5712 
2003 5700 
2004 5629 


Source: National Association of Theatre 
Owners 


a. Determine an exponential regression model and a log- 
arithmic regression model for the data. Use t = 1 to 
represent the year 1999. Round the constants a and b 
to the nearest hundred thousandth. State the correla- 
tion coefficient r for each model. 


b. Examine the correlation coefficients to determine 
which model provides a better fit for the data. 


c. Use the model you selected in b. to predict the number 
of U.S. indoor cinema sites for the year 2009. 


| OR) TEMPERATURE OF COFFEE A cup of coffee is 

placed in a room that maintains a constant 
temperature of 70°F. The following table shows both the 
coffee temperature T after f minutes and the difference 
between the coffee temperature and the room tempera- 
ture after t minutes. 


a. Find an exponential model for the difference T — 70° as 
a function of f. 


b. Use the model in a. to predict how long it will 
take (to the nearest minute) for the coffee to cool to 
80°F. 
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é ) WORLD POPULATION The following table lists 
the years in which the world’s population first 
reached 3, 4, 5, and 6 billion. 


World Population 


Milestones 
1960 3 billion 
1974 4 billion 
1987 5 billion 
1999 6 billion 


Source: The World Almanac 2006, p. 851. 


a. Find a logistic growth model P(t) for the data in the 
table. Let t represent the number of years after 1960 
(t = 0 represents the year 1960). 


aed DUPLICATE DATA POINTS An engineer needs to model 
==, the data in set A with an exponential function. 


A = {(2,5), (3, 10), (4, 17), (4, 17), (5, 28)} 


Because the ordered pair (4, 17) is listed twice, the engi- 
neer decides to eliminate one of these ordered pairs and 
model the data in set B. 


B = {(2, 5), (3, 10), (4, 17), 6, 28)} 


Determine whether A and B both have the same exponen- 
tial regression function. 

mA DOMAIN ERROR A scientist needs to model the 
Esse data in set A. 


A = {(0, 1.2), (1, 2.3), (2, 2.8), (3, 3.1), (4, 3.3), (5, 3.4)} 


The scientist views a scatter plot of the data and decides 
to model the data with a logarithmic function of the form 
y=a-+t binx. 


a. When the scientist attempts to use a graphing calcula- 
tor to determine the logarithmic regression equation, 
the calculator displays the message 


“ERR:DOMAIN” 


Explain why the calculator was unable to determine 
the logarithmic regression equation for the data. 


b. Explain what the scientist could do so that the data in 
set A could be modeled by a logarithmic function of 
the form y =a + blinx. 


(4) Power FUNCTIONS A function that can be written in 
===| the form y = ax’ is said to be a power function. 
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b. According to the logistic growth model, what will the 
world’s population approach as t — ~? Round to the 
nearest billion. 


36. A CORRELATION COEFFICIENT OF 1 A scientist uses a graph- 


40. 


1 2 3 4 6 8 
1.11 | 1.57 | 1.92 | 2.25 | 2.72 | 3.14 


ing calculator to model the data set {(2, 5), (4, 6)} with 
a logarithmic function. The following display shows the 
results. 


LnReg 
y=a+binx 
a= 
b=1.4426950U1 


re=] 
r=1 


What is the significance of the fact that the correlation 
coefficient for the regression equation is r = 1? 


»» Connecting Concepts» »»»»»»»»»»»»»»»»» 


Some data sets can best be modeled by a power function. 
On a TI-83/TI-83 Plus/TI-84 Plus, the PwrReg instruction 
is used to produce a power regression function for a set of 
data. 


a. Find an exponential regression function and a power 
regression function for the following data. State the 
correlation coefficient r for each model. 


1 
21 


b. Which of the two regression functions provides the 
better fit for the data? 


2 3 4 5 6 
Es) 9.8 14.6 20.1 25.8 


[2e) PeRiop oF A PENDULUM The following table shows 
== the time f (in seconds) of the period of a pendulum 
of length / (in feet). (Note: The period of a pendulum is the 
time it takes the pendulum to complete a swing from the 
right to the left and back.) 


a. Determine the equation of the best model for the data. 
Your model must be a power function or an exponen- 
tial function. 


b. According to the model you chose in a. what is the 
length of a pendulum, to the nearest tenth of a foot, 
that has a period of 12 seconds? 
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1. Ag | . A MOobELING PROJECT The purpose of c. Use the three-step modeling process to find a regres- 
oe this Project is for you to find data that sion equation that models the data. 
can be modeled by an epencntist or a logarithmic func- d. Graph the regression equation on the scatter plot of the 
tion. Choose data from a real-life situation that you find in- data. What is the correlation coefficient for the model? 
teresting. Search for the data in a magazine, in a Do you think your regression equation accurately 
newspaper, in an almanac, or on the Internet. If you wish, models your data? Explain. 


you can collect your data by performing an experiment. 
e. Use the regression equation to predict the value of 
a. List the source of your data. Include the date, page 


number, and any other specifics about the source. If 
your data were collected by performing an experiment, 
then provide all the details of the experiment. © the independent variable for a specific value of the 
dependent variable 


© the dependent variable for a specific value of the 
independent variable 


b. Explain what you have chosen as your variables. 
Which variable is the dependent variable and which f. Write a few comments about what you have 
variable is the independent variable? learned from this Project. 


Table 7.16 Using a Semilog Graph to Model Exponential Decay 
(ae ea (ee é 7 Consider the data in Table 7.16, which shows the viscosity V of SAE 40 motor 
90 700 oil at various temperatures T in degrees Fahrenheit. The graph of these data 
100 500 is shown below, along with a curve that passes through the points. The graph in 
Figure 7.47 appears to have the shape of an exponential decay model. 
110 350 . eas : 
One way to determine whether the graph in Figure 7.47 is the graph of an ex- 
120 250 ponential function is to plot the data on semilog graph paper. On this graph paper, 
130 190 the horizontal axis remains the same, but the vertical axis uses a logarithmic scale. 
140 150 The data in Table 7.16 are graphed again in Figure 7.48, but this time the verti- 
150 120 cal axis is a natural logarithm axis. This graph is approximately a straight line. 
VA VA 
2 1n 700 + 
700 + 8 
600 7 : 1n 500 + 
> 500+ o 
& € J. 
al E In 300 
> 300+ & 
200 + E 
r= 
100 + = 1n100t 
9 100 110 120 130 140 150 T 9 100 110 120 130 140 150 T 
Temperature, in °F Temperature, in °F 
Figure 7.47 Figure 7.48 


The slope of the line in Figure 7.48, to the nearest ten-thousandth, is 


_ In500 — In 120 
100 — 150 


—0.0285 
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Natural logarithm of birth rate 
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Table 7.17 

1 91.77 

4 70.92 

8 50.30 

15 27.57 

20 17.95 

30 7.60 
Table 7.18 


In B+ 


2.81 7+ 
2.80 + 
2.79 + 
2.7/8 7 
2.77 + 
2.76 + 
2.78 
2.74 + 
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1 2 3 
Year (f = 0 is 1986) 
Figure 7.49 
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> 


t 


Using this slope and the point-slope formula with V replaced by In V, we have 
In V — In 120 = —0.0285(T — 150) 
In V ~ —0.0285T + 9.062 (1) 


Equation (1) is the equation of the line on a semilog coordinate grid. 
Now solve Equation (1) for V. 


enV = 9~0.0285T+9.062 
V = e 0:0285T 49.062 
V ~ 86216e057 (2) 


Equation (2) is a model of the data in the rectangular coordinate system shown in 
Figure 7.47. 


1. A chemist wishes to determine the decay characteristics of iodine-131. A 
100-milligram sample of iodine-131 is observed over a 30-day period. 
Table 7.17 shows the amount A (in milligrams) of iodine-131 remaining after 
t days. 


a. Graph the ordered pairs (t, A) on semilog paper. (Note: Semilog paper comes 
in different varieties. Our calculations are based on semilog paper that has 
a natural logarithm scale on the vertical axis.) 


b. Use the points (4, 4.3) and (15, 3.3) to approximate the slope of the line 
that passes through the points. 


c. Using the slope calculated in b. and the point (4, 4.3), determine the equa- 
tion of the line. 


d. Solve the equation you derived inc. for A. 
e. Graph the equation you derived in d. in a rectangular coordinate system. 
f. What is the half-life of iodine-131? 


2. The birth rates B per thousand people in the United States are given in 
Table 7.18 for the years 1986 through 1990 (t = 0 corresponds to 1986). 


a. Graph the ordered pairs (t, In B). (You will need to adjust the scale so that 
you can discriminate between plotted points. A suggestion is given in 
Figure 7.49.) 


b. Use the points (1, 2.754) and (3, 2.785) to approximate the slope of the line 
that passes through the points. 


c. Using the slope calculated in b. and the point (1, 2.754), determine the 
equation of the line. 


d. Solve the equation you derived in c. for B. 


e. Graph the equation you derived in d. in a rectangular coordinate 
system. 


f. If the birth rate continues as predicted by your model, in what year will 
the birth rate be 17.5 per thousand? 


The difference in graphing strategies between Exercise 1 and Exercise 2 is that 
in Exercise 1, semilog paper was used. When a point is graphed on this coordinate 
paper, the y-coordinate is In y. In Exercise 2, graphing a point (x, In y) in a rec- 
tangular coordinate system has the same effect as graphing (x, y) in a semilog 
coordinate system. 
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Chapter 7 Summary 


7.1 Exponential Functions and Their Applications 


e For all positive real numbers b, b # 1, the exponential func- 
tion defined by f(x) = b* has the following properties: 
1. fhas the set of real numbers as its domain. 
2. fhas the set of positive real numbers as its range. 
3. fhas a graph with a y-intercept of (0, 1). 
4. fhas a graph that is asymptotic to the x-axis. 
5. fis a one-to-one function. 
6. fis an increasing function if b > 1. 
7. fis a decreasing function if 0 <b <1. 
e As n increases without bound, (1 + 1/n)" approaches an 


irrational number denoted by e. The value of e accurate to 
eight decimal places is 2.71828183. 


e The function defined by f(x) = e* is called the natural expo- 
nential function. 


7.2 Logarithmic Functions and Their Applications 


¢ Definition of a Logarithm If x > 0 and b is a positive constant 
(b ~ 1), then 


y =log,x ifandonlyif b’=x 


e For all positive real numbers b, b ¥ 1, the function defined 
by f(x) = log, x has the following properties: 
1. f has the set of positive real numbers as its domain. 
2. f has the set of real numbers as its range. 
3. fhas a graph with an x-intercept of (1, 0). 
4. fhas a graph that is asymptotic to the y-axis. 
5. fis a one-to-one function. 
6. fis an increasing function if b > 1. 
7. fis a decreasing function if 0 <b <1. 


e The exponential form of y = log, x is b’ = x. 
e The logarithmic form of bY = x is y = logy x. 


e Basic Logarithmic Properties 
1. log,b=1 2. log, 1 =0 
3. log, (b*) = x 4. p'%* = x 


e The function f(x) = logy x is the common logarithmic func- 
tion. It is customarily written as f(x) = log x. 


e The function f(x) = log, x is the natural logarithmic func- 
tion. It is customarily written as f(x) = In x. 


7.3 Properties of Logarithms and 


Logarithmic Scales 


If b, M, and N are positive real numbers (b # 1), and p is any 
real number, then 


log,(MN) = log, M + log, N 
log, a log, M — log, N 
N 
log,(M’) = p log, M 
log, M = log,N implies M=N 
M=N _ implies log, M = log, N 


Change-of-Base Formula If x, a, and b are positive real num- 
bers with a ¥ 1 and b ¥ 1, then 


An earthquake with an intensity of I has a Richter scale 
I 

magnitude of M = log i)’ where J, is the measure of the 
0 

intensity of a zero-level earthquake. 


The pH of a solution with a hydronium-ion concentration of 
H* mole per liter is given by pH = —log[H"*]. 


7.4 Exponential and Logarithmic Equations 


Equality of Exponents Theorem If b is a positive real number 
(b 1) such that b* = bY, then x = y. 


Exponential equations of the form b* = bY can be solved by 
using the Equality of Exponents Theorem. 


Exponential equations of the form b* = c can be solved by 
taking either the common logarithm or the natural loga- 
rithm of each side of the equation. 


Logarithmic equations can often be solved by using 
the properties of logarithms and the definition of a 
logarithm. 


7.5 Exponential Growth and Decay 


The function defined by N(t) = Noe“ is called an expo- 
nential growth function if k is a positive constant, and 
it is called an exponential decay function if k is a negative 
constant. 


The Compound Interest Formula A principal P invested at an 
annual interest rate r, expressed as a decimal and com- 
pounded n times per year for t years, produces the balance 


nt 
A= of + +) 
n 
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© Continuous Compounding Interest Formula If an account with 
principal P and annual interest rate r is compounded con- 
tinuously for ft years, then the balance is A = Pe". 


e The Logistic Model The magnitude of a population at time ft 
is given by 


c 


= 1+ae" 


where Pp = P(0) is the population at time t = 0, c is the car- 
rying capacity of the population, and b is a constant called 
the growth rate constant. 


7.6 Modeling Data with Exponential and 
Logarithmic Functions 


e If the graph of flies above all of its tangents on [x1, x2], then 
fis concave upward on [x1, x2]. 
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e If the graph of flies below all of its tangents on [x,, x2], then 
fis concave downward on [x1, x2]. 


e The Modeling Process Use a graphing utility to 


1. construct a scatter plot of the data to determine which 
type of function will best model the data. 


2. find the equation of the modeling function and the cor- 
relation coefficient or the coefficient of determination for 
the equation. 


3. examine the correlation coefficient or the coefficient of 
determination and view a graph that displays both the 
function and the scatter plot to determine how well the 
function fits the data. 


In Exercises 1 to 5, determine whether the statement is true 
or false. If the statement is false, give an example or state a 
reason to demonstrate that the statement is false. 


1. Every function has an inverse function. 
2. If 7* = 40, then log, 40 = x. 
3. If log, x = 3.1, then 4°! = x. 


4. The exponential function h(x) = b* is an increasing 
function. 


5. The logarithmic function j(x) = log, x is an increasing 
function. 


In Exercises 6 to 12, match an expression to each description. 
A letter may be used more than once. Some letters may not 
be needed. 


6. A function which is a. f(x) = In(x — 4) 
symmetric with respect 
to the y-axis. =e 
e b. fi) =— 
7. An increasing function which is 
symmetric with respect to the ete 
origin. ce fy)=—Z 
8. A logistic function. d. f(x) = logipx 
9. An increasing function with a 1. 
vertical asymptote. e. fxy=ze" 
10. A decreasing function with 485 
a horizonal asymptote. f. f(xy= [4 95 001s” 
‘ : ; x=0 
11. A decreasing function with 
a vertical asymptote. ; 
poe g. f(x) =e 


12. An increasing function 
which is concave 
upward. 
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In Exercises 1 to 12, solve each equation. Do not use a 


calculator. 

1. logs 25 =x 2. log; 81 = x 3. ne’=x 
4. Ine™7 =x 5. 37°77 = 27 6. 5° 4 = 625 
et -1 2 
7.2 = 3g 8. 27(3*) =3 9. logx* = 6 
1 log 2x In x? 

10. = log |x| = 5 11. 10° = 14 12. e"* = 64 


In Exercises 13 to 22, sketch the graph of each function. 


13. f(x) = (2.5)* 


15. f(x) = 3" 


17. f(x) =2*-3 


19. f(x) = + log 


21. f(x) = =F nx 


each function. 


a+ 4 
2 


23. f(x) = 


14, f(x) = (+) 


16. f(x) = 4" 


18. f(x) = 29) 


20. f(x) = 3 log x!” 


22. f(x) = —In |x| 


In Exercises 23 and 24, use a graphing utility to graph 


3x — 3% 
2 


24. f(x) = 


In Exercises 25 to 28, change each logarithmic equation to its 


exponential form. 


25. log, 64 =3 


27. logys4 =4 


26. logi/2 8=-3 


28. Inl =0 


In Exercises 29 to 32, change each exponential equation to its 


logarithmic form. 


29. 5° = 125 


31. 10°=1 


30. 2'° = 1024 


32. 81/27 =2V2 


In Exercises 33 to 36, expand the given logarithmic expression. 


xy? Vx 
33. logy = 34. Gh a, 
35. Inxy? 36. In = 


In Exercises 37 to 40, write each logarithmic expression as a 
single logarithm with a coefficient of 1. 


37. 2log x + = log(x + 1) 38. 5 log x — 2 log(x + 5) 


39. In 2xy ~ 3Inz 40. Inx — (ny — Inz) 


| In Exercises 41 to 44, use the change-of-base formula 
—===, and a calculator to approximate each logarithm accu- 
rate to six significant digits. 


41. log; 101 


42. log, 40 


43. log, 0.85 44. log, 0.3 


In Exercises 45 to 60, solve each equation for x. Give exact 
answers. Do not use a calculator. 


45. 4° = 30 46. 54! = 41 


47. In3x —In(x—1)=In4— 48. In3x + n2=1 


49, ch?) = 6 50. 10°82") = 31 
t4 4x x4 Box 
51. 2 52. > = =8 
53. log(log x) = 3 54. In(In x) = 2 
55. log Vx —5 =3 56. log x + log(x — 15) =1 
57. loga(log; x) = 1 58. log-(logs x”) = 0 
59. logs x° = logs 16x 60. 25 = 16'°8:* 


61. EARTHQUAKE MIAGNITUDE Determine, to the nearest 0.1, 
the Richter scale magnitude of an earthquake with an in- 
tensity of I = 51,782,000I). 
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62. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 
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EARTHQUAKE IIAGNITUDE A seismogram has an ampli- 
tude of 18 millimeters and the difference in time between 
the s-wave and the p-wave is 21 seconds. Find, to the 
nearest tenth, the Richter scale magnitude of the earth- 
quake that produced the seismogram. 


. COMPARISON OF EARTHQUAKES An earthquake had a Richter 


scale magnitude of 7.2. Its aftershock had a Richter scale 
magnitude of 3.7. Compare the intensity of the earthquake to 
the intensity of the aftershock by finding, to the nearest unit, 
the ratio of the larger intensity to the smaller intensity. 


COMPARISON OF EARTHQUAKES An earthquake has an in- 
tensity 600 times the intensity of a second earthquake. 
Find, to the nearest tenth, the difference between the 
Richter scale magnitudes of the earthquakes. 


CHEMISTRY Find the pH of tomatoes that have a 
hydronium-ion concentration of 6.28 x 10°. Round to 
the nearest tenth. 


CHEMISTRY Find the hydronium-ion concentration of 
rainwater that has a pH of 5.4. 


COMPOUND INTEREST Find the balance when $16,000 is in- 
vested at an annual rate of 8% for 3 years if the interest is 
compounded 


a. monthly 


b. continuously 


COMPOUND INTEREST Find the balance when $19,000 is 
invested at an annual rate of 6% for 5 years if the interest 
is compounded 


a. daily 


b. continuously 


DEPRECIATION The scrap value S of a product with an ex- 
pected life span of 1 years is given by S(n) = P(1 — r)", 
where P is the original purchase price of the product and 
r is the annual rate of depreciation. A taxicab is purchased 
for $12,400 and is expected to last 3 years. What is its scrap 
value if it depreciates at a rate of 29% per year? 


MEDICINE A skin wound heals according to the function 
given by N(t) = Noe °', where N is the number of square 
centimeters of unhealed skin ¢ days after the injury, and No 
is the number of square centimeters covered by the origi- 
nal wound. 


a. What percentage of the wound will be healed after 
10 days? 


b. How many days, to the nearest day, will it take for 50% 
of the wound to heal? 


Exponential and Logarithmic Functions 


c. How long, to the nearest day, will it take for 90% of the 
wound to heal? 


In Exercises 71 to 74, find the exponential growth or decay 
function N(t) = Noe“ that satisfies the given conditions. 


71. 


72. 


73. 


74. 


75. 


76. 


77. 


N(0) = 1,N(2) =5 
N(0) = 2, N(3) = 11 
N(1) = 4,N(5) =5 
N(-1) = 2,N(0) = 1 


POPULATION GROWTH 


a. Find the exponential growth function for a city whose 
population was 25,200 in 2005 and 26,800 in 2006. Use 
t = 0 to represent the year 2005. 


b. Use the growth function to predict, to the nearest hun- 
dred, the population of the city in 2012. 


CARBON DATING Determine, to the nearest ten years, the 
age of a bone if it now contains 96% of its original amount 
of carbon-14. The half-life of carbon-14 is 5730 years. 


(2) jm CELLULAR TELEPHONE SUBSCRIBERSHIP The 
EEE] following table shows the number of U.S. 
cellular telephone subscriptions, in thousands, for se- 
lected years from 1990 to 2004. 


1990 5283 
1992 11,033 
1994 24,134 
1996 44,043 
1998 69,209 
2000 109,478 
2002 140,767 
2004 182,140 


Source: The World Almanac 2006 


Find the equation of the mathematical model that you 
believe will most accurately predict the number of U.S. 
cellular telephone subscriptions for the year 2008. Explain 
the reasoning you used to select your model. 


Bey MORTALITY RATE The following table shows 

the infant mortality rate in the United States 
for selected years from 1960 to 2003. (Source: The World 
Almanac 2006.) 


U.S. Infant Mortality 
Rate, 1960-2003 (per 
1000 live births) 


1960 26.0 
1970 20.0 
1980 12.6 
1990 9.2 
1995 7.6 
2000 6.9 
2001 6.8 
2002 7.0 
2003 6.9 


a. Find an exponential model and a logarithmic model 
for the infant mortality rate, R, as a function of the year. 
Represent the year 1960 by t = 60. 


79. 


80. 
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b. Examine the correlation coefficients of the regression 
models to determine which model provides the better 
fit. 


c. Use the model you selected in b. to predict, to the near- 
est 0.1, the infant mortality rate in 2008. 


LoGisTiC GROWTH The population of coyotes in a national 
park satisfies the logistic model with Py) = 210 in 1997, 
c = 1400, and P(3) = 360 (the population in 2000). 


a. Determine the logistic model. 


b. Use the model to predict, to the nearest 10, the coyote 
population in 2010. 


Consider the logistic function 


128 


P(t) = 1 + 5e 027 


a. Find Py. 


b. What does P(t) approach as f > ©? 


Quantitative Reasoning: Sales 


QOR1. 


2 DiciTAL CAMERA SALES The following table shows the worldwide sales, in 

| millions, of digital cameras for the years 1999 to 2003. (Source: Digital Pho- 
gl y! Ss 

tography Review) 


1999 2000 2001 2002 2003 


5.5 11.0 18.5 30.5 50.0 


Find an exponential model and a logistic model for the data. Let 


t = 0 represent the year 1999. Round constants to the nearest hundred 


thousandth. 
OR2. 


Use each of the models to predict the number of sales of digital cameras for 


the year 2009. Round to the nearest tenth of a million. 
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. Solve: log(x + 99) 
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A business analyst thinks that the digital camera market has started to reach 
its saturation point. The analyst predicts that during the 2004 to 2007 period, the 
sales of digital cameras will be as shown in the following table. 


OR3. 


2004 2005 2006 2007 


59.3 69.2 77.2 82.5 


Find a logarithmic model for the data in the above table. Let t = 1 repre- 


sent the year 2004. Round constants to the nearest hundred thousandth. 


OR4. 


Use the model from Exercise QR3 to predict the number of sales of digital 


cameras for the year 2009. Round to the nearest tenth of a million. 


OR5. 


Find a logistic model for all the data by combining the tables. Let t = 0 rep- 


resent the year 1999 and t = 5 represent the year 2004. Use this model to 
predict the number of sales for the year 2009. 


OR6. 


The answers in Exercises QR2, QR4, and QR5 provide us with four pre- 


dictions for the number of digital camera sales in the year 2009. Which of 
these predicted values do you think is the most realistic? 


> Chapter 7 Test 


. a. Write log,(5x — 3) = c in exponential form. 


b. Write 3°”? = y in logarithmic form. 


2. 


Zz 
.E d log, ——-. 
xpand log, iva 


. Write log(2x + 3) — 3 log(x — 2) as a single logarithm 


with a coefficient of 1. 


. Use the change-of-base formula and a calculator to ap- 


proximate log, 12. Round your result to the nearest ten 
thousandth. 


. Graph: f(x) = 3°? 
. Graph: f(x) = —In(x + 1) 


. Solve: 5° = 22. Round your solution to the nearest ten 


thousandth. 


. Find the exact solution of 4°* = 7*. 


log(3x — 2) =2 


10. 


11. 


12. 


13. 


Solve: In(2 — x) + In(5 — x) = In(37 — x) 
Find the balance on $20,000 invested at an annual interest 


rate of 7.8% for 5 years, compounded 
a. monthly 


b. continuously 


COMPOUND INTEREST Find the time required for money 
invested at an annual rate of 4% to double in value if the 
investment is compounded monthly. Round to the nearest 
hundredth of a year. 


EARTHQUAKE MAGNITUDE 

a. What, to the nearest tenth, will an earthquake mea- 
sure on the Richter scale if it has an intensity of 
I = 42,304,000? 


b. Compare the intensity of an earthquake that measures 
6.3 on the Richter scale with the intensity of an earth- 
quake that measures 4.5 on the Richter scale by finding 
the ratio of the larger intensity to the smaller intensity. 
Round to the nearest whole number. 


14. a. Find the exponential growth function for a city whose 
population was 34,600 in 2001 and 39,800 in 2004. Use 
t = 0 to represent the year 2001. 


b. Use the growth function in a. to predict the population 
of the city in 2011. Round to the nearest thousand. 


15. Determine, to the nearest ten years, the age of a bone if it 
now contains 92% of its original amount of carbon-14. The 


half-life of carbon-14 is 5730 years. 
16. a. ea Find the exponential regression function for the 
| following data. 


{(2.5, 16), (3.7, 48), (5.0, 155), (6.5, 571), (6.9, 896)} 


b. Use the function to predict, to the nearest whole num- 


ber, the y value associated with x = 7.8. 
: ae) WOMEN’S JAVELIN THROW The following 

= table shows the progression of the world 
record distances for the women’s javelin throw from 1999 
to 2005. (Source: http:/ /www.athletix.org /Statistics /wrjt- 
women.html) 


World Record Progression in 
the Women’s Javelin Throw 


1999 67.09 
2000 68.22 
2000 69.48 
2001 71.54 
2005 71.70 


>» Cumulative Review Exercises 


18. 
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Find a logarithmic model and a logistic model for the 
data. Use t = 1 to represent the year 1999 and t = 7 to 
represent the year 2005. 


. Use each of the models from a. to predict the women’s 


world record javelin throw distance for the year 2010. 
Round to the nearest hundredth of a meter. 


POPULATION GROWTH The population of raccoons in a 
state park satisfies a logistic growth model with P) = 160 
in 2003 and P(1) = 190. A park ranger has estimated the 
carrying capacity of the park to be 1100 raccoons. 


a. 


Determine the logistic growth model for the 
raccoon population where f is the number of years 
after 2003. 


. Use the logistic model from a. to predict the raccoon 


population in 2010. 


1. Given f(x) = cos x and 9(x) = x? + 1, find (fe g)(x). 
2. Given f(x) = 2x + 8, find f-'(x). 


3. For the right triangle 
shown at the right, 
find sin 6, cos46, 
and tan 0. 3 


. For the right triangle 

shown at the right, 

find a. Round to the a 
nearest centimeter. 


15cm 


. What are the amplitude, period, and phase shift of the 


graph of y = 4 cos aS ? 
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6. 


12. 


13. 
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What is the amplitude and period of the graph of 
y = sin x — cos x? 


. Is the sine function an even function, an odd function, 


or neither an even nor an odd function? 


: 1 : 
. Verify the identity —— — sin x = cos x cot x. 
sin x 


12 
. Evaluate t in7'{ — } ). 
Valuate an{ sin (2) 


10. 


Solve 2 cos? x + sinx —1=0 for0 =x < 27. 


. Find the magnitude and direction angle for the vector 


{—3,4). Round the angle to the nearest tenth of a degree. 


Find the angle between the vectors v = (2,—3) and 
w = (3,4). Round to the nearest tenth of a degree. 


GROUND SPEED AND COURSE OF A PLANE An airplane is 
traveling with an airspeed of 400 mph at a heading of 
48°. A wind of 55 mph is blowing at a heading of 115°. 
Find the ground speed and the course of the plane. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


Exponential and Logarithmic Functions 


For triangle ABC, B = 32°, a = 42 feet, and b = 50 feet. 
Find the measure of angle A. Round to the nearest 
degree. 


Use De Moivre’s Theorem to find (1 — i)°. 
Find the two square roots of the imaginary number 7. 


Transform the point (1,1) in a rectangular coordinate 
system to a point in a polar coordinate system. 


Sketch the graph of the polar equation r = 2 — 2 cos 6. 
Solve 5* = 10. Round to the nearest hundredth. 


RADIOACTIVE DECAY The half-life of an isotope of polo- 
nium is 138 days. If an ore sample originally contained 
3 milligrams of polonium, how many milligrams of 
polonium remain after 100 days? Round to the nearest 
tenth of a milligram. 


Solutions 
to the Try Exercises 


Exercise Set 1.1, page 12 


6. 6(5s — 11) — 12(2s + 5) =0 
30s — 66 — 24s — 60 = 0 
6s — 126 =0 
126 
= 


s 21 


20. 3x — 5y = 15 


—5y = —3x +15 + Subtract 3x from each side. 


3 
y = ox 3 + Divide each side by —5. 


30. x7+x-2=0 
a=1 b=1 c=-2 
-1+VP—-40(-) 


x 


2(1) 
=LaViets. =-12°3 
2 2 
c= o=4 or x= : —_ 
2 2 


The solutions are 1 and —2. 
44. 12w? — 41w + 24=0 

(4w — 3)(3w — 8) =0 

4w-3=0 or 3w-8=0 


w=> w= 2 
3 


The solutions are = and = 


58. 3(x + 7) = 5(2x — 8) 
3x + 21 = 10x — 40 
—7x = —-61 


61 
The solution set is E 2) 


66. 12x? + 8x = 15 
12x? + 8x -15=0 
(6x — 5)(2x + 3) =0 


3 
x=— and x= —_ © Critical values 


Use a test value from each of the intervals 


3 3.5 ] . 
( 90, 2), ( 7! 2), and (2.-) to determine 


where 12x” + 8x — 15 is positive. 


3 5 
The solution set is (- -3| U E “), 


78. |2x —5|=1 
2k=—b5 -1. oF 2%— 521 


2x4 2x =6 
x2 x23 
The solution set is (—%, 2] U [3, ~). 
80. [3 — 2x|=5 
=p S33 20S 5 
—-§= —-2x =2 


4=> x 2-1 
The solution set is [—1, 4]. 
Exercise Set 1.2, page 27 


6. d= V(m — 1 + (pe — 
d = V[-10 — (—5)?? + (14 — 8) 


= V(-5) + 6 = V25 + 36 
= V6l 


15 
40. y-intercept: (0, mrs 
x-intercept: (5, 0) 
Yh 
4 ae 
ed 
-4 4 * 


$1 


$2 Solutions to the Try Exercises 


64. r= VO —-(-2)) + 7-5) 
=V9+4=V13 
Using the standard form 
ean pig— ke Sr 
with h = —2,k =5, and r = V13 yields 
(x + 2) + (y — 5) =(V13) 
66. x? +y?—6x—-4y+12=0 
x? 2 _ Ay = -12 
x?—6x+9+y>—4y+4 
(x -3P + (y-2r=P 
center (3, 2), radius 1 


Exercise Set 1.3, page 46 
2. Given g(x) = 2x* + 3 


a. 9(3) = 237 +3=18+3=21 
b. g(-1) = 2(-1° +3 =24+3=5 
c. 9(0) = 200 +3 =0+ 3 


3 
1 1¥ 1 7 
e. g(c) = 2AcP +3 = 2c? +3 
f. e(c +5) =2(c +5 +3 = 2c? + 20c + 50+3 


= 2c? + 20c + 53 
a. Because 0 = 0 = 5, Q(0) = 4. 
b. Because 6 <a <7,Q(e) = -—a+9. 
c. Because 1 <n < 2, Q(n) = 4. 
d. Because 1 < m = 2,8 < m+ 7 = 11. Thus 
Q(t + 7) = Va +7) -7=Virt=m 
14. x° — 2y=2 


10. 


* Solve for y. 


y is a function of x because each x value will yield one 
and only one y value. 


28. Domain is the set of all real numbers. 


40. Domain is the set of all real numbers. 


54. a. [0,%) 

b. Since $31,250 is between $30,650 and $74,200 use 
T(x) = 0.25(x — 30,650) + 4220. Then, 
T(31,250) = 0.25(31,250 — 30,650) + 4220 = $4370. 

c. Since $78,900 is between $74,200 and $154,800, use 
T(x) = 0.28(x — 74,200) + 15,107.50 Then, 
T(78,900) = 0.28(78,900 — 74,200) + 15,107.50 = 
$16,423.50. 


56. a. This is the graph of a function. Every vertical line 
intersects the graph in at most one point. 


b. This is not the graph of a function. Some vertical lines 
intersect the graph at two points. 


c. This is not the graph of a function. The vertical line at 
x = —2 intersects the graph at more than one point. 


d. This is the graph of a function. Every vertical line 
intersects the graph at exactly one point. 


72. v(t) = 44,000 — 4200t,0=t=<8 
74. a. V(x) = (30 — 2x)°x 
= (900 — 120x + 4x?)x 
= 900x — 120x? + 4x° 
b. Domain: {x|0 < x < 15} 
78. AB = V/1 + x. The time required to swim from A to 


Vi1+ x? 
Bat 2 mphis == hours. 


2 
BC = 3 — x. The time required to run from B to C at 
3 = 
8 mph is * hours. 


Thus the total time to reach point C is 
Vite 3 =x 
2 «68 


t hours 


Exercise Set 1.4, page 64 


14, a. The graph is symmetric with respect to the x-axis 
because replacing y with —y leaves the equation 
unaltered. 

b. The graph is not symmetric with respect to the y-axis 
because replacing x with —x alters the equation. 

24. The graph is symmetric with respect to the origin be- 
cause (—y) = (—x)° — (—x) simplifies to —y = —x° + x, 
which is equivalent to the original equation y = x° — x. 

44. Even, because h(—x) = (—x)? + 1 =x*+1=A(x). 


68. Ya 


aT ECR) 
2 4 


Solutions to the Try Exercises $3 


c. A is decreasing on [0, 6] and on [8, 10]. 
A is increasing on [6, 8] and on [10, 14]. 


AB) 


Area, in square inches 
PNW R UO 


24 6 81012 # 
t, in seconds 


d. The highest point on the graph of A for0 =¢t = 14 
occurs when t = 0 seconds. 
72. a. On[2, 3], 
a=2 
At=3-2=1 
s(a + At) = s(3) =6-3? = 54 
s(a) = s(2) = 6-2? = 24 
s(a + At) — s(a) 
At 


10. f(x) + ¢(x) = Vx —4—x Domain: {x|x = 4} - (3) - s(2) 
V 44 D in: >4 
ae : eae is = 54 — 24 = 30 feet per second 


f(x) + g(x) = -—xVx-—4 Domain: {x|x = 4} 


Average velocity 


Exercise Set 1.5, page 77 


VGu— a This is identical to the slope of the line through 
oa =— ~ Domain: {x|x = 4} (2, s(2)) and (3, s(3)) because 
4. (f+ 9)(x) = (xe? — 3x +2) + (2-4 =x? -— 2-2 po a) = sae oho 


o=2 
b. On [2, 2.5], 


(f + g\(-7) = (-7" - (-7) -2=49+7-2=54 
f(x +h) — f(x) — [A(x + h) — 5] — (4x — 5) 


30. ; 5 oa 
4x + 4(h) — 5 — 4x +5 At =2.5—2=0.5 
h s(a + At) = 8(2.5) = 6(2.5)* = 37.5 
— ACh) . s(2.5) — s(2) 37.5 — 24 
——— 4 Average velocity 05 05 
38. (g°f)(x) = gf fx)] = gl2x — 7] a? ai her pensacond 
3[2x — 7] +2 =6x — 19 0.5 
(Fe g(x) = flg(a)] = f[3x + 2] nee 
2[3x + 2]-7=6x-3 r= 
50. (fo g)(4) = flg(4)] = fl — 5(4)] ss hes ac es 
eer eee s(a + At) = s(2.1) = 6(2.1)? = 26.46 
66. a. | =3 — 0.5t for0 <t = 6,and/ = —3 + 0.5t fort > 6. Apdapeveigaig ET. eee 
In either case, | = |3 — 0.5#|. The width is w = |2 — 0.2¢| 0.1 0.1 
as in Example 7. 2.4 
7 =o = 24.6 feet per second 
b. A(t) = |3 — 0.5¢||2 — 0.2¢| 0.1 


Continued > 


$4 Solutions to the Try Exercises 


d. On [2, 2.01], 
a=2 
At = 2.01 — 2 = 0.01 
s(a + At) = (2.01) = 6(2.01)? = 24.2406 
s(2.01) — s(2) 
0.01 
24.2406 — 24 
~ 0.01 
_ 0.2406 


~ 0.01 


Average velocity = 


= 24.06 feet per second 


e. On [2, 2.001], 
a=2 
At = 2.001 — 2 = 0.001 
s(a + At) = s(2.001) = 6(2.001)? = 24.024006 


2.001) — s(2 
Average velocity = Hes ee) 


0.001 
_ 24.024006 — 24 a: 
0.001 
0.024006 
= ——— = 24.006 f 
0.001 24.006 feet per second 
f. On [2,2 + At], 
s(2 + At) — s(2) 6(2 + At)? — 24 
At At 
_ 6(4 + 4(At) + (At)?) — 24 
At 
_ 24 + 24(At) + 6(At)? — 24 
At 38. 
24At + 6(Aty 
24 + 6(At 
ig 6(At) 
As Aft approaches zero, the average velocity 
approaches 24 feet per second. 
Exercise Set 1.6, page 90 
10. Because the graph of the given function is a line that 
passes through (0, 6), (2, 3), and (6, —3), the graph of the 
inverse will be a line that passes through (6, 0), (3, 2), 
and (—3, 6). See the following figure. Notice that the 
line shown below is a reflection of the line given in 
Exercise 10 across the line given by y = x. Yes, the 
inverse relation is a function. 
44. 


20. 


Check to see if f[.g(x)] = x for all x in the domain of ¢ 
and g[ f(x)] = x for all x in the domain of f. The follow- 
ing shows that f[ ¢(x)] = x for all real numbers x. 


fl g(x)] = f[2x + 3] 


1 3 
Spee og 
2 2 


The following shows that g[ f(x)] = x for all real 
numbers x. 


slf(x)] = af = 3] 


1 3 
=2(—x-—]}+ 
a(S 3) 3 
Sk S33 3 Sx 


Thus f and g are inverses. 


f(x) =4x — 8 
y =4x—8_ + Replace f(x) by y. 
x=4y-—8 _ -Interchange x and y. 
x+8=4y + Solve for y. 
mat +8)=y 
1 
y= a* +2 
f x)= a +2 «Replace y by f(x). 
x 
f(x) = 5 x #2 
y= = « Replace f(x) by y. 
x= 2 
a rey ¢ Interchange x and y. 
x(y-2)=y 
xy —2x=y * Solve for y. 
xy — y = 2x 
y(x — 1) = 2x 
2x 
7 HH 1 
f x)= = 1° xA#l « Replace y by f-"(x) and 
indicate any restrictions. 
f(x) = V4 —x,x=4 
y= V4—x « Replace f(x) by y. 
x= V4A-—y ¢ Interchange x and y. 
we=4-y * Solve for y. 


xv-4=-y 
—?+4=y 


f(x) = -x7+4,x2=0 


* Replace y by f-"(x) and 
indicate any restrictions. 


The range of fis { y| y = 0}. Therefore, the domain of f~! 
is {x |x = O}, as indicated above. 


54. K(x) = 1.3x — 4.7 


y=1.3x —4.7 + Replace K(x) by y. 
x =1.3y—4.7 + Interchange x and y. 
x + 4.7 = 1.3y * Solve for y. 
x +47 
1.3 
a4 x + 4.7 
K7'(x) = 13 * Replace y by K-"(x). 
+ 4.7 
The function K~(x) = . 13 can be used to convert a 
United Kingdom men’s shoe size to its equivalent U.S. 


shoe size. 


Exercise Set 1.7, page 103 


18. a. Enter the data in the table. Then use your calculator 
to find the linear regression equation: 


y = 3.410344828x + 65.09359606 
b. Evaluate the linear regression equation when x = 58. 
y = 3.410344828(58) + 65.09359606 
~ 263 
The ball will travel approximately 263 feet. 


32. a. Enter the data in the table. Then use your calculator 
to find the quadratic regression model: 


y = 0.05208x* — 3.56026x + 82.32999 
b. Evaluate the quadratic regression model when 


x = 40. 
y = 0.05208(407) — 3.5602(40) + 82.3299 
= 23 


The bird will consume approximately 23 milliliters of 
oxygen per minute. 


Exercise Set 2.1, page 130 

2. The measure of the complement of an angle of 87° is 
(90° — 87°) = 3° 
The measure of the supplement of an angle of 87° is 
(180° — 87°) = 93° 


14. Because 765° = 2 - 360° + 45°, Za is coterminal with 
an angle that has a measure of 45°. Za is a Quadrant I 
angle. 


Solutions to the Try Exercises $5 


a radians 
2. —45° 45° 
32, —45° = —45 ( a ) 


7 . 7 : 180° aes 
44. -£ radian = rn radian (~ a “| = 45 
7 
180° 


72. Let 6, be the angle through which the pulley with a di- 
ameter of 0.8 meter turns. Let 6; be the angle through 
which the pulley with a diameter of 1.2 meters turns. Let 
1’, = 0.4 meter be the radius of the smaller pulley, and let 
r, = 0.6 meter be the radius of the larger pulley. 


68. s=réd= a(ue ‘ ) = 47 = 12.57 meters 


4 
0, = 240° = a a radians 


Thus 12 65 = 14 0, 


+ 
0.46, = me "| 


6/4 
0 = “ (4 =| = 27 radians or 360° 


74. The earth makes one revolution (@ = 27) in 1 day. 


t = 24 - 3600 = 86,400 seconds 
0 27 


t 86,400 
80. C = 2ar = 27(18 inches) = 367 inches 


= 7.27 X 10 °° radian/second 


Thus one conversion factor is (367 inches/1 revolution). 


500 revolutions / 367 inches 
1 minute 1 revolution 


500 revolutions 
1 minute 


_ 18,0007 inches 
1 minute 


Now convert inches to miles and minutes to hours. 


18,0007 inches 
1 minute 
18,0007 inches/ 1 foot 1 mile 60 minutes 
1 minute 12 inches / \ 5280 feet 1 hour 
~ 54 miles per hour 
Exercise Set 2.2, page 142 
6. adj = V8 — 
adj = V64 — 25 = V39 
eT ee eee ne ed 
hyp 8 opp 5 
cos 6 = adj = 7 sec 0 YP : ee 
hyp 8 adj 39 39 
se EP D 5V39 eoib= adj V39 
adj V39 39 opp 5 


S6 Solutions to the Try Exercises 


4 , 
da: Bee 2 = =, let opp = 4 and adj = 3. Exercise Set 2.3, page 153 
6. 6, 9,7 = V(—6) + (—9P = V117 = 3V13 
hyp =V3°+ 4=5 x y r ( ) ( ) 
h 5 sin 0 y = 2 eve csc 0 = mee 
sec 0 = a = 3 r 3V13 V13 13 3 
V3 V2 cos 6 = = = ane eS ce eee 
34. sin—cos— — tan— sages 1 r 3V 13 V13 13 2 
3° «4 a ae: cS 5 
= tan @ = = — == to=— 
V6 c= V6 -4 an =. 3 co 3 
4 4 
2V3 
h 30. per ae + Let r= 2V3 and x = 3. 
56. tan 68.9° = Te 3.x 
=+ 2_ 32 =~ + 
h = 116 tan 68.9° 4 ——° . ove eae 
; ies At actos y = —V3 because y < 0 in Quadrant IV. 
(three significant digits) ne es 
Acas: 2V/3 2 
ene 38. 6’ = 255° — 180° = 75° 
50. cos 300° > 0, 6’ = 360° — 300° = 60° 
58. bP 1 
| 80 ft Thus cos 300° = cos 60° = 3" 
d 
. po _ 80 . 
sin. 5° =~ Exercise Set 2.4, page 166 
80 77 
d= . f= -—; = 
sin 5° 10. t Te W(t) = P(x, y) where 
d ~ 917.9 feet x = cost y=sint 
Change 9 miles per hour to feet per minute. ( 72) ; ( 72) 
= cos| —— = sin| —— 
miles _ 9 miles 5280 feet | 1 hour 4 4 
hour 1hour t1mile 60 minutes _ 7 _ 
= cos — = sin— 
95280) _feet__ .,, _ feet 4 4 
60 minute minute _ v2 _ v2 
d 2 2 
oes w( 72) 7 (2 V2 
17.9 f 4 2° 2 
t= caus = = 1.2 minutes (to the nearest 
792 feet per minute 57, 7 
tenth of a minute) 16. The reference angle for — 6 is ra 
66. 5a 7 
h sec| ——F | = —sec «sec t< 0 for t 
in Quadrant Ill 
d _ _2N3 
80 ft 80 | ~ 3 
aM 44. F(—x) = tan(—x) + sin(—x) 
240 ft . ; 
= —tanx — sinx ¢ tan x and sin x are 
= ‘ odd functions. 
tan 22° = he (tan x + sin x) 
240 = —F(x) 
h = 240 tan 22° Because F(—x) = —F(x), the function defined by 
d=80+h F(x) = tanx + sin x is an odd function. 


d = 80 + 240 tan 22° 
d ~ 180 feet (two significant digits) 


Solutions to the Try Exercises S7 


3 
32. y = sin ve Ya 
4 
1 3 
a= 1 
\ 
eriod zal 2 1 3.x 
P b 30/4 3 “1 
34. y = cos 37x y 
tant = 4 = 
x ‘od 27 2 
2 period = — =>-= > 
tan(f — 7m) = = = = ¢ From the unit circle b 37 3 
Therefore, tan t = tan(t — 7). 
2 : 1 
72. 1 ' 1 _1+sint+1-—sint 40. y= > sin VA 
l1-—sint 1+sint (1 -—sinf)(1 + sinf) al 
1 — sin*t oS iC. 2 
= 2 sac= 27 Qa 
cos*t pone geo, gq =e 
= 2 sect 3 
78. 1+ tan’t = sec*t bi Oe of 


tan?t = sec?t — 1 | 3 3 sl 5 


tant = +Vsec?t — 1 


1 x 
5 
3a ., 27 20 
Because - <t< 27, tant is negative. Thus period = >, OS 
tant = —Vsec?t — 1. 7 
54. y = —|3sin 3% y 
82. March 5 is represented by t = 2. : 
7 2 3n 
T(2) 41 cos a 2) + 36 ~ 
7 -3 
Al cos( =) + 36 
= —41(0.5) + 36 60. Because the graph passes through the origin, we start 


with an equation of the form y = a sin bx. The graph 


= 15.5°F a he 
July 20 is represented by t = 6.5. completes one cycle in zs units. Thus the period is ce 
T(6.5) 41 cos( a . 65) + 36 Use the equation = = 2 to solve for b. 
~ —41(—0.9659258263) + 36 2 = 2 
= 75.6°F 6a =4Aba + Multiply each side by 3b. 
Exercise Set 2.5, page 177 + =5 + Divide each side by 47. 


3 
22. y=- 3 sie The graph has a maximum height of 7 anda 


2 
3 3 
pales 3 | 3 minimum height of 3" Thus its amplitude is a = 3" 
° : Substi ei a6 biny = asin b d 
period = 27 ubstitute -) or a an 7 or 0 in y = asin bx to produce 
3. 3 
y= yz sin7x. 


2 2 


S8 Solutions to the Try Exercises 


Exercise Set 2.6, page 189 (am 
40. y=2sin 5 Cae 2 yA 
1 4 
24. ae a=2 ot 
Tq 2m 
; 7 period = 4 7 x 
period = b =7 F i. 
phase shift = ars are 
~_1_ 2 
2/4 7 
2.y=- 
aay etenon 42. y = —3 cos(2mx — 3) + 1 
eriod = fee a=3 
P b 3 
period = 1 
hase shift . 
=e 
1 P b 2 
34. y= a cot 2x 
x 
48. y=csc— +4 
period = = . 3 
period = 67 
7X 
40. y=3 — 
y csc 5 
eriod = lems 
P b 1/2 
44, y =sec— 
. Y = sec 5 
: Qa 
period P 1/2 =Ar > 


Exercise Set 2.7, page 199 


20. y= cos( 2 = =) ya 
a=1 1+ on 
period = 7 Af: a 
6 6 
phase shift = == 
=e 
2 6 


22. y = tan(x — 
y ( am) ~2 5 Vigpecting take 


period = 7 


phase shift = a 


Solutions to the Try Exercises s9 


7 34, 125 
5a 
64. a. Phase shift = —— = -——~—— = 3.5 months, 
b aT 0 7.05 
6 
gta et St 
period =—" = ae 12 months igs 


b. First graph y, = 2.7 cos (z 7) Because the phase shift Qn 

6 a. f has pseudoperiod — = 27. 
is 3.5 months, shift the graph of y; 3.5 units to the 1 
right to produce the graph of y,. Now shift the graph 10 + (2m) ~ 1.59 


of y2 upward 4 units to produce the graph of S. Thus f completes only one full oscillation on 


Ya 0=t=10. 


b. The following graph of f shows that | f(£)| < 0.01 for 
t > 10.5. 


Shoe sales 
in hundreds 


oy 


j 15, 
yy Yo ee 


Time in months 


c. 3.5 months after January 1 is the middle of April. 
78. y= xcosx 


Exercise Set 3.1, page 222 


2. We will try to verify the identity by rewriting the left 
side so that it involves only sines and cosines. 


: sin x 1 : 
tan x sec x sin x = : - sin x 
cosx cosx 
_ sin’x 
cos?x 
: 2 
Exercise Set 2.8, page 208 _ (22) 
cos x 
1 = 2 
20. Amplitude = 3, frequency = —, period = 7 = (tan x) 
‘a = tan’x 
Because 7 = 7, we have b = 2. Thus y = 3 cos 21. 12. sin* x — cos* x = (sin’x + cos*x)(sin’ x — cos’ x) 
= 1(sin’x — cos?x) = sin’x — cos*x 
28. ae |-1.5| = 1.5 54 2sinx cotx + sinx — 4cotx — 2 
1 1 3 1 1 1 . 
ia V 2 Vz a a a ae 
ce 7 ; e i (sin x)(2 cot x + 1) — 2(2 cot x + 1) 
y =acos2nft = -15 cos] 2 ) = —15 cos P t 2cotx + 1 
T 


(2 cotx + 1)(sin x — 2) 
2cotx +1 


sinx — 2 


$10 Solutions to the Try Exercises 


tL «4 1, 1 
sinx cosx sinx cosx sinxcosx 
34, $< = 
il 1 1 ih sin x cos x 


sinx cosx sinx cosx 
_ cosx + sinx 
cos x — sinx 


cosx + sinx cosx — sinx 


cosx —sinx cosx — sinx 


cos’x — sin?x 


cos’?x — 2sinxcosx + sin’? x 


cos’x — sin? x 


1 — 2 sin x cos x 


44. Rewrite the left side so that it involves only sines and 


cosines. 


cos Xx 


2 cot x sin x 


cotx +tanx cosx 7 sin x 


sinx cosx 


cos x 
sin x 


cosxcosx | sinx sinx 


. T . 
sinxcosx cosxsinx 
cos x 
sin x 


cos? x + sin? x 
sin x cos x 


cos Xx 


sin x 
1 
sin x cos x 
cosx sin xcos x 
* sinx, 1 


= 2cos*x 


Exercise Set 3.2, page 233 


4. Use the identity cos(a — B) = cos acos B + sin asin B 


with a = 120° and B = 45°. 


cos(120° — 45°) = cos 120° cos 45° + sin 120° sin 45° 


(-a)l2) GG) 


20. 


26. 


38. 


The value of a given trigonometric function of @, meas- 
ured in degrees, is equal to its cofunction of 90° — 6. 
Thus 


cos 80° = sin(90° — 80°) 
= sin 10° 


sin x cos 3x + cos x sin 3x = sin(x + 3x) = sin 4x 


24 24 7 
tana =F with 0° < a < 90°; sin a = 557 008 & = 56 


sin B = — ©, with 180° < B < 270° 


17 
15 8 
cos B 17’ tan B 5 


a. sin(a + B) = sinacos B + cos asin B 


eres 


425 425 425 
b. cos(a + B) = cos acos B — sinasin B 


(Z)(-8)-2)(-8) 


105 192 87 


tan a — tan B 


= tS =f) 1 + tan a tan B 
24 8 24 8 
7 1 7105 
% | (4)(8) | 192 105 
7 )\15 105 
360 — 56 304 


105 +192 297 


50. cos(@ + 7) = cos 6cos 7 — sin @sin 7 


= (cos 0)(—1) — (sin 6)(0) = —cos 0 


62. cos 5x cos 3x + sin 5x sin 3x = cos(5x — 3x) = cos 2x 


= cos(x + x) = cosxcosx — sinx sinx 


=cos*x — sin’x 


76. sin(@ + 27) = sin 6cos 27 + cos @sin 27 


= (sin 6)(1) + (cos 6)(0) = sin 6 


Exercise Set 3.3, page 243 


2. 2sin 30 cos 36 = sin[2(36)| = sin 60 


Solutions to the Try Exercises $11 


24 1 
10. cosa = 5 with 270° < a < 360° 28. Because 165° = “9 (830°), we can find cos 165° by using 
( 2 ay ~7/25 the half-angle identity for cos a with a = 330°. The 
sina = —4/1- (= tana =~ 
25 24/25 angle 7 = 165° lies in Quadrant II and the cosine func- 
= Le = ae tion is negative in Quadrant II. Thus cos 165° < 0, and 
25 24 ‘ ; : 
we must select the minus sign that precedes the radical 
sin 2a = 2 sina cosa cos 2a = cos’ a — sir’ a ; 
+ 
=% _ 7 \(24 _(24V (_7Y in cos - =t,/ > “to produce the correct result. 
25 )\25 25 25 
= _ 336 = 527 cos 165° oe 
625 625 2 
2 tana 
20 = 
ee 1 — tan’a _— 
7 oe 7 
__\ 44 576 _ _336 
; TY, 2 876 507 
~\ 54 576 ~ 
22. sin’? x cos' x 1 
= sin’ x (cos? x)? 2 
1 — cos 2x\/1 + cos 2x ces 
2 2 
1 — cos 2x\/1 + 2cos 2x + cos? 2x __ 
2 4 
+ 
= 4a — cos 2(1 + 2cos2x + it esis) 38. Because a is in Quadrant III, cos a < 0. We now solve for 
. cos @. 
1 2+4cos2x + 1+ cos 4x 
= —(1 — cos 2x) 7 \2 
8 : cos a V1 —- sin? a 1 ( Z) 
1 
= tet — cos 2x)(3 + 4cos 2x + cos 4x) _ gia 
1 625 
= aE +4 cos 2x +cos 4x —3 cos 2x —4 cos” 2x _ m4 
— cos 2x cos 4x) 25 
iL 
I 68 + cos 2x + cos 4x — 4 cos* 2x — cos 2x cos 4x) Because 180° < a < 270°, we know that 90° < = < 135°. 
1 1+ 4 Oras 5 & 
+3 sane tye hegede ( > ‘) eaein con ss) Thus 5 is in Quadrant II, sin 5 > 0, cos 5 <0, and 
a 
1 tan — < 0. 
6° cos 2x + cos 4x — 2(1 + cos 4x) — cos 2x cos 4x) 2 
i Use the half-angle formulas. 
16 (3 + cos 2x + cos 4x — 2 — 2 cos 4x — cos 2x cos 4x) 24 
. a — — cosa 25 
1 sin — = = 
TAGs cos 2x — cos 4x — cos 2x cos 4x) 2 2 2 
25 + 24 49 7V2 
50 50 10 


Continued > 


$12 Solutions to the Try Exercises 


a 1+ cosa 
cos 5 > 
<8 <e V2 
50 50 10 
Z 
eee sina 25 
2 1+ cosa 24 
(-5) 
7 
-2--7 
or 
1 1 
av 1—cos2x 1-14 2sin’x 
1 1 > 
~ 2sintx 2° ~ 
7 /1 + cos x |? 
68. cos 5 E 5 
_1+cosx 
gh 
1+cosx secx 
2 "sec x 
_ secx +1 
~ 2secx 


Exercise Set 3.4, page 251 


30+ Oc 30-50 
2 2 
= 2 cos 40 cos(— 6) = 2 cos 40 cos 0 


22. cos36 + cos 5@ = 2cos 


36. sin 5x cos 3x [sin(5x + 3x) + sin(5x — 3x)] 


= —(sin 8x + sin 2x) 


1 
= 52 sin 4x cos 4x + 2 sin x cos x) 
= sin 4x cos 4x + sin x cos x 
oe xk Bx a 5x = 3x 
cos 5x — cos 3x _ 2 2 
5x + 3x ee bx = 3X 
2 2 


sin 4x sin x 


* sin 5x + sin3x 


2 sin 


; tan x 
sin 4x cos x 


62. 


70. 


a=1,b=V3,k = V(V3) + (1 = 2. Thus ais a first- 
quadrant angle. 
sina = ~~ and cosa= Z 
a > aa) 
T 
Th =—, 
usa = 


y = ksin(x + a) 


T 
= 2sin| x + — 
y sin( =) 


From Exercise 62, we know that 


y=sinx + VBcosx=2sin(x +4) 


The graph of y = sin x + V3 cos x has an amplitude 
of 2, and a phase shift of == It is the graph of 


y = 2 sin x shifted a units to the left. 


Exercise Set 3.5, page 265 


2. 


28. 


50. 


56. 


2 
y= sin! - implies 
sin v2 for Lege 
y"2 ee ae 
T 
Thus y =—. 
us y¥ =| 
Because tan(tan 'x) = x for all real numbers x, we have 


mbt 


3 
Let x = cos! Thus 


( 3) sinx 4/5 4 
y = tan| cos tan x 


66. 


72. 


76. 


84. 


5 
B= cos '—,cos B 


B aoe 


y = cos(a + B) 


= cos acos B — sinasin B 


V7.5 8 12 _5V7__ 36 _5V7—36 
4 13 4 13 52 52: 52 
sin 'x + ee = 
5 6 
4 
sin !x = = - cos! 
4 
sin(sin !x) sin( 2 cos 4) 
x = sin— cos re — cos sin eee 
6 5 6 5 
14 V3 3 _4-3V3 
2, 5 2 5 10 


Let a = cos’'x and B = cos !(—x). Thus cos a = x 
and cos B = —x. We know that sin a = V1 — x? and 
sin B = V1 — x? because a is in Quadrant I and B is in 
Quadrant II. 


cos-!x + cos” '(—x) 
=at+ Bp 
= cos ‘[cos(a + B)] 
= cos ‘(cos acos 8 — sina sin B) 
a cos '[x(—x) —V1—x?- VI-x | 


cos (—x? — 1 + x’) 


=cos (-1)=7 


The graph of y = f(x — a) is a horizontal shift of the 
graph of y = f(x). Therefore, the graph of 

y = cos ‘(x — 1) is the graph of y = cos 'x shifted 1 unit 
to the right. 


y 


y= cos! (x—1) 


a. 1100 


—150 


Solutions to the Try Exercises $13 


b. Although the water rises 0.1 foot in each case, there is 
more surface area (and thus more volume of water) at 
the 4.9- to 5.0-foot level near the diameter of the 
cylinder than at the 0.1- to 0.2-foot level near the 
bottom. 


c. 


V(4) = 1225 cos (2) ~ [5 - @]ViI0® — | 


= 1225 cos (4) - vai 


= 352.04 cubic feet 


d. 1100 


V =288 


0 |Intersection 111 14] 19 
X=3.4476991 Y=288 


—150 


When V = 288 cubic feet, x ~ 3.45 feet. 


Exercise Set 3.6, page 278 


14. 


52. 


2cos’?x + 1 = -—3cosx 


2cos?*x + 3cosx+1=0 
(2 cos x + 1)(cosx + 1) =0 


2cosx+1=0 or cosx+1=0 


1 
=> —-— ==] 
cos x 5) cos Xx 
2a Ar 
oS pee x= T7 
BB 


The solutions in the interval 0 = x < 27are =, 7, and 
An 
3° 
sinx +2cosx=1 
sinx =1-—2cosx 
(sin x = (1 — 2 cos x) 


sin?x = 1 — 4cosx + 4cos’x 


1 — cos?*x =1—4cosx + 4cos*x 


0 = cos x(5 cos x — 4) 


cosx = 0 or 5cosx —-4=0 
4 
x = 90°, 270° cos x = 5 


x = 36.9°, 323.1° 


The solutions in the interval 0 = x < 360° are 90° and 
323.1°. (Note: x = 270° and x = 36.9° are extraneous 
solutions. Neither of these values satisfies the original 
equation.) 


$14 Solutions to the Try Exercises 


56. 2cos’x — 5cosx —-5 =0 The sine regression function is 
5+ V5 — 4-5) 5 65 Y, ~ 1.5347 sin(0.01624x — 1.1316) + 18.4118 
ee 2(2) 4 b. Using the “value” command in the CALC menu gives 
cosx ~ 3.27 or cosx ~ —0.7656 Y,(73) ~ 18.494402 
no solution x ~ 140.0°, 220.0° = 18:30 (to the nearest minute) 
The solutions in the interval 0° = x < 360° are 140.0° and Wal saueSyaeaaee” 
220.0°. : 
66. cos 2x = _N3 a | 
2 
_ on _ 70 ; 1 X<73_..._.Y=16,yguuoa, 365 
2x = — 2ka or 2x= S + 2k, k an integer 5 
a0 k ay ky + kar, k an int 
gig nts Es ig ene Exercise Set 4.1, page 298 
84. 2sinxcosx — 2V2sinx — V3cosx + V6 =0 4. Cc 
2 sin x(cos x — V2) — V3(cos x — V2) =0 78° 
b 
(cos x — V2)(2 sinx — V3) =0 t 
3 28° 
cosx= V2 or me=" B 44 A 
2 fo} ° ° ° 
no solution x= ai - A = 180° — 78° — 28° = 74 
bo at 
2 . = . . 4 . 
The solutions in the interval 0 < x < 27 are and —. se aoe a ae 
3 3 b 44 a 44 
86. The following graph shows that the solutions in the in- sin 28° sin 78° sin 74° sin 78° 
terval [0, 27) are x = 0 and x = 1.895. 4A sin 28° 4A sin 74° 
b= ——___ = 21 a= ——___— = 43 
3 sin 78° sin 78° 
0 2 a 
“sinA  sinB 
13.8 5.55 
X=1.8954943_Y=1.895494U3 — 
-3 sinA sin 22.6 
sin A ~ 0.9555 
92. When @ = 45°, d attains its maximum of 4394.5 feet. A ~72.9° or 107.1° 
94. a. The following work shows the sine regression proce- If A = 72.9°, C = 180° — 72.9° — 22.6° = 84.5°. 
dure for a TI-83/TI-83 Plus/TI-84 Plus calculator. . 555 
Note that each time (given in hours:minutes) must be - - = ———_ 
converted to hours. Thus sin 84.5" sin 22.6 
17:06 i 17+ ©. =171h _ See ad 
:06 is 69 ~ 17-1 hours. sin 226° : 
If A = 107.1°, C = 180° — 107.1° — 22.6° = 50.3°. 
ati 16, Li, L2, 35.25, YI : 5.55 
poaabinaen sin 50.3° sin 22.6° 
= 1534657815 : e 
ei b = .0162395U34 Ae 5.55 sin 50.3° _ 11 
0) = = “1131646526 aero 
@ = 18.UIIBISUB sin 22.6 
| Case 1: A = 72.9°, C = 84.5°, and c = 14.4 


Case 2: A = 107.1°, C = 50.3°, and c = 11.1 


30. The angle with its vertex at the position of the helicopter 
measures 180° — (59.0° + 77.2°) = 43.8°. Let the distance 
from the helicopter to the carrier be x. Using the Law of 
Sines, we have 


x 7620 
sin77.2° sin 43.8° 
7620 sin 77.2° 
~ sin 43.8° 
= 10,700 feet (to three significant digits) 


a= 65° 
B= 65° + 8° = 73° 


A = 180° — 50° — 65° = 65° 
C = 180° — 65° — 73° = 42° 


b c 
sin B ~ sin C 
b 20 
sin 73° sin 42° 
b= 20 sin 73° 
sin 42° 
b = 29 miles 


Exercise Set 4.2, page 308 


12. °C =a° +b — 2abcosC 
c? = 14.2? + 9.30? — 2(14.2)(9.30) cos 9.20° 
c= V14.22 + 9.302 — 2(14.2)(9.30) cos 9.20° 


c =~ 5.24 
P+e-@ 
18. cosA = a 
132? + 1602 — 108? 
A= = 0.7424 
= 2(132)(160) 


A =~ cos 1(0.7424) ~ 42.1° 


1 
30. K= ae sin B 


1 
K= > (32)(25) sin 127° ~ 320 square units 


Solutions to the Try Exercises $15 


32. A = 180° — 102° — 27° = 51° 


K= 
2sin A 
8.5’ sin 102° sin 27° 
K= er =o ~ 21 square units 


1 
40. s= Zatbte) 


1 
= 5 (10.2 + 13.3 + 15.4) = 19.45 


K = Vs(s — a)(s — b)(s — c) 
= V19.45(19.45 — 10.2)(19.45 — 13.3)(19.45 — 15.4) 
=~ 66.9 square units 


52. 


64 miles 


66 miles 


a = 270° — 254° = 16° 

A = 16° + 90° + 32° = 138° 
b=4- 16 = 64 miles 
c=3-22 = 66 miles 

v=b +c -2becosA 

a’ = 647 + 667 — 2(64)(66) cos 138° 
a= V6# + 667 — 2(64)(66) cos 138° 
a ~ 120 miles 


1 
60. S 5 (324 + 412 + 516) = 626 


K = V626(626 — 324)(626 — 412)(626 — 516) 
= V4,450,284,080 


Cost = 4.15( \V4,450,284,080 ) = $276,848, or $277,000 to the 
nearest $1000 


Exercise Set 4.3, page 325 
10. 2=3-3=0 
b=0-(-2)=2 
A vector equivalent to P,P, is v = (0, 2). 
12. ||v|| = Ve? + 107 
V36 + 100 = V136 = 2V34 
10 


5 
6=tan! F tan! P ~ 59.0° 


Thus v has a direction of about 59° as measured from the 
positive x-axis. 


Continued > 


S16 Solutions to the Try Exercises 


A unit vector in the direction of v is 48. In the following figure, we need to find ||—F,|| and ||F,|j. 
( 6 10 ) CS oe) 
2V34’ 2V34 34’ 34 
3 3 
24. 4" 2v a$ 2,4) — 2(-3, —2) 
3 
4 
(-$,3) - 6,4) 
9 
-(57) 
. ; : . From the right triangle formed by w, F,, and F,, we see 
30. 3u + 2v = 3(3i — 2j) + 2(—2i + 3)) sii \|F, | a ” \|Fol| 
(91 — 6j) + (—4i + 6)) that sin 31.8 ae cos 31. ~ Wwf 
(9 — 4)i + (-6 + 6)j IF; |) 
. sin 31.8° =7— > 
=5i +0) a singh fw 
= Si gy we IE _ 
sin 31.8° = -———. e ||w|| = 811 
87 811 
40. a4, =2cos— ~ -18 ; 
: 7 ||F, || = 811 sin 31.8° 
87 =~ 427 
a, = 2sin— ~ —0.9 : 
7 Now ||—F,|] = || Fil], Thus the magnitude of the force 
v= Mi + aj ~ —1.8i — 0.9j needed to keep the motorcycle from rolling down the 
ramp is approximately 427 pounds. 
44. yA \| FI 
Cc b. cos 31.8° = 
B || w|| 
F 
cos 31.8° = Wl e ||w|| = 811 
|| F.|| = 811 cos 31.8° 
60° ~=689 
0 D The magnitude of the force the motorcycle exerts against 
Q x the ramp is approximately 689 pounds. 
Al 3a" 60. v- w= (5i + 3j) - (4i — 2) 
= 5(4) + 3(-2) = 20 -6= 14 
70 je 
AB = 18 cos 123°% + 18 sin 123°9j ~ —9.8i + 15.1) » 608 © Tvl wll 
AD = 4cos 30% + 4 sin 30°j ~ 3.51 + 2j Q (3i — 4j) - (6i — 12)) 
cos 
AC = AB + AD = (—9.8i + 15.1j) + (3.5i + 2) V3? + (—4° Ve? + (—12) 
= —6.3i + 17.1j cos 9 = 306) + MEI) 
\|AC|| = V(—6.3)? + (17.1) = 18 V25 V'180 
val 17.1 66 
1 -1 = 70° cos 6 = = 0.9839 
ae te ue 5V180 
9 ~ 270° + 70° = 340° 9 ~ 10.3° 
The speed of the boat is about 18 miles per hour at an 72. projy v= a 
approximate heading of 340°. [Il 
: (—7,5) + (4, 1) 33 33V 17 
Projw V = 8.0 


V(-47 +P VI7 17 
80. W = ||F||||s|| cos @ 
W = 100 - 25 - cos 42° 
W ~ 1858 foot-pounds 


Exercise Set 5.1, page 340 

8.6-V-1=6-i 

18. (5 — 3i) — (2+ 91) =5 — 31-2 - 91 =3 — 123 

34. (5 + 2V—16)(1 — V—25) = [5 + 2(4i)](1 — 5i) 
= (5 + 8i)(1 — 5i) 


=5 — 251 + 8i — 407? 
5 — 251 + 8i — 40(-1) 
=5 — 251 + 81 + 40 
= 45-171 
pn 
2+31 2+31 2-31 
_ 16 — 241 — 21 + 3? 
P+ 3? 
16:2 ON = a4 5(—75 
4+9 
16 — 261 — 3 
a ane 
13-26 1301 —- 27 ; 
13 o BEST 
1 1 1 1 ii 1 : 
60. S-ma ata Stat! 


til 1 1 
Exercise Set 5.2, page 349 
12. r= VE + (W3P =2 


N——! = tan 'V3 = 60° 


a= tan 


0= a= 60°, z = 2 cis 60° 


57 |, Ot 1 V3. 
30. z (cos isin) (3 a 2 


56. V3 — i = 2 cis(—30°);1 + iV3 = 2 cis 60° 


(V3 — i)(1 + 1V3) = 2 cis(—30°) - 2 cis 60° 
= 2 - 2 cis(—30° + 60°) 
= 4 cis 30° 
= A(cos 30° + isin 30°) 

V3.1 
3) 
= 2V3 + 2i 
60. z,=1+i1 

n=VE+2P=v2 

a, = tan! : 45°; @, = 45° 

Zz, = V2(cos 45° + isin 45°) = V2 cis 45° 

Z=1-i 

= VE + (-12 = V2 


2iV3 


Solutions to the Try Exercises 


1 


a, = tan 


=] 
1 | = 45°; 0, = 315° 


Z = V2(cos 315° + isin 315°) = V2 cis 315° 
Zp V2 cis 45° 
2 WV2cis 315° 
= cis(—270°) 
= cos 270° — isin 270° = 0 — (-i) =i 
Exercise Set 5.3, page 354 
6. (2 cis 330°)? = 2! cis(4 - 330°) 
= 16 cis 1320° 
= 16 cis 240° 
= 16(cos 240° + i sin 240°) 


f-3+(-¥)| 


= [1(cos 135° + i sin 135°)]” 


= 1[cos(12 « 135°) + isin (12 - 
= cos 1620° + i sin 1620° 
=-1+0i,or-1 

28. —2 + 2iV3 = 4(cos 120° + i sin 120°) 


i 120° + 360%  . . 120° + 360° 
Wr = 4°7°| cos + isin 
3 3 
k=0,1,2 
120° 120° 
Wy = #9(cos 2 + isin ~ ) = 1.216 + 1.0201 
120° + 360° 120° + 360° 
W, = 41°(c0s a 5 ooo + isin a - 7 


~1.492 + 0.543: 
120° + 360° - 2 
fs °(c 0° + 360 


u 


120° + 360° - 2 


W2 = 3 r72sin 3 
= 0.276 — 1.5637 
30. —1 + iV3 = 2(cos 120° + isin 120°) 
ae 120° + 360° =, ._ 120° + 360°k 
Wy = 2°*| cos + isin i 
2 Z 
k=0,1 
2 6 
Wy = 2'(cos 60° + isin 60°) = 4 V8; 
(k = 0) 


J + Oo to) + to} 
ae 29(cos 120° + 360 120 7 


5 + isin 5 
(k = 1) 
= 2'/(cos 240° + isin 240°) 


$17 


135°)] 


$18 Solutions to the Try Exercises 


Exercise Set 6.1, page 370 
1 1 

6. Comparing x” = 4py with x? = — ay we have 4p = — a 
1 

orp = — 16 . 
Vertex: (0, 0) 


1 
F :{0,-— 
ocus ( +) 


1 
Directrix: y = 16 


22. x7 + 5x — 4y-1=0 
x +5x=4y+1 


25 
x? + 5x + ae 4y+1+ + Complete the square. 


5/ 29 5 29 
(+3) =4(y+2) ES =—2 RS oe 


4p =4 * Compare to 
p=1 (x — h)? = 4p(y — k)?. 


5 29 
Vertex: (- > Fs 2) 


5 13 
Focus: (, k + p) ( 5 2) 
Directrix: y =k — p= = 


30. Vertex: (0, 0), focus: (5, 0); p = 5 because focus is (p, 0). 
y? = 4px 
y’? = 4(5)x 
y? = 20x 
32. Vertex: (2, —3), focus: (0, —3) 
(h,k) = (2, -3),soh =2 andk = —3. 
Focus is (h + p,k) = (2 + p, —3) = (0, -3). 
Therefore, 2 + p = Oand p = —2. 
(y — kK)? = 4p(x — h) 


(y + 3)? = 4(—2)(x — 2) 
(y + 3 = —8(x — 2) 
40. x? = 4py 
40.5? = 4p(16) 
40.5? 
64 
p ~ 25.6 feet 


Exercise Set 6.2, page 385 
22. 25x? + 12y = 300 


a 
12° 25 


a = 25, b* = 12, ¢ = 25 — 12 
a=5,b=2V3,c= V13 


28. 


44. 


50. 


Center: (0, 0) 
Vertices: (0,5) and (0, —5) 
Foci: (0, V13) and (0, -V13) 


9x? + 1l6y* + 36x — 16y — 104 =0 
9x? + 36x + 16y? — 16y — 104 = 0 
9(x? + 4x) + 16(y? — y) = 104 


9(x? + 4x + 4) 4 16( y+ 7 104 + 36+ 4 


2 
Ox + 2)? + 1 - +) = 144 


(¥-3) 
or), Yo 5 


=1 
16 9 
Center: (-2, ;) Yt 
2 +4 
a=4,b=3, cee 
x 
c= VP-P = V7 - 


. Hf 1 
Vertices: (2 x) and ( 6, x) 


Foc 24 V7,4) ana ( 2, v7.5) 
Center (—4, 1) = (h,k). Therefore, h = —4 and k = 1. 
Length of minor axis is 8, so 2b = 8, or b = 4. The equa- 
tion of the ellipse is of the form 


(x= AP (y= WPL 


1 
a Lb? 
+ 4) — 1) 
es a ) on Led 4fucibeatons 
0 + 4)? 4-1) 
( Bat . { = 1 + The point (0, 4) is on the 
: graph. Thus x= 0 and y= 4 
satisfy the equation. 
ut 
e+e * Solve for a?. 
re 
a 
2 
== 
(x+4?P  (y- 1) ‘ 
256/7 16 


Because the foci are (0, —3) and (0, 3), c = 3 and the cen- 
ter is (0, 0), the midpoint of the line segment between 
(0, —3) and (0, 3). 


58. 


60. 


c 
a 
a 
1 3 1 
iar sha 
a=12 
V=17?-b * c2 = a? — b? 
b= 144-9 = 135 + Solve for b?. 
. ee oe . Se 
The equation of the ellipse is 135 + Tia 1 


The mean distance is a = 67.08 million miles. 
Aphelion = a + c = 67.58 million miles 
Thus c = 67.58 — a = 0.50 million miles. 

b = Va? — 22 = V67.08? — 0.50? ~ 67.078 


An equation of the orbit of Venus is 


x? 2 
ea 
67.08° 67.078 
The length of the semimajor axis is 50 feet. Thus 


e=Pf =P 


32? = 50? — b° 
b? = 50? — 32° 
b = V50? — 32? 
b = 38.4 feet 


Exercise Set 6.3, page 399 


28. 


a=5 b=6 cc 


Transverse axis is on y-axis because y’ term is positive. 


Center: (0, 0) 


Foci: (0, V61) and (0, -V61) vA 
5 Tee 
Asymptotes: y = rag and 4y 
See 


y ee + 
y 6 foe 


Vertices: (0,5) and (0, —5) 


16x? — 9y* — 32x — 54y + 79 =0 
16(x? — 2x + 1) — 9 y? + 6y + 9) = -79 + 16 — 81 
= —144 
(y+3P («-1/ i 
16 9 


Transverse axis is parallel to y-axis because y’ term is 
positive. Center is at (1, —3); a? = 16 soa = 4. 


50. 


56. 


Solutions to the Try Exercises $19 
Vertices: (h,k + a) = (1,1) 
(h,k — a) = (1, -7) 
C=7+RP=164+9=25 
¢=V25=5 
Foci: (, k + c) = (1, 2) 
(h,k — c) = (1, -8) 


Because b? = 9 and b = 3, vA 


the asymptotes are ke 
4 a x 
y+3= (x — land qt! 
4 arto™N‘ 
y+3=- F(x-D. T 


Because the vertices are (2,3) and (—2, 3), a = 2 and the 
center is (0, 3). 


e=— CHP4+h 
a 5 = 92 aif b? 

ee P=25-4=21 

2 2 

Cc = 
Substituting into the standard equation yields 
x (y= 3P _, 

4 21 ‘ 


a. Because the transmitters are 300 miles apart, 2c = 300 
and c = 150. 
2a = rate X time 
2a = 0.186 X 800 = 148.8 miles 
Thus a = 74.4 miles. 
b= VO -— 
= V150? — 74.4 ~ 130.25 miles 
The ship is located on the hyperbola given by 
x? 2 
me Boe! 


b. The ship will reach the coastline when x < 0 and 
y = 0. Thus 


x? 0? 
a es | 
744° 130.257 

2 
x 
sl 
74.4 
x? = 74.47 
x= —74.4 


The ship reaches the coastline 74.4 miles to the left of 
the origin, at the point (—74.4, 0). 


$20 Solutions to the Try Exercises 


Exercise Set 6.4, page 410 1-(-3) 
10. ay = =10 jee _ 
xy +10=0 2 
3 
A=0,B=1,C =0,F=10 ae 
Te 0 ee 1+ (+3) - _N5 
2 0 a= Ss 
cot 2a B i 2 3} 
Thus 2a = 90° and a = 45°. a = 63.4° 


A’ =Acos?a + Bcosasina+ Csina A'=Acos*a+ Bcosasina+ Csin a 


(3) YES) ol S)-2 (3) A/C) sl) 


CLA Ae oe Basan Cet C' = Asin’ a — Bcosasina + C cos’ a 


2) -(CZ)CZ) eZ) --4 () CER) Cr) 
1) YE) Ey o) UE )US) 
F'=F=10 D'=Dcosa+ Esina 
2 12 V5 ; 2V5 
so yy +10 00 ney cee a 
E' = —Dsina+ Ecosa 
-na(’8) a(S) 


5(x')? + 5y' = Oory’ (x')? 


20. x? + 4xy + 4y? — 2V5x + V5y =0 
A=1,B=4,C=4,D 2V5,E = V5,F =0 


A-C 1-4 3 
cot 2a 26. Use y, and y, as in Equations (12) and (13) that precede 


2 a . Example 4. Store the following constants. 
A=2,B 8,C = 8,D = 20,E 24, F 3 


The following figure shows the second quadrant angle 


2a for which cot 2a = a Graph y; and y, on the same screen to produce the fol- 
lowing parabola. 
Yt 5 
3, 4) 
5 2a 
4 -5 4 
-1 
3 x 


32. Because 


3 B? — 4AC = (-10V3)? - 4010 
From the figure we see that cos 2a = ——. ( ) avg) 
5 = 300 — 44 >0 


Use the half-angle formulas to find sin a and cos a. the graph is a hyperbola. 


Exercise Set 6.5, page 423 


16. 


20. 


r=5cos30 


Because 3 is odd, this is 
a rose with three petals. 


Because |a| = |b| = 2, the graph of r = 2 — 2 cos 6, 
—a7 = 07, isa cardioid. 


Solutions to the Try Exercises $21 


48. r= V7 +9? a 
=V(Ry + (-5 
= V144 + 25 
= V169 
= 13 


=tan! ¥ * ais the reference 
# angle for 0. 
—5 

= tan! Z| = 22.6° 


6 is a Quadrant IV angle. Thus 
6 = 360° — 22.6° = 337.4°. 


The approximate polar 
(13, 337.4°). 


coordinates of the point are 


50. r=2sin0 


r? = 2rsin 6 


2 

e+ Y= 2y) =0 
e+? -2yt+1)=1 
e+iy-1~y=P 


A rectangular form of r 


e+ y? = 2y 


¢ Multiply each side by r. 
-P=x?+y?; y=rsin 0 


¢ Subtract 2y from each 
side. 


« Complete the square. 


=2sin disx?+(y-1P =P. 


The graph of each of these equations is a circle with cen- 


ter (0, 1) and radius 1. 


58. r= cot é 
cos 6 cos 0 
C= *cot d= — 
26. r=4-4sin0@ sin 6 sin 0 
émin = 3.25 r sin 0 = cos 0 
@max = 27 r(r sin 6) =rcos@ + Multiply each side by r. 
Ostep=O01 (Vx? + 7 )y =x *y=rsin 0; x=rcos 0 
(x? + y?)y? = x? + Square each side. 
yt + xy? — x2 =0 
9.75 70. 2x — 3y = 6 
32. r= —Asec 0 2rcos@—-3rsn@=6 *x=rcos0;y=rsind 
jimin =O oe 1(2 cos 6 — 3sin 0) = 6 
@max = 277 6 
Ostep = 0.1 2cos @— 3sin 6 
-9.4 9.4 
Exercise Set 6.6, page 431 
~6.25 bp 
2 —4cos 6 
44. x =rcos@ y =rsiné@ 4 
r = ————__ : Divide numerator and 
_ 2) s(-2) | = 2) sin( 2) 1 — 2 cos 6 denominator by 2. 
3 3 


e = 2, so the graph is a hyperbola. The transverse axis is 


= (3) =1 ar( 3) V3 on the polar axis because the equation involves cos 6. Let 
2 2 0=0. 
The rectangular coordinates of the point are (1, -V3). : 8 8 i 


2—-4Acos0O 2-4 


$22 Solutions to the Try Exercises 


Let 0= 7. 24. e=1,rcos0= —2 
_ 8 _ 8 4 Thus the directrix is x = —2. The distance from the focus 
J 2-4eos7m 2+4 3 (pole) to the directrix is d = 2. 
4 ed . 
The vertices are (—4, 0) and | —, 7}. r= Tees ¢ Use Eq (2) because the vertical 
3 coe directrix is to the left of the pole. 


,- _W@) 
1 — (1) cos 0 
_ 2 
= 1 — cos @ 


=1,d=2 


Exercise Set 6.7, page 440 


4. r= —__ 6. Plotting points for several values of t yields the follow- 
; 3+2cos 0 ing graph. 
2 
r = ——.____ - Divide numerator and 
1+ (2) cos 0 denominator by 3. 


2 
e= 3780 the graph is an ellipse. The major axis is on 


the polar axis because the equation involves cos 6. Let 


0=0. 12, x =3 + 2cost,y=—1-3sint,0<t<2n 
fa ees x-3 .,  ytl 
34+2cos0 34+2 5 cos t 5 ,sint 3 tt 


Let 0 = 7m. cos*t + sin? t = 1 4 
6 6 =a #1 “a 

r 6 é aes =4 i 

3+2cos7m 3-2 2 3 -4t 


6 w= 3F , Yr iy 
The vertices on the major axis are 57 0 ) and (6, 77). Let 4 t 9 1 
14.x=1+P, y=2-2,tER mn 
et 
x=14+P t 4,2) 
P=x-1 tT - 
y=2-(x-1) = + 
y=-x+3 5t 


Because x = 1 + f? and f? = 0 for all real numbers t, 
x 2 1 for all t. Similarly, y = 2 for all t. 


24. Eliminate the parameter to determine an equation in x 
and y that is equivalent to the two parametric equations 
x=t+1,y= Vt. First, solvex =t+1 fort. 


x=tt+1 
f= x= 1 


Substitute x — 1 for f in the equation y = V1. 
y=Vx=1 


Squaring both sides produces y? = x — 1, with y = 0. 


(Note: y is nonnegative because of the information 
provided by the parametric equation 

y = V1.) Thus the graph of the parametric equations 
x=t+1y= Vt, with f = 0, is the upper half of a 
parabola. When t = 0, P is at (1, 0); when t = 4, P is at 
(5, 2). Thus P starts at (1, 0) and moves along the upper 
portion of the parabola y* = x — 1 until it reaches (5, 2) 
at time t = 4. 

YA 
| 6,2) 
a+ 


co : ; i. 


32. The maximum height of the cycloid is 2a = 2(3) = 6. 
The cycloid intersects the x-axis every 
27a = 2n(3) = 67 units. 


7 


-1 367 


36. 200 


0 : 1200 
0 


The maximum height is about 195 feet when 
t ~ 3.50 seconds. The range is 1117 feet when 
t ~ 6.99 seconds. 


Exercise Set 7.1, page 461 
2. 3) =8 =5-5-5=125 


1 1 1 
5-5 25 


f-2=5" 


x 


5 e. 
22. The graph of f(x) = (=) has a y-intercept of (0, 1) 
and the graph passes through @ 3), Plot a few addi- 
F : 2 25 
tional points, such as (- 2) and (2 a) Because the 


5 
base a is greater than 1, we know that the graph must 


have all the properties of an increasing exponential 
function. Draw a smooth increasing curve through 


Solutions to the Try Exercises $23 


the points. The graph should be asymptotic to the 
negative portion of the x-axis, as shown in the follow- 
ing figure. 


28. Because F(x) = 6**° = f(x + 5), the graph of F(x) can be 
produced by shifting the graph of f horizontally to the 
left 5 units. 


5 x 
30. Because F(x) = -|(3) = —f(x), the graph of F(x) 
can be produced by reflecting the graph of f across the 
X-axis. 
48. a. A(45) = 200600) 
=~ 106.52 


After 45 minutes the patient will have about 
107 milligrams of medication in his or her 
bloodstream. 


b. Use a graphing calculator to graph y = 200e °°'* 
and y = 50 in the same viewing window, as shown 
below. 


250 


Plot] Plot2 Plot3 

Wi 200*e4(-.014*X) 

\Y2H 50 

\Y3= 

Wu= 

\Ys= 

\o= 

\Y7= X=99.021026 Y=50 


—100 


The x-coordinate (which represents time in minutes) of 
the point of intersection is about 99.02. Thus it will take 
about 99 minutes before the patient’s medication level is 
reduced to 50 milligrams. 

3600 
1 af Ze 0.05(0) 
_ 3600 

1+7 

_ 3600 

8 
= 450 


Immediately after the lake was stocked, the lake 
contained 450 bass. 


54. a. P(0) = 


Continued > 
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3600 
1 + Te 005012) 


= 743.54 


After 1 year (12 months) there were about 744 bass in 
the lake. 


b. P(12) = 


= 7 
c. Ast ©, Je 0! = pus approaches 0. Thus, as t > %, 


3600 . 3600 _ 
P(t) = Lo 7ennusi will approach ee 3600. As 
time goes by the bass population will increase, 
approaching 3600. 


Exercise Set 7.2, page 476 


4. The exponential form of y = log, x is bY = x. Thus the ex- 
ponential form of 3 = log, 64 is 4° = 64. 


14. The logarithmic form of bY = x is y = log, x. Thus the 
logarithmic form of 5° = 125 is 3 = log; 125. 


32. log 1,000,000 = logiy 10° = 6 


44. To graph y = log, x, use the equivalent exponential 
equation x = 6’. Choose some y values, such as —1, 0, 1, 
and calculate the corresponding x values. This yields the 


1 
ordered pairs ra 1), (1,0), and (6, 1). Plot these 


ordered pairs and draw a smooth curve through the 
points to produce the following graph. 


52. log,(5 — x) is defined only for 5 — x > 0, which is 
equivalent to x < 5. Using interval notation, the domain 
of k(x) = log,(5 — x) is (—©, 5). 


66. The graph of f(x) = log,(x + 3) can be produced by shift- 
ing the graph of f(x) = log, x (from Exercise 44) 3 units to 
the left. See the following figure. 


86. a. S(0) =5 + 29 In(0 + 1) =5 + 0 =5. When starting, the 
student had an average typing speed of 5 words 
per minute. S(3) = 5 + 29In(3 + 1) ~ 45.2. After 


3 months the student’s average typing speed was 
about 45 words per minute. 

b. Use the intersection feature of a graphing utility to 
find the x-coordinate of the point of intersection of 
the graphs of y = 5 + 29 In(x + 1) and y = 65. 


75 


Intersection 
o LX=6.9166293,Y=65 
0 


16 


The graphs intersect at about (6.9, 65). The student 
will achieve a typing speed of 65 words per minute in 
about 6.9 months. 


Exercise Set 7.3, page 489 


cc} 


Vxy 


= Inz’ — In Vxy 
= Inz? — In(xy)'” 


=3lInz— > Incy) 


3Inz = (nx + Iny) 


3Inz Inx Iny 


1/3 


1 
18. 3 logt 3 logou + 4log,v = log, f° logs u'’? + log, v* 


BS 
= logo “at log, v* 


but 
= log» wes 
tut 
=f 
BT 
log 37 
34. log;37 = —2—— ~ 2.2436 
log 5 
In(5 — In(5 — 
46. log.(5 — x) = re so enter a into Yl ona 
graphing calculator. 
5 
3 7 


Solutions to the Try Exercises $25 


70. pH = —log[H*] = —log(1.26 x 10°) = 2.9 x log3 — 2log3 — 2xlog4 = log4 
72. pH = —log[H*] xlog3 — 2xlog4 = log4 + 2log3 
log3 — 2log4) = log4 + 2log3 
5.6 = —log[H*] x(log og 4) = log og 
. oa log 4 + 2log3 
=oe= logit] log3 — 2log4 
1p" =H x~ -2.141 
The hydronium-ion concentration is 10-°° = 2.51 x 10°° 22. log(x? + 19) =2 
mole per liter. +19 =10 
I 398,107,000], 4 = 
78. M = log log ©) — Jog 398,107,000 x* + 19 = 100 
Ip Io yn 
x 81 
= 8.6 x= +9 
I A check shows that 9 and —9 are both solutions of the 
80. log et 9.5 original equation. 
I — 10°3 26. log,x + log;(x + 6) =3 
Iy log,[x (x + 6)] =3 
I= 10°°Ip 3° = x(x + 6) 
ee 
I ~ 3,162,277,6601, oe eee 


x? + 6x — 27=0 


82. In Example 7 we noticed that if an earthquake has a te Nea) =0 


Richter scale magnitude of M, and a smaller earthquake 


has a Richter scale magnitude of Mz, then the larger x=—9 or x=3 
earthquake is 10” times as intense as the smaller Because log; x is defined only for x > 0, the only solu- 
earthquake. In this exercise, M,; = 9.5 and M, = 8.3. tion is x = 3. 
Thus 10“ = 10°°°8° = 10'? = 15.8. The 1960 earth- 1 5 i 
quake in Chile was about 15.8 times as intense as the San 36. Inx = in( ) + —In2 
Francisco earthquake of 1906. 2 2 
1 5 
86. M = logA+ 3log 8t — 2.92 Inx => n(x + 3) + In 2| 
= log 26 + 3log[8-17]— 2.92 + Substitute 26 for 1 5 
Aand 17 for t Inx = — In| 2| 2x + — 
~ 1.4150 + 6.4006 — 2.92 ba ene 
x 1 
a Inx = > In(4x + 5) 
Exercise Set 7.4, page 501 Inx = In(4x + 5)? 
2. 3 = 243 ea 
a e=4x+5 
- O=x?—4x—5 
= 0=(x-5)(x+1) 
10. 6* = 50 x=5 or x=-1 
log (6*) = log 50 1 5 1 
x log6 = log 50 Check: In5 7 in 10 + 7 + 5 n2 
x — 10890 _ 5418 1.6094 ~ 1.2629 + 0.3466 
log6 


Because In(—1) is not defined, —1 is not a solution. Thus 
18. =a" the only solution is x = 5. 
log 3*? = log 4***1 
(x — 2)log3 = (2x + 1)log 4 
xlog3 — 2log3 = 2xlog4 + log4 


$26 Solutions to the Try Exercises 


10* + 10* 
a 
10* + 10 * = 16 
10*(10* + 10°*) = (16)10* ¢ Multiply each side 
102" +1= 16(10*) by 10%. 
10** — 16(10*) + 1 =0 


42. 8 


w—16u+1=0 - Let u = 10%. 
+ V16? — 4(1)(1 
u » é (OQ) 8+3V7 


2 
10°=8+3V7_ + Replace u with 10%. 
log 10* = log(8 + 3V7) 
x = log(8 + 3V7) ~ +1.20241 
29 Mee 
24° 24-0 


74. a. t 


« N=InM means eN = M. 


(24 — v)e*=24 +0 
—v — ve* = 24 — 24e* 
o(—1 — e*) = 24 — 24e4 
24 — 24e* 
a ea 
The velocity is about 23.14 feet per second. 


=~ 23.14 


b. The vertical asymptote is v = 24. 


c. Due to the air resistance, the object can never reach or 
exceed a velocity of 24 feet per second. 


Exercise Set 7.5, page 516 


6. Let f = 0 represent the year 2000 and let t = 4 represent 
the year 2004. Start by substituting 4 for t in N(t) = Noe“. 


N(4) = Noe*4 
291,800 = 276,400e 


291,800 _ 
276,400 


291,800 
<—) = 4k 
in Fen) 
1, (291.800) _, 
4 \276,400 


0.013555 ~ k 


¢ Substitute. 


* Solve for k. 


The growth function is N(f) ~ 276,400e°°". The year 2008 
is represented by t = 8. 


N(8) ~ 276,4006°°* 
~ 308,100 


The exponential growth function yields 308,100 as the 
approximate population of Aurora in 2008. 


8. N(t) = Ne 
N(138) = Noe" 
0.5No = Noe? * 


0.5 = el 
In 0.5 = 138k 
In 0.5 
k= =? ~ —0.00502 
138 0.005023 


N(#) = N,(0.5)'7°8 os Noe 00070234 


12. N(t) = N)(0.5)'/7%° 

0.65Ny = No(0.5)'/97° 
0.65 = (0.5)'/57 

In 0.65 = In(0.5)!5”° 


In 0.65 
t = 5730 
: In 0.5 


=~ 3600 


The bone is approximately 3600 years old. 


16.a. P = 12,500,r = 0.08,f = 10,n = 1 


10 
A= 125001 + 8) = $26,986.56 


0.08 


A = 12,500 365 


3650 
) ~ $27,816.82 


c. n = 8760 
0.08 


A = 12,500{ 1 + —— 
son 8760 


87600 
) = $27,819.16 


18. P = 32,000, r = 0.08, t = 3 
A = Pe" = 32,000e°°) ~ $40,679.97 


22. t= as r = 0.055 


—_ In3 
0.055 
t ~ 20 years (to the nearest year) 

38. a. Represent the year 2004 by t = 0; then the year 2005 
will be represented by t = 1. Use the following substi- 
tutions: R, = 240, P(1) = 310, c = 3400, and 

c— RB 3400 — 240 


= 13.16667. 
a Dy 740 3.1666 


PO Ty ae 
3400 

a 1 + 13.16667e % 
3400 

oat ~ 1+ 13.16667e~° 


310(1 + 13.16667e~") = 3400 


3400 
ise 
3.16667e* = 
3400 
O(a | 
3.16667e* = 
13.16667e7" ~ 9.96774 
“9.96774 
13.16667 
9.96774 
~b = In 3 716667 
b ~ 0.27833 


Using a = 13.16667, b = 0.27833, and c = 3400 gives 
the following logistic model. 


3400 
P(t) = 
) 1 + 13.16667e 9778 
b. Because 2011 is 7 years past 2004, the year 2011 is 
represented by tf = 7. 
3400 
PO) ~ Ty 73166672 17am ~ 1182 
According to the model there will be about 1182 
groundhogs in 2011. 


oy 


5 


b. Here is an algebraic solution. An approximate 
solution can be obtained from the graph. 


v = 64(1 — e'/”) 
50 = 64(1 — e'””) 
50 _ 


1- —t/2 
6A (l-e"*) 
50 _ 5 

1 maf 


Solutions to the Try Exercises $27 


50 
t= =2in(1 = =) ~ 3.0 


The velocity is 50 feet per second in approximately 
3.0 seconds. 


c. Ast — ©,e'/? > 0. Therefore, 64(1 — e'/*) = 64. 
The horizontal asymptote is v = 64. 


d. Because of air resistance, the velocity of the object will 
approach, but never reach or exceed, 64 feet per second. 


Exercise Set 7.6, page 529 


4. The following scatter plot suggests that the data can be 
modeled by an increasing function that is concave down. 
Thus the most suitable model for the data is an increas- 
ing logarithmic function. 


Xscl=5 Yscl=1 


22. From the scatter plot in the following figure, it appears 
that the data can be closely modeled by a decreasing 
exponential function of the form y = ab", withb < 1. 


Xscl=5 = Yscl=1 


The calculator display in the following figure shows that 
the exponential regression equation is y ~10.1468(0.89104)*, 
where x is the altitude in kilometers and y is the pressure 
in newtons per square centimeter. 


ExpReg ps 


y=a*b*x 
a=10.14681746 
b=.8910371309 


r=.9997309204 


r=-.999865U5I1 


Xscl=5 = -Yscl=1 
The correlation coefficient r ~ —0.99987 is close to —1. 


This indicates that the function y ~ 10.1468(0.89104)* 
provides a good fit for the data. The graph of y also 
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$28 Solutions to the Try Exercises 


indicates that the regression function provides a good 26. a. Use a graphing utility to perform a logistic regression 
model for the data. When x = 24 kilometers, the on the data. The following figure shows the results 
atmospheric pressure is about 10.1468(0.89104)" ~ 0.6 obtained by using a TI-83/TI-83 Plus/TI-84 Plus 
newton per square centimeter. graphing calculator. 
24. a. Use a graphing utility to perform an exponential Dogistic 
regression and a logarithmic regression. For Se eee) 
the given data, the logarithmic function ber eiaee 


y = 61.735786 — 4.1044761 In x provides a slightly 
better fit than does the exponential regression 
function, as determined by comparing the correlation 
coefficients. See the calculator displays below. 


o The logistic regression function for the data is 


Yi=61.736-4.1045In(X) P(t) ~ 1,534,427 


ExpReg LnReg 


ae u=arbinx 1 + 2.233148 ¢ 00ers" 
aoa | | ERED 3 | 
sogaeaaoges || cogsnae poe | ea 
f=. fe. 
P(60) = Alan oem aed 000 
ag[X=108_ | Y¥=42.5 18192] 149 pa ereerede 
ia The logistic regression function predicts that Hawaii’s 
epee ee population will be about 1,320,000 in 2010. 
b. To predict the world record time in 2008, evaluate c. The carrying capacity, to the nearest thousand, of the 
y = 61.735786 — 4.104476 In x at x = 108. The graph logistic model is 1,534,000 people. 


on the right above shows that the predicted world 
record time in the men’s 400-meter race for the year 
2008 is about 42.52 seconds. 


Answers 
to Selected Exercises 


Exercise Set 1.1, page 12 


9 2 


1.15 3.-4 5. > 7.5 9.12 11. 16 13. 75 5. > 17. 1200 19. y=->+4 a1. r= -2y +5 23. y=— 


a—b 
-1+ 2+ V2 + Vel -3+ Vi 2 3+ V29 

25. y=——_ 27. -3,5 29. ME 3, ME gg SNE gn = 97, -¥2 vi 39, 32 V2 

1+x 2 2 4 2 2 

1 
41. -3,5 43. =, -24 45. 04 47. 2,8 49. (—2,4) 51, (—0,-6) 53. (—o,-3] 55. |-2.+) 57. (—o0, 2) 
14 
59. (—c,-7) U (0,00) 61. (—5,—-2) 63. (—00, -4] U[7, 00) 65. |-+4 67. (—4,4) 69. (-8,10) 71. (—00, —33) U (27,0) 
4 2 

73. (-« -3) U a) 75. (—%, -8] U[2,00) 77. |-4.5| 79. (—%,-4]U 2.) 81. (—2,00) 83. 4 


85. 3.5 centimeters by 10 centimeters 87. 100 feet by 150 feet 89. at least 58 checks 91. at least 34 sales 93. 20° = C = 40° 
95. 22 97. (0,210) 99. 1 second < t < 3 seconds 101. a. |s — 4.25| < 0.01 b. 4.24<s =< 4.26 


Prepare for This Section (1.2), page 15 


PS1. -; PS2.5\V2 PS3. No PS4.16 PS5.2 PS6.5 


Exercise Set 1.2, page 27 


1. YA 3. a. $31,500 b. $34,100 cc. $34,111 5.7V5 7. V1261 9. V89_ 11. V38—12V6 13. 2Va? + BD? 
7; @ 
ee (2,4) 15. —xV10 17. (12,0),(-4,0) 19. (3,2) 21. (6,4) 23. (—0.875,3.91) 25. 
oa x 
a ae 


41. (5,0);(0, V5), (0, -V5) yA 


RY 


Al 


A2 Answers to Selected Exercises 


43. (—4, 0); (0, 4), (0, —4) 45. (+2, 0), (0, +2) Ys 
44 
4 4 * 
-4 Pe 
47. (+4, 0), (0, +4) YA 49. center (0,0), radius6 51. center (1,3),radius7 53. center (—2, —5), radius 5 
4 1 
55. center (8, 0), radius a 57. (x — 4 + (y-1% =2? 
1 1 2 2 2 2 
_ BS (a-5) +l¥-5 (v5) 61. (x — 0% + (y- 0 =5 
x 
“4 - 63. (x — 1) + (y-3)=5 65. center (3,0), radius 2 67. center (7, —4), radius 3 
=) 69. center 7 0},radius4 71. center > -3), radius > 
73. (x +1 +(y-7%=25 75. (x -— 72 +(y—-112=121 «77. YY 79. v4 81. Vs 
3 | 5 24 
ll . 
SS —2 +2 * 
a 27 2 ff t 
83. Ya 85. Ya 87. (13,5) 89. (7,-6) 91. x*-6x+y?—8y=0 93. 9x* + 25y? = 225 
a ae | I | 95. (x + 3 + (y -3P =? 
se + 
a9 9 +4 
e+e —2+ 


Prepare for This Section (1.3), page 30 


PS1. —4 PS2. 1and3 PS3. —3and3 PS4. V58 PS5. —4 _ PS6. decrease 


Exercise Set 1.3, page 46 


a5 bo -4 co -1 dl e3k-1 £3k+5 BaV5 b3 63 da V21 oe Vr?+2r +6 £.VCFS5 
1 1 5 1 1 

c.3c+1 = d. -k?—2k+10 11. Yes 13. No 15. No 17. Yes 19. No 21. Yes 23. Yes 25. Yes 27. all real numbers 

29. allrealnumbers 31. {x|x # —2} 33. {x|x=—7} 35. {x|-25x=2} 37. {x|x > —4} 


7oao1 be1 6-1 d-1 e1 f. -1 9% a.-11 b.6 


39. y 41. 43. v4 45. vA 
44 
o——_. ° L 
2 e oe 27 
x ll ° 5 ow + 
+—_}+—_+_}___9-—+-—-+--O0_+_ + + a O—e—t * 
6 4 e _¢ 2 4 6 2 2 
o——_O —27 
4 2+ O-—e 
nbs —-4 Z Oo—e 


i 2(2. +0. i 5(34.05622) + 0. int [10*(0.08951) + 0. 
int [10°(2.3458) + 0.5] 235 49. int [10°(34.05622) + 0.5] 34.056 51 int [10°(0.08951) + 0.5] 


at: 10? 10° : 10+ 


0.0895 


Answers to Selected Exercises A3 


Q 
= 
s 

a 


53. a. $1.07 b. 


55. a,b,andd. 57. decreasing on (—®, 0]; increasing on [0, ©) 

59. increasing on(—%,%) 61. decreasing on (—%, —3]; increasing on [—3, 0]; decreasing 
on [0, 3]; increasing on [3,%) 63. constant on (—%, 0]; increasing on [0, ©) 

65. decreasing on (—%, 0]; constant on [0, 1]; increasing on [1,%) 67. gand F 
69.a.w=25-1 b.A=251-/[2 71. v(t) = 80,000 — 6500t,0 <t < 10 

73. a. C(x) = 2000 + 22.80x b. R(x) = 37.00x ec. P(x) = 14.20x — 2000 
75.h=15-5r 77. d=V9t+4+ 2500 79. d= V(45 — 8t)* + (6t)* 


: je b. 25, 17.27, 14.09, 15.46, 21.37, 31.83 


a. A(x) (4 faz eae 
c. [0,20] 900 + x2 + 400 + (40 
b. 74.72, 67.68, 64.34, 64.79, 70 . [0,40] 


N 


Cost (in dollors) 


+—_+—_+—+ 
23 4 6 


Weight (in ounces) 


81. 


1 Ww 


83. a. L(x) 


x) 


85. 275, 375, 385, 390, 394 


87.c=—2orc=3 89. lisnotinthe range off. 91. a 93. 
— -47 \ . } 47 
-47 . 47 
Ly \ / 
\ 
I 
-5 -5 
95. 2 97.4 99.2 101. a. 36 b.13 oc 12 d.30 e@ 13k-—2 f. 8k-11 103. 4V21 
-4 
105. 1,-3 107. YA 
+4 
eeee ¥¢ eeee 
+—_1—___- 
-4 ' 4* 
Prepare for This Section (1.4), page 53 
PS1. The graph of g is one unit above the graph of f. PS4. 3,—-1,-3,-3,-1  PS5. (0,b) PS6. (0,0) 
Exercise Set 1.4, page 64 
1. Y4 YA 5: Yr 7. 11. Yt 
*c(-5,3)T BG, 3)e L @ e + e ae 
~T R(-2,3) + A(2,3) B(-4,5) J  C(4,5) as ak 
a ec. T 3f 
A(-5, -3) PG, -3)¢ B(-2,-3) + Ce, -3) a a 
T(-4, -5) A(4, -5) 
e e 
13. a. No b. Yes 15. a. No b. No 17. a. Yes b. Yes 19. a. Yes b. Yes 21. a. Yes b. Yes 23. No 25. Yes 
27. Yes 29. Yes 31. 33. y 35. Ys 37. 
a 
-1,0 de a 
( \ Was 0) 


x 
(0, 0) 


S 


A4 Answers to Selected Exercises 


41. YA 43. even 45. odd 47. even 49. even 51. even 53. even 55. neither 
IIL 57. a., b. y 59. a. Ya b. 
f(x) +3 r 
intercepts: rere Tf 
(a,0),a=0 


61. a. (—5,5), (—3, —2),(—2,0) b. (—2,6),(0,-1),(1,1) 63. a. 


65. a. (1,3),(—2,—-4) _b. (—1, -3), (2,4) 67. a., b. 


71. a. yA 
f(2x) 
eo 0 &0 ©O £0 80 #0 FO FO FO FO FO o_O 
1+ 1 
+ Sa + > 
-6 -2 2 6 % -6 -2 2 6 fe 
Spb -1 
eo 0 &0 &0 0 © FO FO FO FO SFO ————_ "0 
73. a 


6 7 v 
75. y=\e4+3 77. Ji) for 79. — y= 3x" 
3 
yore c=2 | — y=x? 
y=ie-1 aan |_— y= 2x? 
5 : 5 
—4 : 6 
-4 4 
=f -3 =1 
81. 2 83. a. Yt b. YA 
6+ e - e 
y= 4 (e-1-b) + e—o at e——o 
—5 5 e——o 
Ly =|x-1-I1 4+ e—o dd 
all e—o $—_—_O- +t t t t a 
L y=4 (x-1|-Ix) 2 4 6 * 
27 e—o 
-5 
r eo 
o—o- +t + t +t +t a 
2 4 6 * 


Answers to Selected Exercises A5 


2 2 
“. Hi 85. a0) Gaapag A kaa me ar 


12+ e 


10+ 


Prepare for This Section (1.5), page 69 


PS1.2 PS2. —-90 PS3. 18a7—15a+2 PS4. 2h? + 3h PSS. all real numbers exceptx=1 PS6. [4,~) 


Exercise Set 1.5, page 77 


1. f(x) + g(x) =x? — x — 12, Domain is the set of all real numbers. 3. f(x) + g(x) = 3x + 12, Domain is the set of all real numbers. 
f(x) — g(x) =x? — 3x — 18, Domain is the set of all real numbers. f(x) — g(x) =x +4, Domain is the set of all real numbers. 
f(x) - g(x) = x3 + x? — 21x — 45, Domain is the set of all real f(x) + g(x) = 2x? + 16x + 32, Domain is the set of all real 
numbers. numbers. 

PO) 5, Domain ieee <3} FO) 5, Domain {x|x # —4} 
g(x) g(x) 

5. f(x) + g(x) = x° — 2x? + 8x, Domain is the set of all real 7. f(x) + g(x) = 2x2 + 7x — 12, Domain is the set of all real 

numbers. numbers. 
f(x) — g(x) = x3 — 2x? + 6x, Domain is the set of all real f(x) — g(x) 2x? + x — 2, Domain is the set of all real 
numbers. numbers. 
(x) + g(x) =x* — 2x3 + 7x*, Domain is the set of all real (x) + g(x) = 8x? — 2x? — 41x + 35, Domain is the set of 
& g 
numbers. all real numbers. 
4x — 7 5 
on =x?—2x+7, Domain {x|x 4 0} ss 2 . 3x 5’ Domain {lx ALXA -3 

9. f(x) + g(x) = Vx —3 +x, Domain {x|x = 3} 11. f(x) + g(x) 4—x7+2+x, Domain {x|—2 <x <2} 
f(x) — g(x) = Vx -3-— x, Domain {x|x = 3} f(x) — g(x) 4—x?-—2-—x, Domain {x|—2 <x <2} 
f(x) + g(x) =xVx -— 3, Domain {x|x = 3} f(x) - g(x) = (V4 = x2)(2 +x), Domain {x|—2 <= x <2} 

s = ed a) 
fal NESS Domain {x|x = 3} pis ie Maa Domain {x|—2 < x = 2} 
g(x) x g(x) 2x 
9 384 5 1 
13.18 15.-— 17.30 19.12 21.300 23. 25. 27. 29.2 31.2x+h 33. 4x+2h+4 
4 125 2 4 
1=5: 
35. —8x— 4h 37. (gof)(x) = 6x +3 39. (gof)(x) =x? + 4x41 41. (g°f)(x) = —5x* — 10x 43. (gof)(x) = — 
(feo g)(x) = 6x — 16 (fegi(x) =x? + 8x +11 (fe g(x) = —125x° — 10x ; 
(fog) == 
AS] = 72 = 4. 
45. (go f(x) = 7 ~ AT. (gef)(x) = ~?5— al 49.66 51.51 53.—-4 55.41 57. = 59. 6 + 2V3 
ae. _ _3ia| 
(fegi() = (Fe 90) = Ea 


61. 16c> + 4c—6 63. 9k* + 36k? + 45k? + 18k —4 65. a. A(t) = 7(1.5t)’, A(2) = 97 square feet ~ 28.27 square feet 
b. V(t) = 2.25at°, V(3) = 60.757 cubic feet ~ 190.85 cubic feet 67. a. d(t) = V(48 — t)?2 — 4b. s(35) = 13 feet, d(35) ~ 12.37 feet 


A6 Answers to Selected Exercises 


69. (Y ° F)(x) converts x inches to yards. 71. a. 99.8; this is identical to the slope of the line through (0, C(0)) and (1,C(1)). bb. 156.2 
c. —49.7. d. —30.8 e. —-164 f. 0 


Prepare for This Section (1.6), page 81 


2 1 
PS1. y= ~5* +3 PS2. y= ea PS3. —1 PS4. (3,7)  PS5. allrealnumbers PS6. {x|x = —2} 


x 


Exercise Set 1.6, page 90 


1.3 3.-3 5.3 7. range 9. Yes 11. Yes YA 13. Yes 
(5, 6) { 
+ x 
400, -4)8 
-8 | (4, -6) 
15. No Ya 17. Yes 19. Yes 21. No 23. Yes 25. Yes 27. {(1, —3), (2, —2), (5,1), (-7, 4)} 
8 + 
I 
-8t 
4 1 - i ¥ 4 1 5 : x 
29. {(1, 0), (2, 1), (4, 2), (8, 3), (16,4)} 31. fo'(x) = ria -2 33. f(x) = 3° + 3 35. f(x) = —5% + > 37. f(x) = ce ia A2 
+ 
39. f(x) = - = =x AL 41. f(x)=Vx-Lxe1 43. fx) =x°+2,x20 45. fx) x+4-2,x=-A4 
47. f—"(x) x+5-2,x=-5 49. V(x) = Wx. V7 finds the length of a side of a cube given the volume. 51. f~'(x) = x + 32; 


1 
f"(x) is used to convert x degrees Celsius to its equivalent Fahrenheit temperature. 53. s-'(x) = rie 12 


55. E~'(s) = 20s — 50,000. The executive can determine the value of the software that must be sold in order to achieve a given monthly income. 
57. a. p(10) ~ 0.12 = 12%; p30) ~ 0.71 = 71% _ b. The graph of p, for 1 = n = 60, is an increasing function. Thus p (with 1 = n = 60) has an 
inverse that is a function. c. Answers will vary. 59. a. 25 47 71 67 47 59 53 71 33 47 43 27 63 475339 b. PHONEHOME ec. Answers 
will vary. 61. Because the function is increasing and 4 is between 2 and 5,c must be between 7 and 12. 63. between 2 and 5 


1 b 
65. between3and7__ 67. slope: a y-intercept: (0 = +) 69. The reflection of f across the line given by y = x yields f. Thus fis its own inverse. 
71. Yes 73. No 


Prepare for This Section (1.7), page 95 


PS1. slope: -+ y-intercept: 4 PS2. slope: = y-intercept: —-3.  PS3. y= —0.45x + 2.3 PS4. 19 PS5. 69 PS6. 3 


Exercise Set 1.7, page 103 


1. no linear relationship 3. linear 5. FigureA 7. y = 2.00862069x + 0.5603448276 9. y = —0.7231182796x + 9.233870968 
11. y = 2.222641509x — 7.364150943 13. y = 1.095779221x? — 2.69642857x + 1.136363636 
15. y = —0.2987274717x" — 3.20998141x + 3.416463667 17. a. y = 23.55706665x — 24.4271215 __b. 1248 centimeters 
19. a. y = 0.1094224924x + 0.7978723404 hb. 4.3meterspersecond 21. a. y = 0.1628623408x — 0.6875682232 b. 25 23. No, because 
the linear correlation coefficient is close to0. 25. a. Yes, there is a strong linear correlation. b. y = —0.9033088235x + 78.62573529 
c. 56 years 27. a. positively b. 1098 calories 29. y = —0.6328671329x* + 33.61608392x — 379.4405594 
31. a. y = —0.0165034965x* + 1.366713287x + 5.685314685 hb. 32.8 miles per gallon 
33. a. 5-pound: s = 0.6130952381t? — 0.0714285714t + 0.1071428571 

10-pound: s = 0.6091269841t? — 0.0011904762t — 0.3 

15-pound: s = 0.5922619048t? + 0.3571428571t — 1.520833333 
b. All the regression equations are approximately the same. Therefore, the equations of motion of the three masses are the same. 


Answers to Selected Exercises A7 


Chapter 1 Assessing Concepts, page 111 


1.a,c,d,ande 2.No 3.3 4. |x+2|/<3 5. Itis the slope of the line between (a, f(a)) and (b, f(b)). 6. (3,-2) 7. (7,3) 


8. (—3,6) 9. (3,4) 10. Yes. The slope of the regression line in negative. 


Chapter 1 Review Exercises, page 112 


—1 SVB i. "I 3 SVE I 


9. c= —-6[1.1] 10. a> 1[1.1] 11. (—%, —3] U [4, ©) [1.1] 12. -3 <x<1[1.1] 13. (—%,1) U (4,%) [1.1] 14. -lsx= 2 [1.1] 


9 2 1 
1. re 2. —4 [1.1] 3. —2 [1.1] 4. =a ell 5. —3,6 [1.1] 6. 3/40 7. 


15. 10[1.2) 16. 3V31(1.2) 17. 5[1.2) 18. 7V5[12]) 19. V181 [1.2] 20. 4V5[1.2] 21. (-$.10) [1.2] 22. (2, -2) [1.2] 
[1.4] 24. a. [1.4] 


io” 
Nowe 
begat > 
(7) 


25. y-axis [1.4] 26. x-axis [1.4] 27. origin [1.4] 28. x-axis, y-axis, origin [1.4] 29. x-axis, y-axis, origin [1.4] 30. origin [1.4] 
31. x-axis, y-axis, origin [1.4] 32. origin [1.4] 33. center (3, —4), radius 9 [1.2] 34. center (—5, —2), radius = 3 [1.2] 

35. (x — 2)? + (y+ 3) =57 [1.2] 36. (x +5)? + (y — 1)? = 64 [1.2] 37. a. 2 b. 10 c. 30? + 4t-—5 

d. 3x? + 6xh + 3° + 4x+4h-5 e@. 90 +12t-15  f. 276+12t-5[13] 38a. V55 b. V39 6.0 d. V64—-xX 
e. 2V64-7 f. 2V16 — #? [1.3] 39. a. 5 b. —11 c. x?—12x +32 d. x? + 4x — 8 [1.5] 40. a. 79 b. 56 


c. 2x7 - 4x +9 d. 2x7 + 6 [1.5] 41. 8x + 4h — 3 [1.5] 42. 3x7 + 3xh + W? — 1 [1.5] 43. (—~, 0) [1.3] 
44. x = 6[1.3] 45. [—5, 5] [1.3] 46. all real numbers except —3 and 5 [1.3] 


47. y [1.3] 48. [1.3] 49. yA [1.3] 50. v4 [1.3] 
3 7 + @0o 
4;e¢0o 
- i 
5 eo + 
> HO 
1G eo + 92 x 
eo -2+ 
increasing on [3, %) r 
decreasing on (—, 3] increasing on [—2, 2] constant on [1,1 + 1), where 1 is an integer 
decreasing on (—%, 0] constant on (—%, —2] U [2, ©) 
increasing on [0, %) 
51. yt [1.3] 52. Ya [1.3] 53. Y4 [1.3/1.4] [1.3/1.4] 
~T - 4y ‘ 
of i 27 : 
r 4 bak 
=o 
increasing on (—%, %) _at 
increasing on (—%, ©) a. domain (—%, ©) a. domain (—9%, ©) 
range {y|y = 4} range (—%, ©) 
b. even b. neither 
55. Ys [1.3/1.4] 56. yA [1.3/1.4] 57. Ys [1.3/1.4] 58. YA [1.3/1.4] 
J J 4+ eo 
cal 2 24 ee 
J a 
J 4-2 7 2 4* 4-2 + 24% 
J -24 = 
3 3% -44 eo} 
a. domain (—%, ©) a. domain [ —4, 4] a. domain (—%, ©) a. domain (—%, ©) 
range {y|y = 4} range [0, 4] range (—%, ©) range: even integers 


b. even b. even b. odd b. neither 


A8 Answers to Selected Exercises 


59. f(x) + g(x) = x? + x — 6, domain: (—%, ©) 60. f(x) + g(x) = x° + x? — 2x + 12, domain: (—%, %) 61. Yes [1.6] 62. Yes [1.6] 
f(x) — g(x) = x? — x — 12, domain: (—%, %) f(x) — g(x) = x? — x? + 2x + 4, domain: (—%, ©) 
f(x) + g(x) = x9 + 3x2 — 9x — 27, domain: (—92, %) f(x) + g(x) = x9 — 2x4 + 4x3 + 8x? — 16x + 32, domain: (—90, 0) 
fe) = x — 3, domain {x|x # —3} [1.5] f@) =x + 2, domain: (—, &) [1.5] 
gx) g(x) 


63. Yes [1.6] 64. No [1.6] 65. f(x) = —- [1.6] 66. g(x) = -3r + = (16) 67. h(x) = —2x — 4 [1.6] 68. k(x) = ~ [1.6] 


69. t ~ 3.7 seconds [1.3] 70. a. 150 feet = b. 525 feet [1.3] 71. a. y = 0.018024687x + 0.00050045744 ib. Yes. r ~ 0.999, which is very 
close tol. —¢. 1.8 seconds [1.7] 72. a. y = 0.0047952048x* — 1.756843157x + 180.4065934 _—_b. The graph of the regression equation never 
crosses the x-axis. Therefore, the model predicts that the can will never be empty. —__¢. A regression model only approximates a situation. [1.7] 


Chapter 1 Quantitative Reasoning Exercises, page 114 


QR1. a.3 b.2 c.52 OR2. Factor the modulus, m. OR3. Answer will vary. 


Chapter 1 Test, page 116 


1 1 2 2 
LSM 2xs1 3-520) 4 -3,1Ml 5. (-« -2)u2, co) [1.1] 6. V85[1.2] 7. midpoint (1, 1); length 2-V13 [1.2] 
8. (0, V2), (0, —V2), (—4, 0) yt [1.2] 9. yh [1.2] 10. center (2, —1); radius 3 [1.2] 
T + 11. -4 [1.3] 
wy 12. domain {x|x = 4 orx <= —4} [1.3] 
eared Ey rere 
2.7 2 * 
1 -24 
2 
13. YA [1.3/1.4] 14. Ys (14) 15. b[14] = 16. x? +x 37 2[15) 9 17. 2x +h [1.5] 


ay 
< 
i 
= 
& 
& 


increasing on (—, 2] 


-4 + 4 * 
4-2 
JS = -f(x+2)-1 
decreasing on [2,°%) 


18. x — 2Vx -—2-1[1.5] 19. f(x) = a [1.6] 20. a. y = —7.98245614x + 767.122807 b. 56.7 calories [1.7] 


Exercise Set 2.1, page 130 


1. 75°, 165° 3. 19°45’, 109°45’ 5, 33°26’45", 123°26'45" 7. i La-1 9. 72 11. 2 13. 250°, Quadrant III 

15. 105°, Quadrant II 17. 296°, QuadrantIV 19. 24°33'36" 21. 64°9/28.8" 23. 3°24'7.2" 25. 25.42° 27. 183.56° 29. 211.78° 
7 7 lla 77 137 7 

31. 33.5 85. 87. 88. AT. — FAB. 420" 45. 36" 47. 30°49. 67.5° 51. 660" 53. —75° 55. 85.94 


57. 2.32 59. 472.69° 61. 4,229.18° 63. 2.38, 136.63° 65. 6.28inches 67. 18.33 centimeters 69. 37 71. °7 radians or 75° 


Answers to Selected Exercises 


5 10 
73. ai radian per second ~ 0.105 radian per second 75. = radians per second ~ 5.24 radians per second 77. “ radians per 


second ~ 3.49 radians per second 79. 40 mph _ 81. 1885 feet 83.6.9 mph 85. 840,000 miles 87. a. 3.9 radians per hour 
b. 27,300 kilometers perhour 89. a. Bb. Both points have the same linear velocity. 91. a. 1.15 statute miles b. 10% 
93. 13 square inches 95. 4680 square centimeters 97. 1780 miles 


Prepare for This Section (2.2), page 134 


PS1. 8 PS2. \/2 PS3.2_ PSA. 8 PS5. 3.54 PS6. 10.39 


Exercise Set 2.2, page 142 


; 12 13 : 4 ae . 5V 29 _ 9 
1. sin d= B csc = 75 3. sin d= 7 csc 0 = 4 5. sin 0 29 csc 6 5 
cos 86 = — ogee cos 0 x sec 0 = ia cos 6 a sec 0 = ze 
5 7 33 29 
5 V33 V33 5 2 
ane coto=s5 tan 0 33 cot 0 = mn fan 6 =~ cre 
21 V21 3 2V3 6V61 V6l 
7. si . si 11. si 
sin 0 7 csc 0 3 9. sin 0 7 csc 6 3 sin 0 61 csc 0 7 
7 7 1 V61 V61 
cos 6 = —. ps cos@é=— secd=2 cos 0 ov sec 6 8 
2 2 61 5 
tan 0 cot 0 8 tan = V3 coto= 3 tan 9 = & cot 9= 2 
+ — 
32 wt 73 12 a 233 ove 27.-2 295 a. v5 33, SV242V3 gg 3-3 


4 5 “4 “13 5 2 4 4 , 6 "3 
37. 2V2-— V3 39. 0.6249 41. 0.4488 43. 0.8221 45. 1.0053 47. 0.4816 49. 1.0729 51. 9.5 feet 53. 92.9 inches 


55. 5.1 feet 57. 1.7miles 59. 74.6 feet 61. 686,000,000 kilometers 65. 612 feet 67. 560 feet 69. a. 559 feet b. 193 feet 


71. V/27 meters~5.2 meters 73. ~8.5 feet 


Prepare for This Section (2.3), page 147 


PS1. = PS2. “ PS3. 60 PS4.— PSS. 7 PS6. V3 


Exercise Set 2.3, page 153 


. 3V13 V13 . 3V 13 V13 . 5V 89 89 
1. sin 6 B csc 6 3 3. sind = B csc 0= 5. sin 0 89 csc 0 = 5 
2V 13 13 2V13 V13 8V 89 89 
cos 6 B sec 0 5 cos 6 1B sec 6 7 cos 6 39 sec 0 8 
age i as t gee psa” Bags aed 
5 co 3 an 5 co 3 8 co 5 
7. sn é6=0 csc O@isundefined. 9.0 11.0 13.1 15.0 17. undefined 19.1 21. QuadrantI 23. Quadrant IV 
cos@=-—1 secO=-—1 
tand=0 cot @ is undefined. 
V3 3 2V3 V3 8 
25. Quadrant III 27. 3 29. -1 31. 7 33. 3 35. <a 37. 20° 39. 9° 41. ms 43. 7 3 45. 34° 
2 2V3 2 
47. 65° = 49. 22 51.1 53. = 55. 2 57. V2 59. cot 540° is undefined. 61. 0.798636 63. —0.438371 
65. —1.26902 67. —0.587785 69. —1.70130 71. —3.85522 73.0 75.1 77. _ 79. 1 81. 30°,150° 83. 150°, 210° 
7 11 2 
85. 225°,315° 87. 27,27 gg 97 tit gy 7 2m 


4’ 4 6’ 6 "373 


A9 


A10 Answers to Selected Exercises 


Prepare for This Section (2.4), page 155 
PS1. Yes PS2. Yes PS3. No PS4. 27 PS5. evenfunction PS6. neither 


Exercise Set 2.4, page 166 


1 1 

1. v3 1 3. 28 22 5. 1 _v8 7. V3 A 9. (-1,0) 11. _1 N38 13. _N3 15. -— 
a: 2 2 2 2 2 3. 2 2 3 2 
2V3 2V3 

17. ee 19. -1 21. os 23. 0.9391 25. -1.1528 27. —0.2679 29. 0.8090 31. 48.0889 33.a.0.9 b. —04 


35. a. -—0.8 b. 06 37. 04,2.7 39. 34,60 41. odd 43. neither 45. even 47. odd 49.27 51. 7 53.27 ~~ 61. sint 
63. sect 65. —tan*t 67. —cott 69. cos?t 71. 2csct 73. csc?t 75.1 77. Vl—cos?t 79. V1+cot?t 81. 750 miles 
83 _ sin’t 


85. csctsect 87. 1-—2sint+sin?t 89.1-—2sintcost 91. cos*t 93.2csct 95. (cost — sint)(cost + sint) 


97. (tant +2)(tant —3) 99. 2sint+1)(sint—1) 101. Re 103. _ 


cos t 


Prepare for This Section (2.5), page 169 
PS1. 0.7 PS2. —0.7  PS3. Reflect the graph of y = f(x) across the x-axis. | PS4. Compress each point on the graph of y = f(x) toward the 


1 
y-axis by a factor of aS PS5. 67 ~=—PS6. 5 


Exercise Set 2.5, page 177 


1 1 
1.2,27 3.1,7 5. 37! 7.2,47 9. Qn 11.1,87 13.2,6 15.3,37 17. 4.7,2.5 
19. YA 21. ¥ 
fae 3 


Answers to Selected Exercises A11 


2 1 
59. y=2 sin 61. y= -—2cosmx 63. a. V=4sinat,0=t=8milliseconds  b. > cycle per millisecond 


69. 4 


-1 20 


-11 


2 
75. yo eee 77. y = 2.5 sin 


71; 2 73. 


PN WO & 


=i 20 


Tt 20 3r 4n 


1 
maximum = e, minimum = — ~ 0.3679, period = 27 
e 
4 
79. y =3 cos = x 


Prepare for This Section (2.6), page 180 
PS1. 1.7 PS2. 0.6 PS3. Stretch each point on the graph of y = f(x) away from the x-axis by a factor of 2. 


4 
PS4. Shift the graph of y = f(x) 2 units to the right and 3 units up. PS5. 27 PS6. 37 


Exercise Set 2.6, page 189 


2 
1, > + kn, kan integer 3. > + kn, kan integer 5.20 To O2n 1 13. - 15.87 17.1 19.5 21.85 


"UARUM AE “ ae® A 
AAA AL 


A12 Answers to Selected Exercises 


2 
BI. y = cot x oe aa BB. y= seca 57. zs 59. 6 


—1.5n 1.5% 


4 2 


61.a.h=14tanx b.d=14secx c«. 7% d. The graph of d is above the graph of h, but the distance between 


the graphs approaches 0 as x approaches o 


8 
63. y=tan3x 65. y = sec at 


4 
0 n2 67. y= cots x 69. y = csc of 


Xscl = 7/8, Yscl = 1 


Prepare for This Section (2.7), page 192 


PS1. amplitude 2, period 7 PS2. amplitude =, period 67 PS3. amplitude 4, period1 PS4.2 PS5. —3  PS6. y-axis 


Exercise Set 2.7, page 199 


T T T 5 2a 27 T OT T 
a) ere Lie .4,=— 7. f 11. ; 13..—, 15. —127,4 
1. 2,520 3.1L 50% 5. 4, 4737 ra 9 8°29 37, 677 3.67 5 7,47 
17. ¥ 

1 q 

2 
25 YA 

a+ 

x | 

q | 
33. Y 


= 


43. ¥ 
17 2 5m 
2 2 
x 


Answers to Selected Exercises A13 


55. Y+y=sinx+cosx 57. y= sin( 23 = 2) 59. y= we( 4 = *) 61. y= se(2 = 2) 


63. a. 7.5 months, 12 months _ b. Ys c. August 65. ~ 20 parts per million 


Sales in hundreds of suits 


Time in months 


67. s=7cosl07t+5 69. s = 400 tant, tinseconds 71. y =3cos = + 9,12 feet at 6:00PM. 73. 2 


y Ya 
12 a0 
ag 0 An 
400 + 
+ t tt = 
2 / ¢t t lo # -2 
0.2 min —400 alr 
75. 3 7. 8 79. 2 31.0 
0 | 4n 0 4n 0 81 0.2 4 
-3 -6 -25 -15 
: 20 x 7 5 15 
83. y = 2sin es 85. y = tan a 87. cosx+2 89. - 91. 6 
—2n 1 1 2n 
—4n An 
-0.5 5 
The graph above does not 


show that the function is 
undefined at x = 0. 


Prepare for This Section (2.8), page 203 


PS1. 5 PS2. 2 PS3. 4 PS4.3 PS5.4 PS6. y=4cos 7x 
T 


A14 Answers to Selected Exercises 


Exercise Set 2.8, page 208 


1 1 1 3 1 
1. 2.4; <0; OTs -42—- 7. —,4,— 
7, 3. 3,37, oa 5 5 4 ri 
3 4a . : : 
9. y = 4 cos 3at be a A eS 13. y = 2sin 2t 15. y = sin at 17. y = 2sin 2at 


1 1 2 1 t 
19. y = 5 cos 4t 21. y=25cosmt 23. j= Ses 25. y=4cos4t 27. 4m, 4+ 2 feet; y = —2 cos > 


1 
29. a. 196 cycles per second; 75, second b. The amplitude needs to increase. 31. h = —37 cos (S) +41 33. a.3  b. 59.8 seconds 


35. a. 10 b. 71.0seconds 37. a.10 b. 9.1 seconds 39. a. 10 b. 6.1seconds 41. The new period is 3 times the original period. 
43. Yes 45. Yes 


Chapter 2 Assessing Concepts, page 212 


1. True 2. False 3. False 4. True 5. = 6. (0, 1) : ~ 8. Shift the graph of y, to the left + units. 


9. all real numbers except multiples of 7 10. x = S and x = 


Chapter 2 Review Exercises, page 212 


7 
1. complement measures 25°; supplement measures 115°. [2.1] 2. 80° [2.3] 3. 114.59° [2.1] 4. 3 el 5. 3.93 meters [2.1] 6. 0.3 [2.1] 


7. 55 radians per second [2.1] 8. YB aa 9. Boal 10. = (22) 11. 3M aa 12. sin 0 ae csc 6 = [2.3] 
V1 
eee! sec 0= V10 
10 
1 
tan 6 = —3 Oot a 
13. a. _ b.1 c.-1 d. -F 023) 14. a. —0.5446 b. 0.5365 c. —3.2361 = d. 3.0777 [2.3] 15. a. s b. Bia 
2 2 1 2 2 
16. a. — b.2(23]) 17a. nes b. -1[23] 18. a. (-1,0) b. (3-8) c. (-2,-2) d. (1,0) [24] 


19. even [24] 22. sec’[24] 23. tan@[24) 24. sing [24] 25. tan’d [2.4] 26. csc’ [24] 27. 0[2.4] 28. 3, 7,5 (25) 


2 
29. no amplitude, -, 0 [26] 30. ae te [25] 31.1, m5 (25) 32. no amplitude, =, = (26) 33. no amplitude, 2m, 7 (26) 
34. y [25] 35. y [25] 36. ys [25] 37. [2.7] 
2 1 
yee 
2 e 3m e | Qn An x 
-1 3 


Answers to Selected Exercises A15 


38. yA [2.7] [2.6] 41. [2.6] 


46. y; [2.7] [2.7] 


50. ya [2.7] [2.7] 52. 0.089 mile [2.2] 53. 12.3 feet [2.2] 54. 1.7 feet per second [2.1] 
gf -§ _ 7 SN 
te 
aw 25 . 1 
55. 46 feet [2.2) 56. 2.5, 35’ a [2.8] 57. amplitude = 0.5, f p=%Y 0.5 cos 2t [2.8] 58. 7.2 seconds [2.8] 
T T 


Chapter 2 Quantitative Reasoning Exercises, page 214 


QR1. a. 67 «2b. 40 cw 20s dw 240 75. Ar ~=— OR2. 15 seconds) = QR3. 11.25 seconds OR4. 54 seconds 


Chapter 2 Test, page 214 


1. 27 (2 2. sill 3. 13.1 centimeters [2.1] 4. 12aradians/second [2.1] 5. 80 centimeters/second [2.1] 6. <> 221 


<< 6 [2.3] 9. (2 -1) [2.4] 10. sin’t [2.4] 11. z [2.6] 12. amplitude 3, period 7, phase shift a [2.7] 


7. 1.0864 [2.2] 8. ae) 


[25] 15. y 


1, 


—2 
4 


1 
13. period 3, phase shift — z [27] 14. y [2.6] 


A16 Answers to Selected Exercises 


16. Shift the graph of y = 2 sin ae units to the right and 1 unit down. [2.7] [2.7] 


Cumulative Review Exercises, page 215 
V3 3x 


1. 5V2[1.2] 2. “= [1.2] 3. y-intercept (0, —9), x-intercepts (—3,0) and (3,0) [1.2] 4. odd function [1.4] 5. f~'(x) = Fe [1.6] 
6. (—~,4) U (4,%) [1.3] 7. 2,-3[1.1] 8. Shift the graph of y = f(x) horizontally 3 units to the right. [1.4] 9. Reflect the graph of y = f(x) 


+ 
ve t [2.2] 14. > (22 15. negative [2.3] 16. 30° [2.3] 


across the y-axis. [1.4] 10. = [2.1] 11. 225°(2.1] 12. 1([23] 13. 
T 3 
17. 3 3l 18. (—c0,%) [2.5] 19. [-1,1][2.5] 20. 5 22) 


Exercise Set 3.1, page 222 


57. identity 59. identity 61. identity 63. notanidentity 65. Ifx = oe the left side is 2 and the right sideis1. 67. If x = 0°, the left 
+V3 
7 


2 
side is ve and the right side is 


5 69. If x = 0, the left side is —1 and the right side is 1. 


Prepare for This Section (3.2), page 225 


1 1 
PS1. Both function values equal a PS2. Both function values equal ig PS3. For each of the given values of 6, the function values are 


equal. PS4. For each of the given values of 0, the function values are equal. PS5. Both function values equal = PS6. 0 


Exercise Set 3.2, page 233 
@. V6+V2 3 V6+V2 


5. -V6 + V2 . V6+ V2 


1 
; a2 i 11. 2+ 13. 15. — 17, 19. 48° 
rl ; 5 V3 ql a V3 413.0 15 3 V3 19. cos 48 
' : : 77 84 af 
21. cot75° 23. csc 65° 25. sin5x 27. cosx 29. sin4dx 31. cos2x 33. sinx 35. tan7x 37. a. 85 b. 85 Cc. 36 
63 56 63 63 56 33 77 84 13 33 16 63 
a , < 41. a. — ; ~ a 43. a. é i‘ 45. a. a ‘ 
Boe Ge ge ae gg Pigg gg. ge. ge ge, Ee Be ag 
47. a a8 b & c i 75. —cos@é 77. tan@ 79. sin@ 81. identit 83. identi 
«ee 65 63 F 7 . 7 y A ty 
Prepare for This Section (3.3), page 236 
2 
PS1. 2sin a cosa PS2. cos? a — sir’ aw PS3. — PS4. For each of the given values of a, the function values are equal. 
= Qa 


PS5. Let a = 45°; then the left side of the equation is 1, and the right side of the equation is V2.  PS6. Let a = 60°; then the left side of the 


v3 i! 
equation is “at and the right side of the equation is ri 


Exercise Set 3.3, page 243 


1.sin4da 3 10, 5 6 7. tan 6 9. sin 2 a 2 T senio Ee gh a an 2 rr 
. sin 4a . cos 10B . COS 6a . tan 6a . sin 2a 95008 a= 56, an 2a 7 . sin 2a 799’°°8 a = 559" an 2a 161 


Answers to Selected Exercises A17 


336 5 336 240 161 240 
13. sin2 , cos 2 , tan 2a = 15. sin 2 , cos 2 ,tan2a = 
sin 2a 625 cos 2a 625 an 2a 507 5. sin 2a 739 cos 2a 789 an 2a i61 
720 1519 720 1 
17. sin 2 = ; + — 
sin 2a 7681’ °° 2a Teg’ 'n 2e 1519 19. 3(1 + cos2x) 21 g 8 + 4 cos 2x + cos 4x) 
1 2+ 24+V2 2-V2 2-Vv2 
23. oral — cos2x — cos 4x + cos 2x cos 4x) a5, V2 + NS 27.V2+1 29. v 5 va 31. Vv 5 v2 33. 5 ~ 
i 2- V3 ee ae 5V26 a V26 a 5V34 a 3V34 tn 5 
so ee og og OG cea ae ea a4 FS 3 
i Se a V5 ahs Qa V5 ‘ a 1 i3 ain a 2 a 7V2 eo Qa 1 
eo Ee ee a eg Agee a re 
2 1 
91. a. ——=———— ~ 261 b a= zsin*(Z) c. adecreases. 93. identity 95. identity 
V2 - V2 mM 


Prepare for This Section (3.4), page 246 


1 
PS1. sinacosB PS2. cosacosB  PS3. Both function values equal — >: PS4. sinx + cosx PS5. Answers will vary. PS6. 2 


Exercise Set 3.4, page 251 
1 V2 1 V3 -2 


1 1 
1. si = gi » =(si Si . Si + si = = ‘ - : : 
sin3x —sinx 3 5 (sin 8x — sin4dx) 5. sin8x+sin2x 7 5 (cos 4x — cos6x) 9 A 11 ri 13 A 15 A 


1 
17. 2sin30cos@ 19. 2cos20cos@ 21. —2sin46sin20 23. 2cos46cos30 25. 2sin7@cos20 27. -2 sin 0 sin 50 


3 7) 5 1 2 
29. 2sin 7 6 sin 7 31. 2cos 758 sin 759 49. y = V2sin(x — 135°) 51. y=sin(x — 60°) 53. y =P sinc — 45°) 


55. y = 3V2sin(x + 135°) 57. y= a7V2sin(x — 45°) 59. y= V2sin( 2 + *2) 61. y= sn( 2 + 2) 63. y = 20 sin( 2 + 2) 
65. y =5V2 sin( + a) 
67. YA 


a+ 8x 


7 3 


77. a. p(t) = sin(27 - 1336t) + sin(2a7 + 770t)  b. p(t) = 2 sin(21067t) sin(5667t) ¢. 1053 cycles persecond 79. identity 81. identity 
83. identity 


Prepare for This Section (3.5), page 255 


PS1. A one-to-one function is a function for which each range value (y value) is paired with one and only one domain value (x value). 
PS2. If every horizontal line intersects the graph of a function at most once, then the function is a one-to-one function. 
PS3. f[g(x)] =x PS4. f[f-x)]=x PSS. The graph of f ' is the reflection of the graph of f across the line given by y= x. PS6. No 


Exercise Set 3.5, page 265 


T 5a 7 7 T T 7 21 1 
7 a Sy y eZ W->p B-—> HS 17. 19. a.1.0014 b.0.2341 21. a. 1.1102 b. 0.2818 
23. 9=cos(=) 25.2 27,2 29.2 31.1 33.2 95.% 37. 39, notdefined 41.0466 43,-% 45, 2 
: -> 21. ; S aS : 0. a Kee 
4V/15 24 24 24+ V15 1 12 2-V2 7V2 
47. —— 49.—= 51.0 : 7. 7-4 _— 61.2 ; ——— 
i a 53.5, 55. 5 sve V3) 59 a 5 63 65. <5 
1—-x 
67. cose ~ 0.2588 69, VI * 


12 x 


A18 Answers to Selected Exercises 


77. 79. 83. a. s = 3960 cos"! ae b. 17,930 miles 
a + 3960 
=e a 
4 
85. YA 87. x 89. ul 91. zn 
34 fand g have 2 
fe the same 
\ graph in 
Quadrant I =12.5 | : s 12.5 
ili ¢* -2.35 2.35 (— 
=o 1 
= | -9.5 4 7 9.5 =r 
fF _e 
2 
1 7 
97. y= g tan se 99. y=3+ cox = 2) 
Prepare for This Section (3.6), page 268 
+ V7. 1 
PS1. xa 2X PS2. 1—cos’?x PS3. on Sm, and PS4. (x + o(» -%8) Ps5. - PS6. 0, 1 
0 a 4] 40 
0 
Exercise Set 3.6, page 278 
aw 77 aw Ar Tw a 30 39 Tw OT aw aw 30 117 w 30 a ow Ot aw Sa 77 117 
Ms 4’ 4 2 3’ 3 2 4'2'4'2 y 2'2 °6'4'4' 6 a 4’ 4 1 6°26 7 6'6' 6’ 6 
17. 0 mee 19 A oo Ee 28 4S 318” 25. osclution 27, 68:0°, 2020 29.-nosdlution 
aay ar aa ae °6’°6'3'3 ar aa) . a, 7 - No SOLUTLO: . Sg dl » no solutio: 


31. 12.8°,167.2° 33. 15.5°,164.5° 35. 0°, 33.7°, 180°, 213.7° 37. nosolution 39. nosolution 41. 0°,120°,240° 43. 70.5°, 289.5° 
45. 68.2°, 116.6°, 248.2°,296.6° 47. 19.5°,90°, 160.5°, 270° 49. 60°,90°,300° 51. 53.1°,180° 53. 72.4°,220.2° 55. 50.1°, 129.9°, 205.7°, 
2kar 


k 
334.3° 57. nosolution 59. 22.5°,157.5° 61. z + ae where k is aninteger 63. a + at where k is aninteger 65. 0 + 2kz, 


5 5 
3 + 2k, 7 + 2k, a + 2ka, where k is an integer 67. S + ka, 7 + kw, wherekisaninteger 69. 0 + 2kz, where k is an integer 


a mW OT 77 37 117 a 37 a 27 4a 5a An 5a a 3m 5a 77 
71. 0, 7 73. 0, 6 , 2 , 6 yp Oly 6 , 2 , 6 75. > 77. 0, 3 , 3 pa, 3 , 3 79. 3 , 3 81. Oat ate 
83. ee 85. 0.7391 87. —3.2957,3.2957 89. 1.16 91. 14.99° and 75.01° 


The sine regression functions in Exercises 93, 95, and 97 were obtained on a TI-83/TI-83 Plus/TI-84 Plus calculator by using an iteration factor of 16. 
The use of a different iteration factor may produce a sine regression function that varies from the regression functions listed below. 
93. a. y ~ 1.1213 sin(0.01595x + 1.8362) + 6.6257 b. 6:49 95. a. y ~ 49.2125 sin(0.2130x — 1.4576) + 48.0550 b. 3% 
97. a. y ~ 35.185 sin(0.30395x — 2.1630) + 2.1515 b. 24.8° 99. b. 42°and 79° c. 60° = 101. 0.93 foot, 1.39 feet 
T OW 5a a ou 30 5a 3m 70 


103. —,— 105. — 107. 
03 6’ 2 05 gee 0 Dey at gtr TG a 4 


Chapter 3 Assessing Concepts, page 286 


1. True 2. False 3. False 4. True 5.4 6 — 7.0=ys7 8 a 9.V2 10.2+ V3 


Answers to Selected Exercises A19 


Chapter 3 Review Exercises, page 286 


1, Ye=v2 ; Vé-~V26n 9 v3-2Rg9 3, Yor V2 ; V2 39) 4. V-VbB2) 5. Yo i V2 6. VetVe [2] 7. a [3.3] 
8. a) [33] 9. V2+1133] 10. ae 33] 11.40 b. V3 5 8283) 12.4.0 b. -2 c+ 8283) 
13. a. 8 b. -V3¢. = [3.2/3.3] 14. a. Ve—N2 b. -V3 ¢. 1 [3.2/3.3] 15. sin 6x [3.3] 16. tan 3x [3.2] 


17. sin 3x [3.2] 18. cos 40 [3.3] 19. tan 20 [3.1] 20. tan@[3.3] 21. 2sin30 sin@ [3.4] 22. —2cos4é sin 6@ [3.4] 
4 
23. 2 sin 40 cos 20 [34] 24. 2cos30sin20[34] 43. = 035) 44. = (35) 45. (35) 46. F138 47. = (36) 48. = (36) 


49. 30°, 150°, 240°, 300° [3.6] 50. 0°, 45°, 135° [3.6] 51. a + 2k, 3.8713 + 2k, 5.553 + 2k, where k is an integer. [3.6] 52. = + kar, 


a OT com a 7a 19% 30 77 
1.2490 ka, where k is an integer. [3 6] 53. 12/12’ 1 7 6] 54. DD’ 2’ 4’ [3. 6] 


55. y = 2sin( x + =) (34) 56. y=2V2 sin( 2 + =) [3.4] 57. y= 2sin( 2 + 2) [3.4] 58. y= sin( - 2) [3.4] 


y yA 

2 a7 
iz: tin x 

6 6 


63. a. y ~ 1.1835 sin(0.01600x + 1.8497) + 6.4394  b. 6:01 [3.6] 


Chapter 3 Quantitative Reasoning Exercises, page 288 


QOR1. a. 25 a ~ 0.87266 OQOR2. a. 35 a ~ 0.87266 


Sg oe 


0.1745 1.35 b 
Maximum 0.1745 | ainimum nee 
X=.8726644 Y=20.5579U1 X=.87266268 Y=23.917394 
-8 -8 
Xscl = 0.2, Yscl = 10 Xscl = 0.2, Yscl = 10 


Chapter 3 Test, page 289 


-V6 + V2 v2 ; 7 2= Va 
—7 Bal 6. FF B21 8 sin9x [82] 9. -S5 183] 12. | 


[3.4] 13. y= sin(1 + =) (3.4) 14. 0.701 [3.5] 


rs Qn 4 
[35] 17. 41.8°, 138.2°[36] 18. 0,~,7,— [36] 19. —,—,— 


5 
15. 7g Bl 16. 6’ 6 5 373) 


y=sin'(x +2) 


3 


20. a. y ~ 1.7569 sin(0.01675x + 1.3056) + 12.1100 _b. 12 hours 1 minute [3.6] 


A20 Answers to Selected Exercises 


Cumulative Review Exercises, page 290 
1.x >-—3[1.1] 2. Shift the graph of y = f(x) horizontally 1 unit to the left and up 2 units. [1.4] 3. Reflect the graph of y = f(x) across the 


x-axis. [1.4] 4. odd function [1.4/2.5] 5. f(x) =e stl 6] 6. = 2 7. 300° [2.1] 8. Boa 9. 2V5 oa 10. 2N5 ipa 
11. positive [23] 12. 50°[23] 13. = (2.3) 14. x= a y= = [2.4] 15. 0.43, a, a (2.7) 16. = [3.5] 17. 2.498 [3.5] 

a 77 117 
18. [—1,1] [3.5] 19. (-2 i 2) [3.5] 20. 36" | Bal 


Exercise Set 4.1, page 298 


1.C=77°,b=16,c~17 3. B=38°,a~18,c=10 5. C~15°,B~33°,c=78 7. C=45.1°,b = 39.4,c ~ 30.2 9. C = 32.6°, 

c = 21.6,a ~ 39.8 11. B= 47.7°,a~574,b =~ 763 13. A ~58.5°,B =~ 7.3°,a~ 81.5 15. C = 59°, B = 84°,b ~ 46 or C = 121°, B = 22°, 
b~17 17. Notriangle is formed. 19. No triangle is formed. 21. C = 19.8°, B = 145.4°, b ~ 10.7 or C = 160.2°, B = 5.0°, b ~ 1.64 

23. No triangle is formed. 25. C =51.21°,A = 11.47°,c ~ 59.00 27. B ~ 130.9°, C ~ 28.6°, b ~ 22.2 or B ~ 8.1°,C ~ 151.4°, b ~ 4.17 
29. ~ 68.8 miles 31. 231 yards 33. ~110feet 35. 4840 feet 37. ~96feet 39. ~33feet 41. ~81 miles 43. ~ 1200 miles 
45. ~ 260 meters 49. 48 minimum value of L ~ 11.19 meters 


Minimum 
X=49.8546e25 Y=11.19U1 
-15 


Prepare for This Section (4.2), page 302 
?+P-¢ 
2ab 


PS1. 20.7 PS2. 25.5 square inches PS3. C cos ( ) PS4. 12.5meters PS5.6 PS6.°?=a7+2 


Exercise Set 4.2, page 308 


1.6~-13 3. +150 5. +29 7.~95 9.~10 11. ~401 13. ~ 90.7. 15. ~39° 17. ~90° 19. ~47.9° 21. ~ 116.67° 
23. ~ 80.3° 25. a~11.1,B ~ 62.0°,C ~ 78.69 27. A ~ 34.2°, B ~ 104.6°,C ~ 41.3° 29. ~ 140 square units 31. ~ 53 square units 
33. ~ 81 square units 35. ~ 299square units 37. ~ 36squareunits 39. ~7.3square units 41. ~710miles 43. ~ 74 feet 

45. ~ 60.99 47. ~350miles 49. 40 centimeters 51. ~ 2800 feet 53. 402 miles,S62°E 55. ~ 47,500 square meters 57. 162 square 
inches 59. ~ $41,000 61. ~ 6.23 acres 63. Triangle DEF has an incorrect dimension. 65. ~ 12.5° 69. ~ 140 cubic inches 


Prepare for This Section (4.3), page 312 


PS1.1 PS2. 6.691 PS3. 30° PS4. 157.6° PSS. ee) pse. 14 a 


Exercise Set 4.3, page 325 


1.4a=4,b=2;(4,2) 3.a=-5,b=4;(-5,4) 5.a=7,b=-1;/(7,-1) 7.a=-7,b = -5;(-7,-5) 9.a=0,b=8;(0,8) 11.5, 


3 4 V5 -2V5 V5 -2V5 7V58 —3V58 
~ 126.9, (-—,—) 13. ~ 44.7, ~ 296.6° 15. ~ 4.5, ~ 296.6° 17. ~ 45.7, = 336.8°, (——,, 
6.9 ( 3 =) 3. 96.6°, ea = —) 5. 5, = 296.6°, = =) 5 336.8 ( ze a ) 
19. (-6,12) 21. (-1,10) 23. (oe) 25.2V5 27. 2V109 29. -81 +12; 31. 14i-6j 33. si + si 35. V113 


37. a, ~ 4.5, dy ~ 2.3, 4.51 + 2.37 39. a, ~ 2.8, a, ~ 2.8,2.8i + 2.8) 41. ~ 380 miles per hour 43. ~ 250 miles per hour at a heading of 
86° 45. 293 pounds 47. a.131 pounds b.319 pounds 49. The forces are in equilibrium. 51. The forces are not in equilibrium. 
F,=0i + 10j 53. The forces are in equilibrium. 55. —-3 57.0 59.1 61.0 63. ~79.7° 65. 45° 67. 90°, orthogonal 

46 1429 11V5 


69. 180° 71. 5 73. oo. 26 75. V5~2.2 77. —>S -4.9 79. ~ 954 foot-pounds 81. ~ 779 foot-pounds 


Answers to Selected Exercises A21 


83. vA (6,9) 85. the vector from B(3, —1) to B(5, —4) 
4 g (6,9) 


87. Because v - w = 0, the vectors are perpendicular. 89. (7,2) is one example. 91. No 95. The same amount of work is done. 


Chapter 4 Assessing Concepts, page 329 


1. a triangle that does not contain aright angle 2. the LawofCosines 3. SSA 4. the semiperimeter ofatriangle 5. a scalar 
6. ascalar 7. True’ 8. False 9. True 10. True 


Chapter 4 Review Exercises, page 329 


1.B=51°,4~11,c~18[4.1] 2. A=8.6°,4 ~1.77,b ~ 11.5 [4.1] 3. B= 48°,C ~ 95°,A = 37° [4.2] 4. A ~47°,B = 76°,C =~ 58° [4.2] 
5. c ~ 13,A ~ 55°,B ~ 90° [4.2] 6. a ~ 169, B ~ 37°, C ~ 61° [4.2] 7. No triangle is formed. [4.1] 8. No triangle is formed. [4.1] 

9. C = 45°,a ~ 29,b ~ 35 [4.1] 10. A = 115°,a ~ 56,b ~ 26 [4.1] 11. ~ 360 square units [4.2] 12. ~ 31 square units [4.2] 

13. ~ 920 square units [4.2] 14. ~ 46 square units [4.2] 15. ~ 790 square units [4.2] 16. ~ 210 square units [4.2] 

17. ~ 170 square units [4.2] 18. ~ 140 square units [4.2] 19. a; =5, a. = 3,(5,3) [4.3] 20. a, = 1, a) = 6, (1, 6) [4.3] 


21. ~ 4.5, 153.4° [4.3] 22. ~ 6.7,333.4° [4.3] 23. ~ 3.6, 123.7° [4.3] 24. ~ 8.1, 240.3° [4.3] 25. (er 7) [4.3] 


89 
7V193 12/198 5V26. V26, 3V34, 5V34, 

26. ( ma? ae *) ta tee [43] 28. ag tae | j(43] 29. (-7,-3) [4.3] 30. (18, 7) [4.3] 

13 


17 47 
31. —6i — a) [4.3] 32. re = ra [4.3] 33. 420 mph [4.3] 34. ~ 7°[4.3] 35. 18 [4.3] 36. —21[43] 37. —9 [4.3] 


OVA ig i 27 


38. 20 [4.3] 39. ~ 86°[43] 40. ~ 138°[43]) 41. ~125°(43] 42. ~ 157°[4.3]) 43. 


[4.3] 
45. ~ 662 foot-pounds [4.3] 


Chapter 4 Quantitative Reasoning Exercises, page 330 


QR1. 2210 miles QR2. 289° QR3. 1620 miles OR4. 82° 


Chapter 4 Test, page 332 
1.B=94,a~48,b~51 [41] 2. ~ 11°41) 3. ~14[4.2) 4. ~ 48°[4.2) 5. ~ 39 square units [4.2] 6. ~ 93 square units [4.2] 


7. ~ 260 square units [4.2] 8. V13[4.3] 9. —9.193i — 7.713j [4.3] 10. —19i — 29j [4.3] 11. —1[43] 12. 103° [4.3] 
13. ~ 27 miles [4.2] 14. ~ 21 miles [4.1] 15. ~ $65,800 [4.2] 


Cumulative Review Exercises, page 332 


1. V74 units [1.2] 2. sinx + cos x [1.5] 3. sec(cos x) [1.5] 4. f(x) =2x + 6[16] 5. shifted 2 units to the right and 3 units up [1.4] 
6. 33 centimeters [2.2] 7. YA (25) 8. [26] 9. YA [2.7] 
i at 
7 \ 
—. £2 + 2% 
It t{ (2x * 2+ 
eal 


A22 Answers to Selected Exercises 


10. amplitude: 3; period: 67, phase shift: = [2.7] 11. amplitude: V2, period: 27, phase shift: a [2.7] 12. 9.5 centimeters [4.2] 


13. See [3.1] 14. 5 8 15. 135 16. 0,2, 72 a (36) 17. magnitude: 5; angle: 323.1° [4.3] 18. 60.3°[4.3] 19. 289.5° [4.3] 
20. ground speed: 592 mph, heading: 67.4° [4.3] 


Exercise Set 5.1, page 340 


1.99 3.71V2 5.44+9 7.54+7 9.8-3iV2 11.11-5i 13.-7+4i 15.8-5i 17. -10 19. -2+16i 21. —40 


7 2 
23. -10 25.191 27.20-10i 29.22-291 31.41 33.12-—5i 35. -1144+42iV2 37. -6i 39.3-6i 41. ee 
a3.1¢i 0 45; gg 242i 99.245) 51. -16-30' 53. -11-2) 55. -i 57.-1 59 -i 61. -1 
41 41 13 «13 
1 3 3 3 
63. z; =2+ 41,2,=6+ 7i,z3=10+10i, 65.2z,=1+i1,z 1+42; 1-i12,;=1-i, 67. 5) + N38; 69. 5) + 3; 
Zy = 14 4+ 13i7,z5 = 18 + 167 25 = 21,26 = Zz, Z7 = 23, Zg = Za 
71. >t =i 73. (x + 4i)(x — 4i) 75. (z + 5i)(z —5i) 77. (2x + 91)(2x — 91) 83. 0 
Prepare for This Section (5.2), page 343 
1 
PS1.1+3i PS2. a si PS3. 2-31 PS4.3+5i PS5.-> + Bi PS6. —3i, 3i 
Exercise Set 5.2, page 349 
1-7. Im 9. V2cis 315° 11. 2cis 330° 13. 3cis 90° = 15. 5cis 180° 17. 16 cis 120° 19. 4 cis 240° 
+ 2 V2 
+ Re 21. V2+iV2~ 23. v2 v2, 25. -3V2+3iV2 27.8 29. -V3+i 31. -3i 33. —4V2 + 4iV2 
2-v1e 4, 8-i 4 
a Tot 35. ONS = =i 37. ~ —0.832 + 1.8191 39. 6cis255° 41. 12cis335° 43. 10 cis 45. 24 cis 6.5 
r e3-5i A 
47. -4-4iV3 49. 33-551. _3V3 +2 53, ~ 2081 +4546) 55, ~2.732-0.732i 57. 6+0i=6 
: 2 2 
|-2 - 2i] =2V2 
Si ccs 1 V3, : : ; 3, V3. ‘ 2 24 42 
[V3 — i] =2 69. -—> +i 61.0-V2i=-V2i 63. 16-16) 65. -F +i 67. 59.0 + 43.01 69. ora’ +b 
|-2i| = 2 
3 — 5i] = V34 


Prepare for This Section (5.3), page 350 


PS1.i PS2.2 PS3.3 PS4. 2V2 cist PS5. -V3+i PS6. 1 


Exercise Set 5.3, page 354 
1. -128 —128'V3. 3. -16 + 161V3) 5S. «16/2 + 16's 7. 644+01=64 9.0-32i=-32i 11. -44+0i=—4 13. 1024 — 1024: 


15.0-li=-i 17. 34+0i=3 19. 2+0i=2 21. 080940588 23.1+0i=1 25. 1.070+0.213i 27. —0.276 + 1.563i 
-3+0i=-3 1+ iV3 —0.309 + 0.951i 1 iVv3 0.213 + 1.070i 1.216 — 1.020i 
-1+iV3 -1+0i=-1 _) - “2. —1.070 — 0.213: 1.492 — 0.5437 
2+ 0i 2 0.309 — 0.9511 1 iv3 0.213 — 1.070i 
-1-iv3 0.809 — 0.588: “5D 
1-iV3 
29. 2V24+2iV6 31. 2cis 60° 33. cis 67.5° 35. 3cis 0° 37. 3cis 45° 39. W/2 cis 75° 41. V/2 cis 80° 
~2V2 — 2i1V6 2 cis 180° cis 157.5° 3 cis 120° 3 cis 135° W/2 cis 165° V/2 cis 200° 
2 cis 300° cis 247.5° 3 cis 240° 3 cis 225° W/2 cis 255° V/2 cis 320° 
cis 337.5° 3 cis 315° W2 cis 345° 


47. For n = 2, the sum of the nth roots of 1 is 0. 


Answers to Selected Exercises A23 


Chapter 5 Assessing Concepts, page 358 


1. True 2. True 3. True 4. False 5. The four roots are equally spaced around a circle with center (0,0) and radius1. 6.1 7.5 
8. No 9. -3+5i 10. 2 


Chapter 5 Review Exercises, page 358 
1.3-8,3+8i[51] 2.6+2i,6—-—2i[51] 3. -2+iV5,-2-iV5[51] 4 —-5 — 3iV3,-5 4+ 3'V3 [5.1] 5. -4[51] 6. 9 [5.1] 


7.54 2i[51] 8-34 4i[51] 9. -34 37 [5.1] 10. —5 — 157 [5.1] 11. 25-—197[5.1] 12. 29 — 2i[5.1] 13. - = i [5.1] 


14. = + ai [5.1] 15. -2-27(5.1] 16.2-11i[51) 17.64 61151] 18. -5—6i[51) 19. 7[5.1) 20. 11 + 7V5 [5.1] 


21. = [5.1] 22. i(51] 23.1151) 24. -1[5.1) 25. 8[5.1] 26. V13 [5.1] 27. V41 [5.1] 28. V2[5.1] 29. 2V2 cis 315° [5.2] 

30. 2cis 150° [5.2] 31. ~ V13cis 146.3° [5.2] 32. V/17 cis 345.96° [5.2] 33. az - v2, ~ 3.536 — 3.5361 [5.2] 34. —3 — 3iV3 [5.2] 
35. ~ —0.832 + 1.8191 [5.2] 36. —1.27 + 2.72: [5.2] 37. 0 — 30i= —30i [5.2] 38. -5V2 —5iV2[52] 39. ~ —8.918 + 8.030% [5.2] 
40. ~ —0.968 + 3.8811 [5.2] 41. ~ —6.012 — 13.7421 [5.2] 42. ~ 13.2 + 27.01 [5.2] 43. 3cis(—100°) [5.2] 44. 3 cis 110° [5.2] 

45. 5 cis (—59°) [5.2] 46. V2cis(—50°) [5.2] 47. > cis 1.9 [5.2] 48. cis (4) [5.2] 49. eve 28V2, =~ —171.827 — 171.827: [5.3] 


50. —1[5.3] 51. 64 — 64V3i ~ 64 — 110.8517 [5.3] 52. 32,7681 [5.3] 53. —16V2 + 1612 ~ —22.627 + 22.6273 [5.3] 

54. —237 + 3116: [5.3] 55. 3cis 30°, 3 cis 150°, 3 cis 270° [5.3] 56. W/8 cis 22.5°, V8 cis 112.5°, V/8 cis 202.5°, V8 cis 292.5° [5.3] 
57. 4 cis 0°, 4 cis 90°, 4 cis 180°, 4 cis 270° [5.3] 58. 2 cis 45°, 2 cis 117°, 2 cis 189°, 2 cis 261°, 2 cis 333° [5.3] 

59. 3 cis 0°, 3 cis 90°, 3 cis 180°, 3 cis 270° [5.3] 60. 5 cis 60°, 5 cis 180°, 5 cis 300° [5.3] 


Chapter 5 Quantitative Reasoning Exercises, page 359 


QOR1. 2 QR2. —0.25 + 0.25i, -1 + 0.11, and 0.1 + 0.2i 
QR3. —2 is an element of the Mandelbrot set because all of its iterates equal 2. 
Tm-axis——~ OR4. The first iterate of 2i is z, = —4 + 2i. 2i is not an element of the Mandelbrot set because 
|-4 + 2i| > 2. 


ORS. (Z7+S)—>Z 
QR6. Answers will vary. 


Chapter 5 Test, page 360 


1.64 3i[5.1] 2. 3iV2(51] 3.10-i[51) 4. -9+97[51] 5. -6[51]) 6. -i[51] 7.5+4+16i[5.1) 8. 3-547 [5.1] 


9. 16+ 30i[5.1] 10. —5 —4i [5.1] 11. = - = [5.1] 12.24 4i[5.1] 13. V34[51] 14. 3V2cis 315° [5.2] 15. 6 cis 270° [5.2] 
16. —2 + 2iV3 [52] 17. 2 - SN [5.2] 18. 6V2+ 6iV2[52] 19. ~ —11.472 + 16.383: [5.2] 20. —4[52) 21. —6i [5.2] 


22. 16,777,216 [5.3] 23. 2 cis 0°, 2 cis 60°, 2 cis 120°, 2 cis 180°, 2 cis 240°, 2 cis 300° [5.3] 24. W/2 cis 40°, W/2 cis 160°, W/2 cis 280° [5.3] 
25. 2 cis 36°, 2 cis 108°, 2 cis 180°, 2 cis 252°, 2 cis 324° [5.3] 
Cumulative Review Exercises, page 361 


1. [-2,3] [1.1] 2. All real numbers except —2 and 2 [1.3] 3. —2[1.3] 4 (feg)(x) = sin(x?-—1) [15] 5. = (16) 6. 270° [2.1] 
7. ~25 centimeters [2.2] 8. a=-1,b=1[24] 9. Ys [2.5] 10. [2.6] 


—44 


11. See [3.1] 12. —sinx [3.2] 13. 32 14, = [85] 15. 0, " 7 = B88 16. ~170 centimeters [4.2] 17. 64.7° [4.3] 
3. 3V3.3 3V3 
18. 1449 foot-pounds [43] 19. 2V2cis 45° 15.2] 20. -3,5 4 V5, M5; 5.3] 


A24 Answers to Selected Exercises 


Exercise Set 6.1, page 370 


lai bei civ dii 


3. vertex: (0, 0) 5. vertex: (0, 0) 7. vertex: (2, —3) 9. vertex: (2, —4) 11. vertex: (—4, 1) 
a 7 
focus: (0, —1) focus: (3. 0) focus: (2, —1) focus: (1, —4) focus: (-Z. i) 
directrix: y = 1 directrix: x = “is directrix: y = —5 directrix: x = 3 directrix: x = _ 
yh ya 
2+ i 
2) x 
7 3 3 13 
13. vertex: (2, 2) 15. vertex: (—4, —10) 17. vertex: ais 19. vertex: (—5, —3) 21. vertex: “3D 
o 39 3 9 3 1 
fe 2 [| 2,— fe :[ —4, —— Pal acy roe SO ee 5 (iene tre 
ocus: ( 7 *} ocus ( 4, ri ) focus ( 2, 3) focus ( D/ 3) focus ( 23 ) 
41 
directrix: y = es directrix: y = — ra directrix: x = = directrix: x = — + directrix: y = mn 
yh y 
3+ 2 
I 2 * 
+> 
“4 ses 
5: 9 1 j > 
23. vertex: | 2, “7 25. vertex: 2° —1 27. vertex: Lo 29. x°=-l6y 31. (x+ 1) =4(y — 2) 
3 35 31 
f :| 2.5 —— fe at (eet | : — 
ocus ( . 3) ocus ( B! ) focus (. 36 
7 37 23 
directrix: y = — ry directrix: x = rs directrix: y = — 36 
y YA 
8 44 


4 a 
=o + 


4 * + 


3240 
33. (x — 3) =4(y +4) 35. (x + 4)? =4(y-1) 37. vertex: (250, 20), focus: (22, 20) 39. on axis of symmetry 4 feet 


above vertex 41. 6.0inches 43. a. 5900 square feet b. 56,800 square feet 45. a = 1.5 inches 


2 
47. a. (2) (y — 32) =x* b. 117 millimeters 49.4 51. 4|p| 53. 


Answers to Selected Exercises A25 


57. x? + y* — 8x — 8y — 2xy = 0 


Prepare for This Section (6.2), page 374 
PS1. midpoint: (2,3); length:2V13  PS2. -8,2. PS3.1+ V3 PS4. x?- 8x+16=(x-4) PSB. y= +V4— (x — 27 
yA 


PS6. 


Exercise Set 6.2, page 385 


laiv boi cii d. iii 


3. center: (0, 0) 5. center: (0,0) 7. center: (0,0) 9. center: (0, 0) 
vertices: (0,5), (0, —5) vertices: (3, 0), (—3, 0) vertices: (3, 0), (—3, 0) vertices: (0, 4), (0, —4) 
foci: (0, 3), (0, —3) foci: (V5, 0), (—V5, 0) foci: (V2, 0), (-V2, 0) foci: (0 =), (0 - a] 

y y 
6 3 
A, = = 
-3 
11. center: (3, —2) 13. center: (—2, 0) 15. center: (1,3) 
vertices: (8, —2), (—2, —2) vertices: (—2, 5), (—2, —5) vertices: (1 + V21, 3), (1 — V21,3) 
foci: (6, —2), (0, 2) foci: (—2, 4), (—2, —4) foci: (1 + V17,3),(1 — V17,3) 
y YA vA 
2 4 
PN : 
‘ie 
-6 24 * 
-2 D 4k 
-8 = 
17. center: (1, —1) 19. center: (0, 0) 21. center: (0, 0) 
vertices: (1, 2), (1, —4) vertices: (2, 0), (—2, 0) vertices: (0,5), (0, —5) 
V 65 V 65 
foci: (1 14 3 ), (1 4. 3 ) foci: (1, 0), (—1, 0) foci: (0, 3), (0, —3) 
y YA 
6 as 


A26 Answers to Selected Exercises 


23. center: (0,0) 25. center: (3, 4) 27. center: (2, —3) 
vertices: (0, 4), (0, —4) vertices: (3, 6), (3, 2) vertices: (—1, —3), (5, —3) 
foci: (0 2), (0 2) foci: (3,4 + V3), (3,4 - V3) foci: (0, -3), (4, -3) 
YA YA YA 
| ot 
| Bene e: 
eee 
2 4% 
29. center: (2, 0) 31. center: (—1, 1) 33. center: (3, —1) 
: ‘ . 11 1 
vertices: (2, 4), (2, —4) vertices: (—1, 6), (—1, —4) vertices: (4. -1), (z. -1) 
Wi17 V17 
foci: (2, V7), (2, -V7) foci: (-1, 4), (—1, —2) foci: (s Pa 1) (3 = i) 
y yh Ya 
4 6 


t > 
CO 
x 
. 4 * =-2+ 


(x-2P | (y-4y 


2 2 2 2: 2 2 + 2: _ 2 
oo Bee eat See eS en, ay 


25 «9 "36 16 oes 81/8 16 7 oe 25/24 25 : 
45. a yt 1 a7 + Fai a9. 2+ - 51. aes yr 1 Ce ae 
55. on the major axis of the ellipse, 41 centimeters from the emitter 57. a + —— =1 59. 40 feet 
Geir 
61. —-+ oy =1 63. 24feet 65. a. V7 feet to the right and left of O. _b. 8 feet 
67. y —36 + V1296 _ oe — 108) 69. y —18 + V324 — soe + 24x + 44) aa, 7 v = ‘9a. (x 1 re fie 2/7 
6.2 2 75. ; 
9.4 94 4 0.7 
© 
-6.2 2 


Prepare for This Section (6.3), page 390 
PS1. midpoint: (1, —1); length: 2V13_ PS2. -4,2.  PS3. V2 PS4. 4(x? + 6x +: 9) =4(x +3)? PSS. y= +3 Ve—4 


Answers to Selected Exercises A27 


Exercise Set 6.3 page 399 


1.a.iii biti cai 
3. center: (0, 0) 


d. iv 


5. center: (0, 0) 7. center: (0, 0) 9. center: (0, 0) 


vertices: (+4, 0) vertices: (0, +2) vertices: (+V7, 0) vertices: (= 


Ne 


foci: (+41, 0) foci: (0, +V29) foci: (+4, 0) 


asymptotes: y = a Bi asymptotes: y = ee asymptotes: y = =—9 = asymptotes: y = aa 
YA YA YA 
4 + 
27 aE 
> ++ > 
| 2 * 6 * 4x A + 4x 
—4+ 


11. center: (3, —4) 
vertices: (7, —4), (—1, —4) 
foci: (8, —4), (—2, —4) 


13. center: (1, —2) 
vertices: (1, 0), (1, —4) 
foci: (1, -2 + 2V5) 


1 
asymptotes: y + 2 = +76 —1) 


15. center: (—2, 0) 
vertices: (1, 0), (—5, 0) 
foci: (—2 + V34, 0) 

3 5 

asymptotes: y + 4 = = (x= '3) asymptotes: y = a (x + 2) 

yA y 

4+ 


17. center: (1, —1) 


19. center: (0, 0) 


7 1 
tices: | —,-1],(-—,-1 
vertices. (2 ).( 3 ) 


vertices: (+3, 0) 


21. center: (0,0) 


vertices: (0, +3) 


23. center: (0,0) 


vertices: | 0, + 


3 
V97 
foci: (: Be ae -1) foci: (+3V2, 0) foci: (0, +5) foci: (0 +) 
asymptotes: y + 1 = +l -1) asymptotes: y = +x asymptotes: y = +x asymptotes: y = +2x 
Y YR YA Ya 
' ei \i/ 
als 6 * t+ 

-4 ae 


A28 


Answers to Selected Exercises 


ae + 4(4x?2 + 32x 4 
25. center: (3, 4) 27. center: (—2, —1) 29. y cess sc eee) 
vertices: (3, 6), (3, 2) vertices: (—2, 2), (—2, —4) 
foci: (3,4 + 2V2) foci: (—2, -1 + V13) 4 
asymptotes: y — 4 = +(x — 3) asymptotes: y + 1 = ae +2) 
YA yh 
v4 -8.75 3 
al SS 
a 8 7 4* =5 
a VAN 
64 + V4096 + 64(9x? — 36x + 116) 18 + V/324 + 36(4x? + 8x — 6) ro yo x 
‘ls : js =1 7. —-—>=1 
iat = aay 18 ae 7 ae ae 
6 6 
-3.75 —— 8 6.75 5 
28, -8 
2 2 2 2 2 2 2 2 2 
yo x yx (x- 4) (y—3) (x— 4)" (y +2) (y= 2y = 7) 
a 9 36/7 a 16 64 ie 4 5 hae 144/41 = 225/41 si 3 12 Y 
(y= 7" (x= 1/P a a (x- 4? (y-1/ (y-1% (@-4/ x? y 
a7 3 1 Se ie oe 36/7 4 pend 36/7 4 L398. Oia as 13,462.75 
2 2 
b. 221 miles 87. y° — x*= 10,000", hyperbola §9. a. 5 — = =1  b. 6.25 inches 
: x? y 
61. ellipse 63. parabola 65. parabola 67. ellipse 69. ce oe 
Ya y 
ral 10 
4 x —2 6 * 
-8 
y? x? 
71. —=-—>=1 73. 
9 7 2 


Prepare for This Section (6.4), page 403 


PS1. cosa cos B — sina sin B 


PS6. 


PS2. sinacosB + cosasinB  PS3. a PS4. 150° PSS. hyperbola 


Answers to Selected Exercises A29 


Exercise Set 6.4, page 410 


1\2 1y\2 W\2 1y\2 
1.45° 3.369° «5. 735° 7..225° 9, 450, =) _ (yy _ a Ww) 


13. 26.6° 


8 8 1/2 1/3 


15. 30°, y' =(x/ +4 17. 36.9°, (y'? = 2(x' — 2) 19. 36.9°, 15(x’)? — 10(y')? + 6x’ + 28y’ + 11 =0 


21. 6 65 
4 94 
-47 ; : + 
27. y N3A2N2, and y = SB a BN 9 (. B) and ( = e) 31. hyperbola 33. parabola 35. parabola 


37. hyperbola 39. ellipse 43. 9x° — 4xy + 6y? = 100 


Prepare for This Section (6.5), page 412 


PS1. odd PS2. even’ PS3. 2,2 PS4. 240° PS5. 7? PS6. (4.2, 2.6) 


Exercise Set 6.5, page 423 


A30 Answers to Selected Exercises 


27. 4 0sé0s7 29. 4 0s<0S7_ 31. 6 0<0<7 
-6)—4 fe 6 6 6 -9 | 14/9 
-4 -4 -6 
33. 4 050547 35. 8 0=0=67 37. 48 050527 
-6 {4 Me 6 -12 12 -72 i 
-4 -8 -48 
3. 3V3 
39. 10 0s0S52n 41. (2,-60°) 43. (3. 28) 45. (0,0) 47. (5,53.1°) 49. x° + y?- 3x =0 
=10 
2 2 V3 4 2 2, 2 2 T 
51.x=3 53. x°+ y* = 16 Y=, * 57. x¢-— yr t+ xy? =0 59. yy? +4x-4=0 61. y=2x+6 63. r=2cscO t= 
67.r=3sec@ 69.r=2 71. rcos?@=8sin@ 73. r°(cos20)=25 75. 2 77. 2 
-4 4 -2 hey 
3 = 
79 : 81 2 85. 2 87 10 
=f. 4 
“3 si -15 15 
-4 4 
2 -4 2 = 
0057 050527 
89. S 91. = 93. a. - b. = 
-30 30 =5 5 -5 5 
-3 3 
-1 20 -4 4 


47 50540 —30 = 0 = 30 0=60=57 0=6 5207 


Answers to Selected Exercises A31 


Prepare for This Section (6.6), page 426 


PS1. 2 PS2.x=—-1 PS3. y= PS4. — PS5.c>1 PS6 


1 — 2x "2-cosx 
Exercise Set 6.6, page 431 


1. hyperbola 3. ellipse 5. parabola 9. ellipse with holes at 


11. ellipse with holes at (2,0) and (2,7) 13. parabola 15. 3x7 — y> + 16x + 16=0 17. 16x? + 7? + 48y — 64 =0 


2 2 8 6 


19. x°-6y-9=0 21. 23. 25. 27. 29. r= 
. Y 7 1—2cos6 ‘ 1+ siné e 3 —2sin0 2+3cosé : 1—cos@ 
31.r=——>___ 33 — 35 — 37 7 
. 1-2sine : | , , 
-94 119.4 -94 119.4 
—9.4)14 119.4 
62 3.2 -6.2 
Rotate the graph in Exercise 1 Rotate the graph in Exercise 3 Rotate the graph in Exercise 5 
._ 0 . counterclockwise 7 radians. 0 . 
counterclockwise 7 radian. clockwise 7 radian. 
39. ee 41. 4 43. as 45. 
-144 riil44 -3 4 = 5 
5} 5 
~6.2 =4 -2 


Rotate the graph in Exercise 7 
clockwise 7 radians. 


Prepare for This Section (6.7), page 432 


2 
PS1. y? + 3y 4 - (v *) PS2. y=4t?+4t+1  PS3. ellipse PS4.1 PS5. (6,—2) PS6. domain: (—%, %); 
range: [—3, 3] 


A32 Answers to Selected Exercises 


Exercise Set 6.7, page 440 


3. 7. y 
4 
+ ~ pe \ t - 
11. x°-y?-1=0 13. y= —2x +7 vA 
x21 x<=2 a 
+ 2,3 
yER y23 a ee 
A 2 x 
19. The point traces the top half of the ellipse 21. The point traces a line segment, 
(x- 2) , (y- 3) 1 i . yt as shown in the figure. The point yt 
ze peSisnowsdm 4 starts at (—1, 1) and moves along the P i (5, 4) 
the figure. The point starts at (5, 3) and ilk line segment until it reaches [ 
moves counterclockwise along the ellipse — (-1,3) 9 f (5, 3) the point (5, 4) at time t = 3. (1,1) 2] 
until it reaches the point (—1, 3) at time f = 7. + ’ < 
2 | 2 4 + «6* 2° [°2 4° 6% 
23. The point traces a portion of the top 25. Cy = —2x + 5,x22;Cxy = —-2x+5,xER. 
branch of the hyperbola y? — x? = 1, Yt C, is a line. C;, is a ray. 
as shown in the figure. The point + 
-1,¥2 1, v2 
starts at (1, V2) and moves along Pla G92) 
the hyperbola until it reaches (0, 1) 
the point (—1, V2) at time t = — "4 1 x 
27. YA Ya 29. 2 31.a. x =6,y = 60t, fort=0  b. the Hummer 
2 iN 2+ 
Be aera ee wi: 
fo<tsa2 Ch eee “i 45n 
=1 
33. 35. 70 37. 5 
7 7 
0 . 1500 0 3500 
0 0 -5 
Max height (nearest foot) of 462 feet Max height (nearest foot) of 694 feet 
is attained when ¢ ~ 5.38 seconds. is attained when t ~ 6.59 seconds. 
Range (nearest foot) of 1295 feet is Range (nearest foot) of 3084 feet is 


attained when t ~ 10.75 seconds. attained when t ~ 13.17 seconds. 


Answers to Selected Exercises A33 


b- 
39. 2 43. x=acos@+a0sin@d 45.x=(b n)c0s 0+ aos 0) 


y = asin 0 — acos 0 


: _[b-a 
5 5 y =(b—a)sin@ asin( ‘ s) 


Chapter 6 Assessing Concepts, page 445 
1d 2b Be 4c 5a 6f 2g Bi Bh 0.j 1k 12k 


Chapter 6 Review Exercises, page 446 


1. center: (0, 0) 2. vertex: (0, 0) 3. center: (3, —1) 4. center: (—2, —3) 
vertices: (+2, 0) focus: (4, 0) vertices: (—1, —1), (7, —1) vertices: (0, —3), (—4, —3) 
foci: (+22, 0) directrix: x = —4 foci: (3 + 2V3, -1) foci: (—2 + V7, -3) 


asymptotes: y = +x 
asymptotes: y + 3 = M3, + 2) 


yA [6.3] y [6.1] [6.2] [6.3] 
A+ 8 
db 4 7 
x 
L \4 * 
5. vertex: (—2, 1) 6. vertex: (3, 1) 7. center: (—2, 1) 8. center: (2, —1) 
2! 21 
focus: (-2. 1) focus: gt 1 vertices: (—2, —2), (—2, 4) vertices: (7, —1), (—3, —1) 
: . 35 : . 27 . . 
directrix: x = —T6 directrix: x = = foci: (-2, 1+ V5) foci: (8, —1), (—4, —1) 
Vi1i1 
asymptotes: y + 1 = + — 2) 
VA [6.1] [6.1] vA [6.2] [6.3] 
2 1 7 

9. center: (1 2) 10. center: (2 ;) 11. vertex: (-4. =I. 12. vertex: (3, 2) 
5 tices: | 2 ES —6 = f es -3 fe :(3 ud 

vertices: | 2, > J, > ocus: 5° ocus: | 3, 7 

1 
foci: (- + V7, +) directrix: y = 1 directrix: y = os 
[6.2] vA [6.1] [6.1] 
-4 T 


A34 Answers to Selected Exercises 


(x= 2) | (y ~ 3) (x= 1P _ (y= 1p G42" (y= 2) 


F : . : f is +37 = = ; 
13 5 16 1(6.2) 14 9 7 1(6.3) 15; Z 5 1[6.3] 16. (y + 3) 8(x — 4) [6.1] 
3(y + 2) (x +2"? (y+ 1)? ro 
2 \ 2 n pi oe = = 72 
17. x 5 or (y + 2)° = 12x [6.1] 18. 9 + 5 1([6.2] 19. 36 4/9 1([63) 20. y=(@ — 1)° [6.1] 
21. (x')? + 2(y'P — 4 =0, ellipse [6.4] 22. 6(x') 4 MO t oN 12 = 0, parabola [6.4] 23. (x’)’ — 4y’ + 8 = 0, parabola [6.4] 


1 1 
24. 5’? rues V2x' -1=0, hyperbola [6.4] 25. 


33. [6.5] 34. [6.5] 35. rsin?@=16cosé [6.5] 36. r+4cosd+3sin0=0[6.5] 37. 3rcosé —2rsiné = 6 [6.5] 


38. r’?sin20=8 [6.5] 39. y°=8x+16[65) 40.x7?-3x+y+4y=0[65) 41. x°+y' + 2x°y?- 2x? +y?=0([65] 


42. y = (tan 1)x [6.5] 43. [6.6] 45. [6.6] 46. mm [6.6] 
8+ 
-8 @ 8 x 
-8+ 
x? y 7 x2 y 7 
49. 1 + rie 1 [6.7] 50. 1 16 1 [6.7] 
YA y 
+ 4 
x =p ax 
52. (x — 1% + (y—-2=1[67] 53. y=2™,x = 016.7] 54. 7 [6.7] 
Ya Ys 
sa + 
‘s) 2+ 
-4 - 4* ++ [>= ~ 
+ 4 2 x ) +1200 
_4l -1 


Answers to Selected Exercises A35 


55. 15 [6.4] 56. 3.1 [6.5] 57. 300 [6.7] 


0 L L 2 2000 
15 -3.1 0 


Max. height (nearest foot) of 278 feet 
is attained when t ~ 4.17 seconds. 


Chapter 6 Quantitative Reasoning Exercises, page 447 


QR1. They appear to be the same. QR2. They appear tobe the same. QR3. 5.2 units 


Chapter 6 Test, page 449 


2 a 
[6.2] 3. vertices: (3,4), (3,-6) 4.7 +¥*t) 1062) 5 


1. vertex: (0, 0) 2. mG 9 : Ya [6.3] 
focus: (0, 2) foci: (3, 3), (3, —5) [6.2] T 
directrix: y = —2 [6.1] 4t 
eet 
4+ 4 * 


6. vertices: (6, 0), (—6, 0) 7: vA [6.3] 8. 73.15° [6.4] 9. ellipse [6.4] 10. P(2,300°) [6.5] 
foci: (—10, 0), (10, 0) { 
ax ae 
asymptotes: y = + — [6.3] Rd ee 
3 “3 tog x 


5 5V3 
11. [6.5] 14. (= a Jos 
1 2 _ 2y 
15. y — 8x-16=0[6.5] 16. x? + 8y —16=0[66) 17. (x + 3y = oY [6.7] 18. a + wo =1[6.7] 
yh 
6+ 
Hoes PT 
=3 -3 
26 -6 


A36 Answers to Selected Exercises 


19. 5 [6.7] 20. 443 feet [6.7] 


-1 24m 


Xscl = 27 
Cumulative Review Exercises, page 450 


1.-2+V10([1.1] 2. origin[14] 3. (ge f)(x)=3sinx-—2[15] 4, 2 5. 1 mph(2.1] 6. tan(t) = —V3 [2.4] 


2V6 5 
a [3.5] 13. B [3.6] 


14. 298 feet [4.1] 15. 38° [4.2] 16. —24.6i + 17.2j [4.3] 17. No.v-w=140([43] 18. 4 as(22) [5.2] 


1 
7. 19 centimeters [2.2] 8. amplitude: a period: 6 [2.5] 9. 3[2.6] 10. See [3.1]. 11. 3 [3.2] 12. 


(6.5) 20. y=x? + 2x + 2 [6.7] 


Exercise Set 7.1, page 461 


1. f(0) =1;f(4) =81 3. g(-2) == 


15. a. k(x) ob. g(x) oc. h(x) d. f(x) 


1 
7. (-2)= 4 j(4)=7E 9.9.19 11. 9.08 13. 9.74 


8 
27 


7@(3) = 1000 5. (2) =; 3) 


17. 21. 


—2 2 x 


25. Shift the graph of f vertically upward 2 units. 27. Shift the graph of f horizontally to the right 2 units. 

29. Reflect the graph of f across the y-axis. 31. Stretch the graph of f vertically away from the x-axis by a factor of 2. 

33. Reflect the graph of f across the y-axis and then shift this graph vertically upward 2 units. 35. Shift the graph of f horizontally to the right 4 
units and then reflect this graph across the x-axis. 37. Reflect the graph of f across the y-axis and then shift this graph vertically upward 3 units. 
39. no horizontal asymptote a 41. no horizontal asymptote ° 


-3 13, 


Answers to Selected Exercises A37 


43. horizontal asymptote: y = 0 45. horizontal asymptote: y = 10 12 


-1 8 


0 12 
-14 0 


47. a. 442 million connections b. 2008 49. a. 233 items per month; 59 items per month —_b. The demand will approach 25 items per month. 
51. a. 6400 bacteria; 409,600 bacteria b. 11.6hours 53. a. 69.2% b. 7.6 55. a. 363 beneficiaries; 88,572 beneficiaries 
b. 13 rounds 57. a. 141°F _ b. after 28.3 minutes 59. a. 261.63 vibrations per second __b. No. The function f(7) is not a linear function. 
Therefore, the graph of f(1) does not increase at a constant rate. 63. y fare 65. (-~,%) 67. [0,%) 

7 


ra 


yax / 
i¢ 
# 


69. Let f(x) = e*and g(x) = 2x — 5. Then h(x) = e** = f[2x — 5] = fl e(x)] = (fe g)(x). 


Prepare for This Section (7.2), page 467 


3x 


PS1.4 PS2.3 PS3.5 PS4. f(x) = a 


PS5. {x|x = 2}  PS6. the set of all positive real numbers 


Exercise Set 7.2, page 476 


1 
1.10'=10 3.8=64 5. 7=x Te=x 9c =1 11.10°=3x+1 13. log,9 =2 18. logs = —2 17. logy y = x 


2 Al 

19. Iny=x 21. log100=2 23.2=In(x+5) 25.2 27.-5 29.3 31. -2 33. -4 35.12 37.8 39. = a. 2 
43. ¥ 
2 


49. Yh 51. (3,%) 53. (—%,11) 55. (—%, —2) U (2,%) 57. (4,0) 59. (—1,0) U (1,%) 61. (4 ~) 


A38 Answers to Selected Exercises 


5 
71. it 73. a. k(x) ob. f(x) ©. g(x) di h(x) 75. rT 
oo 0 94 
5 10% 
-5 
Tie 2 79, 95 81. 15 
Yi=abslIn(X)) 'Yi=log(X"(1/3)) Yi=log(X+10) 
0 10 
-12 12 
0 94 
-0.5 -0.5 -0.5 
83. 5 85. a. 2.0% b. 45 months 87. a. 3298 units; 3418 units; 3490 units  b. 2750 units 


Yi=3log(abs(2X+10)) 


14.4 44 


-2 
89. 2.05 square meters 91. a. Answers willvary. hb. 96 digits c. 3385digits d. 6,320,430 digits 93. f and g are inverse functions. 
95. range of f: {y|—1 < y < 1}; range of g: all real numbers 


Prepare for This Section (7.3), page 480 


PS1. ~ 0.77815 for each expression PS2. ~ 0.98083 for each expression PS3. ~ 1.80618 for each expression 
PS4. ~ 3.21888 for each expression PS5. ~ 1.60944 for each expression PS6. ~ 0.90309 for each expression 


Exercise Set 7.3, page 489 


1 1 1 
1. log,x + log, y + log,z 3. Inx — 4Inz 5. | logax — 3logey 7. 5 logrx + | logrz 2log;y 9.2+Inz 


11. % log, 2 — 2 ~ 3 log.z 13. 5 log x + > log 2 15. ZInzes 17. logix’*(x + 5)] 19. In(x + y) 
2 4 Ky 3 
21. loglx?- Wy(x +1)] 23. log (*) 25. log, (4) 27. in| a4] 29. In [oes] 31. In eS] 


x+2 x(x? — 3) ¥=3 

33. 1.5395 35. 0.8672 37. —0.6131 39. 0.6447 41. 8.1749 43. 0.8735 

3 4 4 
= Yi=(log(X})/(log(4)) a Yi=(log(X-3))/(log(8)) = Yi= (log ((X-3)@})/(log(3)) 

-1 | . 84 
-1 a: 84 -1 84 

=3 —2 =2 

51. 2 53. False; log 10 + log 10 = 2 but log(10 + 10) =log20 #2. 55. True 


Yi="log(abs(X-e2))/log(5) 


Answers to Selected Exercises A39 


log 100 2 
= — = 2 but log 100 — log 10 = 1. 
log 10 1 but log 100 — log 


57. False; log 100 — log 10 = 1 but log(100 — 10) = log 90 #1. 59. False; 


61. False; (log 10)* = 1 but2log10=2. 63.2 65. 500% 67. 1:870,551; 1:757,858; 1:659,754; 1:574,349; 1:500,000 69. 10.4; base 
71. 3.16 x 10° mole per liter 73. a. 82.0 decibels b. 40.3 decibels ¢. 115.0 decibels d. 152.0 decibels 75. 10 times as great 
77.5 79. 10°°Iy or about 3,162,277.7, 81. 100to1 83. 10'*tolorabout63to1 85.55 89.a.M~6 b.M~4_ ce. There- 
sults are close to the magnitudes produced by using the amplitude-time-difference formula. 


Prepare for This Section (7.4), page 494 


4a 3 100(A — 1) 
: = 5t= .log,b=x+2 PS4. x= PS5.x=— PS6. x = ———_— 
PS1. log,;729=6 PS2. 5'=625  PS3. log, x S4. x Wa oe S5. x rT S6. x Aa 
Exercise Set 7.4, page 501 
3 6 log 70 log 120 log 315 — 3 In2 — In3 3 log 2 — log5 
-> &-=> 7. : : 13. 15.In10 17, ————— . 88 
ne 4 2 2 5 ies: “3 log 5 log 3 2 2 0 In6 2 log 2 + log 5 
1 
21.7 23.4 25.2+2V2 27. oe 29.-1 31.3 33.10 35.2 37. nosolution 39.5 41. log(20 + V401) 


43. Fios() 45. In(15+4V14) 47. In(1+ V65)—In8 49.161 51. 0.96 53.220 55. -193 57. —1.34 


59. a. 8500, 10,285 b. in6éyears 61. a. 60°F b. 27 minutes 63. 3.7 years 65. 6.9 months 
67. 6.67 seconds and 10.83 seconds 


69. a. 120 b. 48 hours 
c. P = 100 
d. As the number of hours of training increases, the test scores approach 100%. 


Percent score 


Hours of training 


71. a, 1200 b. in 27 years, or the year 2026 ¢.B=1000 d. As the number of years increases, the bison pop- 
5 ulation approaches, but never reaches or exceeds, 
a 1000. 
‘6 
a 
5 
Z 
0 100 
0 
Years 
73. a, 730 b. 78 years 6. 1.9% 75. a. 1.72seconds b.v=100_ ¢. The object cannot fall faster than 


100 feet per second. 


Years 


0 


Percent (written as a decimal) 
increase in consumption 


77. 138 withdrawals 79. The second step. Because log 0.5 < 0, the inequality sign must be reversed. 81. x = 4 83. eo = 1.4 


A40 Answers to Selected Exercises 


Prepare for This Section (7.5), page 506 
PS1. 1220.39 PS2. 824.96 PS3. —0.0495 PS4. 1340 PS5. 0.025 PS6. 12.8 


Exercise Set 7.5, page 516 
1. a. 2200 bacteria b. 17,600 bacteria 3. a. N(t) ~ 22,6000" , 27,700 5. N(t) ~ 362,300 e%°"7”, 402,600 


t b. 3.18 micrograms c¢. ~15.07hours d. ~30.14hours 9. ~6601 years ago 


Micrograms of Na 
PN BO FD 


30 60 90 # 
Time (in hours) 


11. ~2378 years old 13. a. $9724.05 bb. $11,256.80 15. a. $48,885.72  b. $49,282.20  c. $49,283.30 17. $24,730.82 19. 8.8 years 
In 
21. t= -~ 23. 14years 25. a. 1900 b. 0.16 c¢. 200 27. a. 157,500 b. 0.04 c. 45,000 29. a. 2400 b. 0.12 c. 300 


1 1600 
a 33. P(t) ~ ee 35. a. $158,000, $163,000 b. $625,000 37. a. P(t) ~ 


31. P(t) = 1 + 4.555560 022302 T + 4.12821 ¢-0051981 


8500 
b. 497 wolves 39. a. P(t) ~ Tt 4.666670 oa 


45. 3.l years 47. a. ?} b. 0.98second c¢.v=32_ d. As time increases, the velocity approaches, but 
never reaches or exceeds, 32 feet per second. 


b. 2016 41. a. 0.056 b. 42°F c. after54 minutes 43. a. 211 hours — b. 1386 hours 


12 3 4 # 

b. 2.5seconds c. ~24.56 feet persecond d. The average speed of the object was approximately 
24.56 feet per second during the period from t = 1 
to t = 2 seconds. 


49. a. 


51. 45hours 53. a. 0.71 gram b. 0.96 gram c. 0.52 gram 55. 2.91% 


Prepare for This Section (7.6), page 521 
PS1. decreasing PS2. decreasing PS3. 36 PS4. 840 PS5. 15.8 PS6. P=55 


Exercise Set 7.6, page 529 


1. increasing exponential function 3. decreasing exponential function; 5. decreasing logarithmic function 
decreasing logarithmic function 


32 3.2 


Answers to Selected Exercises A41 


7. y ~ 0.99628(1.20052)*; r ~ 0.85705 9. y ~ 1.81505(0.51979)"; r ~ —0.99978 11. y ~ 4.89060 — 1.35073 In x; r ~ —0.99921 
235.58598 2098.68307 

13. y ~ 14.05858 + 1.76393 In x; r ~ 0.99983 15. y ~ TF 19018800050 17. y~ TF 1197949000008 
19. a. LinReg: P ~ 0.22129t + 3.99190, r ~ 0.99288; ExpReg: P ~ 4.05326(1.04460)', r = 0.99412 hb. the exponential model ¢. $8.15 
21. a. T ~ 0.06273(1.07078)" b. 5.3hours 23. a. T ~ 0.07881(1.07259) b. 7.5 hours; 2.2 hours 25. An increasing logarithmic model 
provides a better fit because of the concave-downward nature of the graph. 27. a. p ~ 7.862(1.026)” b. 36 centimeters 
29. a. LinReg: pH ~ 0.01353q + 7.02852, r ~ 0.956627; LnReg: pH ~ 6.10251 + 0.43369 In q, r ~ 0.999998. The logarithmic model provides a 
better fit. b. 126.0 31. a. p ~ 3200(0.91894)'; 2012 _b. No. The model fits the data perfectly because there are only two data points. 
33. a. ExpReg: S ~ 7062.46390(0.956776)', r ~ —0.89618; LnReg: S ~ 6995.50673 — 841.74326 Int, r ~ —0.96240 __b. the logarithmic model 

11.26828 
1 + 2.74965¢~ 00294! 
39. a. ExpReg: y ~ 1.81120(1.61740)*, r ~ 0.96793; PwrReg: y ~ 2.09385(x)'™", r ~ 0.99999 _b. The power regression function provides the 
better fit. 


c. 4977 35. a. P(t) ~ b. 11 billion people 37. A and B have different exponential regression functions. 


Chapter 7 Assessing Concepts, page 538 


1. False; f(x) = x? does not have an inverse function. 2. True 3. True 4. False; /1(x) is not an increasing function for 0 <b <1. 
5. False; j(x) is not an increasing functionforO<b<1. 6c 7b 8&f 9a 10.e 1d 12. ¢ 


Chapter 7 Review Exercises, page 539 


1.2(7.2]) 2.4(72) 3.3(7.2] 4. 77.2] 5. -2[74] 6.8[74) 7. -3[74] 8. —4[7.4] 9. +1000[7.4] 10. +10%[7.4] 11. 7 [7.4] 


12. +8 [7.4] 13. [7.1] yA 14. [7.1] y 15. [7.1] 16. [7.1] 
at 5 
12 * A 
17. [7.1] 18. [7.1] 19. (7.2) y 20. [7.2] 4 
1 14 
3 7 | 2 x 
21. (72) vt 22. [7.2] 23. [7.1] 
as Soeeeeee 
+ 92 x 
-2 
Xscl=1  Ysel=1 
1 =3 
24. [7.1] 7 25. 4=64[7.2] 26. (4) =8(7.2) 27. (V2)'=417.2] 28. & =117.2) 
-4.7 47 


7 
Xscl=1 Yscl=1 


29. log; 125 =3[7.2] 30. log, 1024 =10[7.2] 31. logio1=017.2] 32. logs 2V2 = + [7.2] 33. 2log,x + 3 log, y — log, z [7.3] 


34. : log, x — 2log, y — log,z [7.3] 35. Inx + 3Iny[7.3] 36. inx + SIny —Alnz[73] 37. log(x2V/ x+ T) [7.3] 


x? V2xy 
. logo ap [7.3] 39. In 


38 


2 [7.3] 40. Ins 73} 41. 2.86754 [7.3] 42. 3.35776 [7.3] 43. —0.117233 [7.3] 44. —0.578989 [7.3] 


A42 Answers to Selected Exercises 


In 30 log 41 
na (7.4) 46. ices 


53. 10° [7.4] 54. e [7.4] 55. 1,000,005 [7.4] 56. 


45. —1(74) 47. 4[74) 48. ae (7.4) 49. 4[74]) 50. 15[7.4] 51. JS a 52 


2In4 : In5 
15+ V2 
ae 57. 81(7.4) 58. +V5(74] 59. 4[74] 60. 5 [7.4] 
61. 7.7(7.3] 62. 5.0[7.3] 63. 3162to1[7.3] 64. 2.8[7.3] 65. 4.2[7.3] 66. ~3.98 x 10°°[7.3] 67. a. $20,323.79  b. $20,339.99 [7.5] 
68. a. $25,646.69 b. $25,647.32 [7.5] 69. $4,438.10[7.5] 70. a. 69.9% b. 6days cc. 19 days [7.5] 71. N(t) ~ e847" [7.5] 
72. N(t) ~ 2e°° [7.5] 73. N(t) ~ 3.783e°°* [7.5] 74. N(t) ~ e °°" [7.5] 75. a. P(t) ~ 25,2000°°'"" ~—. 38,800 [7.5] 
76. 340 years [7.5] 77. Answers will vary. [7.6] 78. a. ExpReg: R ~ 179.94943(0.968094)', r ~ —0.99277; 


LnReg: R ~ 171.19665 — 35.71341 Int, r ~ —0.98574 __b. The exponential equation provides a better fit for the data. __c¢. 5.4 per 1000 live 


1400 
births [7.6] 79. a. P(t) ~ 17 


1 + 2 e70.22458¢ 


1 
b. 1070 coyotes [7.5] 80. a. 215 b. P(t) — 128 [7.5] 


Chapter 7 Quantitative Reasoning Exercises, page 541 


244.56468 


Cag ty Bots 3 Ove 
QR1. ExpReg: S ~ 5.94860(1.72192)'; logistic: S ~ —— aaa 


[7.6] QR2. exponential: 1363.1 million; logistic: 218.1 million [7.6] 


85.24460 


84.2 million [7.6] 


QR6. Answers will vary. [7.6] 


Chapter 7 Test, page 542 


+ 
1a. b =5x—-3[7.2]) b. logsy= 7 7.2] 2. 2log,z — 3log,y — F loge x [73] 3. log [73] 4. 1.7925 [7.3] 
5. 17.1] 6. 17.2) 7. 1.9206 (74) 8. @ 4174) 9.1174) 10. -3 (74) 


* In 28 


H+ +++ 


11. a. $29,502.36 b. $29,539.62 [7.5] 12. 17.36 years [7.5] 13. a. 7.6 b. 63to1[7.3] 14. a. P(t) ~ 34,6002" —b. 55,000 [7.5] 


72.03783 


15. 690 years [7.5] 16. a. y ~ 1.67199(2.47188)* _b. 1945 [7.6] 17. a. LnReg: d ~ 67.35501 + 2.54015 In t; logistic: d ~ T+ 0.152790 007i 


1100 


b. logarithmic: 73.67 meters; logistic: 72.03 meters [7.6] 18. a. P(t) ~ 14 5 8750 0a 


b. about 457 raccoons [7.5] 


Cumulative Review Exercises, page 543 


1 4 
1. cos(x? + 1) [1.5] 2. fx) = zt 4[1.6] 3. sing ~ cos 6 tan 0 ; [2.2] 4. 17 centimeters [2.2] 


5/ 
‘ ‘ ieee TE . : 12 a 77 117 

5. amplitude: 4, period: 7, phase shift: zi [2.5] 6. amplitude: V2, period: 27 [3.4] 7. odd [24] 9. 5 [3.5] 10. 36 6 [3.6] 

11. magnitude: 5, direction: 126.9° [4.3] 12. 176.8° [4.3] 13. ground speed: ~420 mph; course: ~55° [4.1/4.2] 14. 26° [4.1] 15. 16 [5.3] 


a a AVA 2 
6X ie v ix [5.3] 17. (V2,45°) [6.5] 18. = & [65] 19. 143[7.4] 20. 1.8 milligrams [7.5] 


1 


Index 


Abscissa, 15 
Absolute value 
of a complex number, 343-344 
of a real number, 3 
Absolute value function, 22, 34 
Absolute value inequalities, 10-11 
Acidity, 487-489 
Acute angles, 119 
Addition 
of complex numbers, 336 
of functions, 69-70, 197 
of ordinates, 197 
of real numbers to inequalities, 7 
of vectors, 313, 315, 316 
Additive inverse, of a vector, 315 
Adjacent side, 134, 135 
Agnesi, Maria, 19 
Air resistance, 206, 499-500, 515 
Airspeed, 318 
Alkalinity, 487-489 
Amplitude 
of cosine functions, 174, 175 
of simple harmonic motion, 204 
of sine functions, 170-171, 172-173 
Amplitude-Time-Difference Formula, 487 
Analytic geometry, 15, 17 
See also Conic sections 
Angle of depression, 139, 140 
Angle of elevation, 139-140, 141 
Angle of rotation, 404-405, 406 
Angles 
classification of, 119-122 
definition of, 118 
degree measure of, 118-123, 124-126 
naming of, 118 
negative, 118 
positive, 118 
radian measure of, 123-126 
reference angle of, 150-153 
standard position of, 120 
between vectors, 322 
Angular speed, 127-129 
Aphelion, 383 
Appollonius, 363 
Arc, 123, 124, 133 
Archimedes, 2, 306 
Arc length, 126-127 
arcsin x, 256 
Area 
of polygon, 146 
of triangle, 305-307 
Argand diagram, 342 
Argument, of complex number, 344, 354 
Asymptotes 
of hyperbolas, 392, 394 
vertical, 38-39 
Average velocity, 71-72 


Axis, coordinate. See Coordinate axis 
Axis of symmetry, 54-55, 57 
of conic in polar coordinates, 427 
of ellipse, 375 
of parabola, 363, 364, 367 
See also Symmetries of graphs 


Base 
of exponential function, 452-453 
of logarithmic function, 467, 482-484 
Bearing, 297 
Beats, 202, 254 
Benford’s Law, 479 
Bernoulli, Johann, 437 
Brachistochrone problem, 437—438 
Butterfly curve, 425 


Calculators. See Graphing calculators 
Carbon dating, 508-509 
Cardioid, 416, 417 
Carrying capacity, 513 
Cartesian (rectangular) coordinates, 15-16 
rotation of, 404 
transformation to/from polar 
coordinates, 419-423 
Catenary, 466 
Central angle, 123, 124 
Change-of-base formula, 482-484 
Circles 
arc length of, 126-127 
arc of, 123, 124 
as conic sections, 363, 375 
definition of, 24 
equations of, 24-26, 407 
great circle, 330-331 
identifying with discriminant, 407-408 
involute of, 442 
parametric form of, 435 
polar equations of, 413, 415, 432 
sector of, 133 
unit circle, 155-157, 159-160 
Circular functions, 157 
cis notation, for complex number, 344 
Closed intervals, 2, 3 
Coefficient of determination, 100, 101, 102, 
524, 525, 527 
Cofunction identities, 227-228 
Common logarithms, 473, 474 
Complementary angles, 120 
Completing the square, 26 
Complex conjugates, 338-339 
Complex numbers, 335-340 
absolute value of, 343-344 
addition of, 336 
argument of, 344, 354 
division of, 338-339, 347, 348 
graphs of, 342, 343 


modulus of, 344 

multiplication of, 337-338, 346, 348 

powers of, 350-351 

roots of, 352-354, 443 

standard form of, 343 

trigonometric form of, 343-348 
Complex plane, 342, 343 


Components of a vector, 314, 315, 317-318, 319 


Composition of functions, 72-76 
of function with its inverse, 84-85 
logarithmic and exponential, 468 
trigonometric, 259-263 
Compound interest, 509-512 
Compressing graphs, 61-63 
Computer algebra systems, 389 
Concavity, 522-523, 526 
Conic sections, 363, 374-375, 390 
degenerate, 375, 390, 403, 407 
focus-directrix definitions of, 426-428 
general equation of, 403, 407 
graphing with calculator, 408-409 
identification theorem for, 407—408 
polar equations of, 426-430 
rotation of, 403-407 
See also Circles; Ellipses; Hyperbolas; 
Parabolas 
Conjugate 
of complex number, 338-339 
of trigonometric expression, 219-220 
Conjugate axis, of hyperbola, 391 
Constant functions, 40 
Continuous functions, 41 
Conversion factors, 122 
Coordinate axis 
polar, 412 
real number line, 2 
rotation of, 404 
symmetry with respect to, 54-55, 57 
Coordinate plane, 15, 16 
Coordinates 
of point in a plane, 15-16, 412-413 
of point on real number line, 2 
See also Cartesian (rectangular) 
coordinates; Polar coordinates 


Correlation coefficient, 99-100, 524, 525, 527 


Cosecant 
of acute angles, 134-135 
of any angle, 147-148 
domain and range of, 160 
graph of, 185-187, 196 
inverse function of, 257, 258-259 
as odd function, 160 
period of, 161-162 
of quadrantal angles, 148-149 
of a real number, 157-158 
sign of, 149 
of special angles, 136-138 
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Cosine 
of acute angles, 134-135 
of any angle, 147-148 
approximating with calculator, 139 
domain and range of, 159, 160 
dot product and, 321-322 
of double angle, 237 
as even function, 160 
graph of, 173-177 
graph translations of, 192-193, 195-196 
of half angle, 240-241 
inverse function of, 256-257, 259-263 
Law of Cosines, 302-305 
period of, 161, 162 
of quadrantal angles, 148-149 
of a real number, 157-162 
reference angle and, 152 
sign of, 149 
of special angles, 136-138 
of sum or difference of angles, 226-227, 
231 
Cotangent 
of acute angles, 134-135 
of any angle, 147-148 
domain and range of, 160 
graph of, 184-185 
graph translations of, 194 
inverse function of, 257, 258, 259 
as odd function, 160 
period of, 162 
of quadrantal angles, 148-149 
of a real number, 157-158 
sign of, 149 
of special angles, 136-138 
Coterminal angles, 121-122 
Critical value method, 8-10 
Cryptography, 114-115 
Cube roots, 352 
Cubic equations, 5 
Curve 
orientation of, 437 
parametric equations for, 433-434 
Cycle, of sine graph, 170 
Cycloid, 437-438 


Damped harmonic motion, 206-207 
Damping factor, 198 
Day of the week, 53 
Decibels (dB), 491 
Decimal degree method, 122-123 
Decimals, 2 
Decreasing functions, 40, 82 
Degree measure, 118-123 
conversion to/from radians, 124-126 
de Moivre, Abraham, 351 
De Moivre’s Theorem, 350-354 
Dependent variable, 32 
Descartes, René, 15, 335 
Difference. See Subtraction 
Difference quotient, 70-72 
Direction angle, 315, 317 
Directrix 
of conic sections, 426-428 
of parabola, 363, 364, 367 


Dirichlet, Peter Gustav, 68 
Dirichlet function, 68 
Discontinuities, 41, 42 


Discriminant, of second-degree equation in 


two variables, 407-408 

Displacement 

in simple harmonic motion, 204 

as vector quantity, 313 

work and, 324 
Distance 

in Cartesian coordinates, 17 

between points on a line, 3, 17 

in polar coordinates, 425 

speed and, 128 

See also Displacement 
Distance formula, 17 
Division 

of complex numbers, 338-339, 347, 348 

of functions, 69-70 

of inequalities by real numbers, 7 
DMS (Degree, Minute, Second) method, 

122-123 

Domain 

of function, 32, 36 

of inverse function, 82 

of sum or product of functions, 69-70 
Dot product, 320-324 
Double-angle identities, 236-238 


e (base of natural exponential function), 458 


Earthquakes, 484-487, 492-493 
Eccentricity 
of conic sections, 426-428 
of ellipse, 381-382 
of hyperbola, 396 
Ellipses, 363, 374-384 
applications of, 382-384 
with center at (0, 0), 375-378 
with center at (H, k), 378-381 
definition of, 374-375 
degenerate, 375 
eccentricity of, 381-382 
general equation of, 403, 405-406, 407 
identifying with discriminant, 407-408 
latus rectum of, 389 
parametric form of, 436 
polar equations of, 426-428, 429 
reflective property of, 384 
Endpoint, of ray, 118 
Epicycloid, 442 
Epitrochoid, 448-449 
Equality 
of ordered pairs, 17 
of real numbers, 2 
Equality of Exponents Theorem, 495 
Equations 
cubic, 5 
definition of, 4 
exponential, 494-497 
functions represented by, 32 
linear in one variable, 4 
literal, 4-5 
logarithmic, 497-500, 512 
parametric, 432-440, 447-449 


polar, 413-419, 421-423, 426-430 
quadratic, 5-6 
quartic, 5 
second-degree in two variables, 403, 407 
trigonometric, 262, 268-275, 288-289, 328 
in two variables, 19-26 
See also Solutions 
Equilibrium point, 204 
Equivalent inequalities, 7 
Equivalent vectors, 313 
Euler, Leonhard, 2, 32, 458 
Evaluating a function, 33, 70 
Even and odd functions, 56-57 
trigonometric, 160-161 
Exponential decay, 506, 508-509, 535-536 
Exponential equations, 494—497 
Exponential functions, 452-461 
definition of, 452-453 
evaluating, 453 
graphs of, 453-457 
logarithmic functions and, 467-469 
models based on, 451, 459-461, 521-527 
natural, 458-459 
properties of, 455 
Exponential growth, 506-507, 511, 512 
Exponential regression, 524, 525, 527 
Exponents 
equality of, 495 
See also Powers 


Factoring quadratic equations, 6 
Falling objects, 499-500, 515 
Family of curves, 58-59, 210 
Fermat, Pierre de, 15 
Floor function, 41-44 
Focus 
of conic sections, 426-428 
of ellipse, 375, 376, 377, 379 
of hyperbola, 390, 391, 394, 396 
of parabola, 363, 364, 367, 369 
Force vectors, 318, 319-320, 323-324 
Formulas, 45 
Fractals, 334, 341 
Fractions 
as conversion factors, 122 
as rational numbers, 2 
Frequency, of harmonic motion, 204, 205, 
207 
Functions, 31-32 
algebraic operations on, 69-70, 197 
composition of, 72-76, 84-85 
continuous, 41 
definition of, 32 
difference quotient of, 70-72 
domain of, 32, 36 
evaluating, 33, 70 
even and odd, 56-57 
families of, 58-59, 210 
graphs of, 37-41 
identifying, 35-36 
inverse, 81-90 
notation for, 33 
one-to-one, 40-41, 82, 84, 86 
piecewise-defined, 33-35, 108-109 


range of, 32 
vertical line test for, 39-40 


Golden rectangles, 14 

Graphing calculators 

adjusting settings, 44 

angle measure, 123, 125, 126 

complex numbers, 338 

connected mode, 42 

dot mode, 42, 109 

EPIT program, 448 

estimating x-intercepts, 23-24 

evaluating exponential expressions, 458 

evaluating inverse trigonometric 
functions, 283-284 

evaluating logarithms, 474 

evaluating trigonometric functions, 
138-139 

finding nth roots of complex number, 443 

graphing absolute value equation, 22 

graphing Colosseum model, 389 

graphing conic sections, 408-409 

graphing cycloid, 438 

graphing damped harmonic motion, 207 

graphing ellipses, 380 

graphing equations in two variables, 22 

graphing exponential functions, 459, 460 

graphing families of curves, 58-59, 210 

graphing functions, 37, 42, 44 

graphing hyperbolas, 395 

graphing inverse functions, 85-86, 90 

graphing inverse trigonometric 
functions, 263, 264 

graphing logarithmic functions, 474, 484 

graphing Mandelbrot set, 359-360 

graphing parabolas, 366 

graphing parametric equations, 438, 439 

graphing piecewise functions, 108-109 

graphing polar equations, 417, 419 

graphing second-degree equations in two 
variables, 408-409 

greatest integer function, 41, 42 

holes in graphs, 68 

isolated points in graphs, 68 

LIST feature, 58-59 

logistic models, 528-529 

Mandelbrot iteration procedure, 356-357 

median—median line, 108 

modeling guidelines, 526-527 

POWERMOD program, 115 

REFANG program, 151 

regression analysis, 97-98, 101-102, 
275-277, 524, 525, 527 

ROTATE program, 408 

solving exponential equations, 495-497 

solving trigonometric equations, 273-275, 
328 

SQUARE viewing window, 86 

TABLE feature, 20-21 

viewing window, 85-86 

WANKEL program, 447-448 

ZERO feature, 23-24 

Graphs 

of circles, 413, 415 


of complex numbers, 342, 343 

compressing, 61-63 

of conic sections, 403, 405-408, 426-429 

of cosecant functions, 185-187, 196 

of cosine functions, 173-177, 192-193, 
195-196 

of cotangent functions, 184-185, 194 

of difference of functions, 197 

of ellipses, 375-376, 427, 429 

of equations in two variables, 19-22 

of even and odd functions, 57 

of exponential functions, 453-457 

of floor function, 41-42 

of functions, 37-41 

of hyperbolas, 391-392, 427, 428-429 

intercepts of, 22-24 

of inverse functions, 83-84, 85-86, 90 

of inverse trigonometric functions, 263 

of logarithmic functions, 470-472 

of parabolas, 22, 364, 366, 367, 427, 430 

of parametric curves, 433-434 


of polar equations, 413-419, 427, 428-429 


reflections of, 60 
scatter diagrams, 16 
of secant functions, 187-189 
semilog, 535-536 
of sets of real numbers, 2-3 
of sine functions, 169-173 
stretching, 61-63 
of sum of functions, 197 
of tangent functions, 180-183 
translations of, 58-59, 60 
See also Symmetries of graphs 
Great circle distance, 330-331 
Greater than, 2 
Greatest integer function, 41-44 
Ground speed, 318 
Growth models 
exponential, 506-507, 511, 512 
logistic, 513-514, 528-529 


Half-angle identities, 240-242 
Half-life, 508 
Half-line, 118 
Half-open intervals, 2, 3 
Harmonic motion 
damped, 206-207 
simple, 204-206 
Head, of a vector, 313 
Heading, 297, 331 
Heron’s formula, 306-307 
Herschel, Caroline, 397 
Holes in graphs, 68 
Horizontal component, 317-318 
Horizontal compressing and stretching, 
62-63 
Horizontal lines, 413 
Horizontal line test, 40-41 
Horizontal translations, 58, 59 
Hyperbolas, 363, 390-398 
applications of, 396-398 
asymptotes of, 392, 394 
with center at (0, 0), 391-393 
with center at (h, k), 393-395 


Index 


definition of, 390 

degenerate, 390 

eccentricity of, 396 

general equation of, 403, 407 

identifying with discriminant, 407-408 

polar equations of, 426-429 

reflective property of, 398 
Hypocycloid, 442 


i (imaginary unit), 335 
powers of, 339-340 
i (unit vector), 316 


I3 


Identities, trigonometric. See Trigonometric 


identities 
Imaginary axis, 343 
Imaginary numbers, 335, 336 
Imaginary part, 335 
Imaginary unit, 335, 339-340 
Increasing functions, 40, 82 
Independent variable, 32 
Inequalities, 6-8 
with absolute values, 10-11 
equivalent, 7 
with polynomials, 8-10 
properties of, 7 
solution sets of, 6-7, 8, 10 
solving by critical value method, 8-10 
Inequality symbols, 2 
Infinity, approach of function to, 38 
Initial point, of vector, 313 
Initial side, of angle, 118 
Inner product, 320-324 
Integers, 2 
Intercepts, 22-24 
Interest 
compound, 509-512 
simple, 509 
Internet, 1 
Interval notation, 2-3 
Inverse functions, 81-83 
composition of a function with, 84-85 
finding, 86-89 
graphs of, 83-84, 85-86, 90 
logarithmic and exponential, 468 
with restricted domain, 88 
trigonometric, 255-265, 283-284 
Inverse relations, 82, 84 
Inverse trigonometric functions, 255-265 
approximating with polynomials, 
283-284 
composition with, 259-263 
equations with, 262 
graphing with calculator, 263, 264 
identities with, 259, 262-263 
Involute of a circle, 442 
Irrational numbers, 2, 458 
Isolated points in graphs, 68 
Iterates, 341, 356 
Iteration, 341 
Mandelbrot procedure, 356-357 


j (unit vector), 316 


Kepler’s Laws, 389 
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Latitude, 330-331 
Latus rectum 
of ellipse, 389 
of parabola, 373 
Law of Cosines, 302-305 
Law of Sines, 293-298, 304 
Least-squares regression line. See Linear 
regression 
Less than, 2 
Libby, Willard Frank, 509 
Limagon, 416-417 
Line(s) 
graphing an equation of, 19 
parametric forms of, 435 
polar equations of, 413, 432 
symmetry with respect to, 54-55, 57, 414, 
415, 416 
Linear correlation coefficient, 99-100 
Linear equations in one variable, 4 
Linear regression, 95-100, 102 
Linear speed, 127-129 
Line of best fit. See Linear regression 
Line segment, midpoint of, 18 
Lissajous figures, 442 
Literal equations, 4-5 
Logarithmic decrement, 209 
Logarithmic equations, 497-500, 512 
Logarithmic functions, 467—475 
applications of, 474-475, 484-489, 
492-493 
common, 473-474 
definition of, 467 
domains of, 472-473 
exponential functions and, 467-468 
graphs of, 470-472, 474, 484 
modeling data with, 521-522, 523, 524, 
526-527 
natural, 473-474 
properties of, 472 
Logarithmic regression, 524, 526-527 
Logarithmic scales, 484-489, 492-493 
Logarithms 
change-of-base formula for, 482-484 
changing to exponential form, 468-469 
common, 473, 474 
definition of, 467 
natural, 473, 474 
properties of, 469-470, 480-482 
Logistic models, 513-514, 520-521, 528-529 
Longitude, 330-331 


Mach numbers, 245 

Magnitude of a vector, 313, 315, 321 
Major axis, 375, 376, 377, 379, 381 
Mandelbrot, Benoit B., 334 
Mandelbrot iteration procedure, 356-357 
Mandelbrot set, 357, 359-360 
Maple, 389 

Maximum value, 186 

Measure of an angle, 118 

in degrees, 118-123, 124-126 

in radians, 123-126 
Median—median line, 108 


Midpoint formula, 18 
Minimum value, 186 
Minor axis, 375, 376 
Minute (angle measure), 122-123 
Modeling data, 524-529 
linear, 95-100, 102 
quadratic, 100-102 
sinusoidal, 275-277 
Modular functions, 1, 114-115 
Modulus, of complex number, 344 
Mollweide’s formulas, 311 
Motion 
of falling objects, 499-500, 515 
parametric equations for, 436-437 
projectile, 273-275, 439 
vibratory, 204-207 
See also Force vectors; Speed 
Multiplication 
of complex numbers, 337-338, 346, 348 
of functions, 69-70 
of inequalities by real numbers, 7 
of vectors (dot product), 320-324 
of vectors (scalar), 313, 315, 316 


Napier, John, 467 

Natural exponential function, 458-461 
Natural logarithms, 473, 474 

Natural numbers, 2 

Negative angles, 118 

Never-negative function, 80-81 
Nomograms, 492-493 


Oblique triangle, 293, 304 
Obtuse angle, 119 
Odd and even functions, 56-57 

trigonometric, 160-161 
One-to-one function, 40-41 

as inverse function, 82, 84, 86 
Open intervals, 2, 3 
Opposite side, 134, 135 
Ordered pairs 

as coordinates, 15, 16, 412-413 

equality of, 17 

of a function, 32, 37 

graph of, 37 

of inverse function, 82 

of a relation, 31 

as solutions of equation, 19 
Ordinate, 15 
Orientation of curve, 437 
Origin, 15 

symmetry with respect to, 55-56, 57 
Orthogonal vectors, 323 
Oscillation. See Harmonic motion 


Parabolas, 363-370 
applications of, 368-370 
definition of, 363 
general equation of, 403, 407 
graphs of, 22, 364, 366, 367, 427, 430 
identifying with discriminant, 407-408 
latus rectum of, 373 
parametric form of, 434 


polar equations of, 426-428, 429-430 
reflective property of, 369 
with vertex at (0, 0), 363-366 
with vertex at (h, k), 366-368 
vertex of, 363, 364, 367, 369 
Paraboloid, 369 
Parallelogram method, of vector addition, 
313 
Parallel vectors, 323 
Parameter, of family of functions, 58 
Parametric equations, 432-440 
for rotary engine, 447-449 
Perihelion, 383 
Period 
of cos bx, 174, 175 
of cot bx, 184 
of csc bx, 186 
definition of, 161 
of harmonic motion, 204 
of sec bx, 188 
of sin bx, 172 
of sum of functions, 214 
of tan bx, 182 
of trigonometric functions, 161-162 
Periodic functions, 161-162 
Perpendicular vectors, 323 
Phase shift, 192-193, 194, 249-250 
pH of a solution, 487-489 
Pi (7), 2 
Piecewise-defined functions, 33-35 
graphing with calculator, 108-109 
Plotting points, 16 
in graphing a function, 37-38 
in graphing an equation, 20, 21-22 
Point(s) 
of coordinate plane, 15 
of real number line, 2 
symmetry with respect to, 55-56, 57, 414 
See also Plotting points 
Poiseuille, Jean Louis, 328 
Poiseuille’s Law, 328 
Polar axis, 412 
Polar coordinates, 412-413 
distance in, 425 
symmetries in, 414, 415, 416, 427 
transformation to/from rectangular 
coordinates, 419-421 
Polar equations, 413 
of conic sections, 426-430 
graphs of, 413-419 
writing as rectangular equations, 421-423 
Polar form, of complex number, 344 
Pole, 412, 414 
Polygons, areas and perimeters of, 146 
Polynomials 
approximating inverse trigonometric 
functions with, 283-284 
inequalities with, 8-10 
sign property of, 8 
zeros of, 8 
Population growth, 507, 513-514 
Positive angles, 118 
Power functions, 534 


Power-reducing identities, 239 
Powers 
of a complex number, 350-351 
Equality of Exponents Theorem, 495 
of i, 339-340 
Principal, 509 
Product. See Multiplication 
Product-to-sum identities, 246-247 
Projectile motion, 273-275, 439 
Projection, scalar, 322-323 
Protractor, 119, 124 
Pseudoperiod, 207 
Public key cryptography, 114-115 
Pythagorean identities, 163, 217, 218-219 
Pythagorean Theorem, 17 


Quadrantal angles, 121 
trigonometric functions of, 148-149 
Quadrants, 15 
Quadratic equations, 5-6 
Quadratic formula, 5-6 
Quadratic regression, 100-102 
Quartic equations, 5 
Quotient. See Difference quotient; Division 


Radian measure, 123-126 
Radioactive decay, 508-509 
Radius of a circle, 24, 25, 26 
Range 
of a function, 32 
of an inverse function, 82 
of trigonometric functions, 159-160 
Ratio identities, 163, 217 
Rational numbers, 2 
Ray, 118 
Real axis, 343 
Real number line, 2-3 
Real numbers, 2 
Real part, of complex number, 335 
Reciprocal functions, 138 
Reciprocal identities, 163, 217 
Rectangular (Cartesian) coordinates, 15-16 
rotation of, 404 
transformation to/from polar 
coordinates, 419-421 
Rectangular form, of complex number, 
343 
Reduction formulas, trigonometric, 232 
Reference angle, 150-153 
Reflections of graphs, 60 
of exponential functions, 457 
Reflective property 
of ellipse, 384 
of hyperbola, 398 
of parabola, 369 
Regression analysis, 524-529 
exponential, 524, 525, 527 
linear, 95-100, 102 
logarithmic, 524, 526-527 
quadratic, 100-102 
sine, 275-277 
Relations, 31 
inverse of, 82, 84 


Relative maximum, 186 
Relative minimum, 186 
Resolving a vector, 319 
Resultant vector, 313 
Richter, Charles F., 484 
Richter scale, 484-487 
Right angles, 119 
Right triangles 
applications of, 139-141 
Pythagorean Theorem, 17 
trigonometric expressions evaluated 
with, 260-263 
trigonometric functions defined with, 
134-138 
Roots 
of a complex number, 352-354, 443 
of an equation, 4 
See also Solutions; Zero of a polynomial 
Rose curves, 418 
Rotary engine, 447-449 
Rotation of axes, 404 
Rotation Theorem for Conics, 404—407 
Rounding numbers, 42-43, 140 


Scalar, 312 
Scalar multiplication, of a vector, 313, 315, 
316 
Scalar product, of two vectors, 320-324 
Scalar projection, 322-323 
Scalar quantities, 312 
Scatter diagrams, 16, 524, 526 
See also Regression analysis 
Secant 
of acute angles, 134-135 
of any angle, 147-148 
domain and range of, 160 
as even function, 160 
graph of, 187-189 
inverse function of, 257, 258, 259 
period of, 161-162 
of quadrantal angles, 148-149 
of a real number, 157-158 
sign of, 149 
of special angles, 136-138 
Second (angle measure), 122-123 
Sector, 133 
Seed, 341, 356 
Seismograms, 486-487, 492-493, 
Semilog graphs, 535-536 
Semimajor or semiminor axis, 375 
Semiperimeter, 307 
Set-builder notation, 2-3 
Sets of real numbers, 2-3 
Sign diagram, 9 
Significant digits, 140 
Simple harmonic motion, 204-206 
Simple interest, 509 
Sine 
of acute angles, 134-135 
of any angle, 147-148 
domain and range of, 159, 160 
of double angle, 236, 237-238 
graph of, 169-173 
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graph translations of, 192-193, 194 
of half angle, 240 
inverse function of, 255-256, 259-262, 
263, 283-284 
Law of Sines, 293-298, 304 
modeling data with, 275-277 
as odd function, 160 
period of, 161, 162 
of quadrantal angles, 148-149 
of a real number, 157-158 
reference angle and, 152 
sign of, 149-150 
of special angles, 136-138 
of sum or difference of angles, 226, 229, 
230, 232 
Sinusoidal data, 275-277 
Solutions 
of an equation in one variable, 4 
of an equation in two variables, 19 
extraneous, 270, 498-499 
of a polar equation, 413 
of a trigonometric equation, 268-269, 271, 
273 
Solution set of an inequality, 6-7, 8, 10 
Sgrenson, Seren, 488 
Sound 
beats, 202, 254 
decibels, 491 
whispering galleries, 383-384 
Sound tracks, 214 
Special angles, 136-138 
Speed 
airspeed vs. ground speed, 318 
angular vs. linear, 127-129 
Mach number for, 245 
as magnitude of velocity, 313 
See also Velocity 
Spring constant, 205 
Square roots, of negative numbers, 335 
Step function, 42 
Straight angle, 119 
Stretching graphs, 61-63 
of exponential functions, 457 
Subtending an angle, 123, 124 
Subtraction 
of complex numbers, 336 
of functions, 69-70, 197 
of real numbers from inequalities, 7 
of vectors, 313 
Sum. See Addition 
Sum-to-product identities, 247-249 
Supplementary angles, 120 
Symmetries of graphs 
of function and its inverse, 84, 85 
in polar coordinates, 414, 415, 416, 427 
with respect to coordinate axis, 54-55, 
57 
with respect to line, 54-55, 57, 414, 415, 
416 
with respect to point, 55-56, 57, 414 
See also Axis of symmetry 


Tail, of vector, 313 
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Tangent 
of acute angles, 134-136 
of any angle, 147-148 
domain and range of, 159, 160 
of double angle, 237 
graphs of, 180-183 
graph translations of, 194 
of half angle, 240, 241 
inverse function of, 257, 258, 259, 260, 264 
as odd function, 160 
period of, 162 
of quadrantal angles, 148-149 
of a real number, 157-158 
reference angle and, 152 
sign of, 149-150 
of special angles, 136-138 
of sum or difference of angles, 226, 229, 
230 
Tangent lines, concavity and, 522 
Terminal point, of vector, 313 
Terminal side, of angle, 118 
Test value, 8-9 
Time 
as parameter, 436-437 
speed and, 128 
Transformation equations, 366, 378, 393 
Translations of graphs, 58-59, 60 
of conic sections, 366, 378, 393, 403 
of exponential functions, 456-457 
of inverse trigonometric functions, 263 
of logarithmic functions, 473 
of trigonometric functions, 192-196 
Transverse axis, of hyperbola, 391, 394, 396 
Triangle method, of vector addition, 313 
Triangles 
area of, 305-307 
checking solutions with Mollweide’s 
formulas, 311 
oblique, 293, 304 
solving with Law of Cosines, 302-305 
solving with Law of Sines, 293-298, 304 
See also Right triangles 
Trigonometric equations, 268-275 
applications of, 273-275, 288-289, 328 
with inverse functions, 262 
Trigonometric expressions, evaluating, 
260-261 
Trigonometric form, of complex numbers, 
343-348 
Trigonometric functions 
of acute angles, 134-136 


of any angle, 147-148 
approximating with calculator, 
138-139 

composition with inverses, 259-263 

domain and range of, 159-160 

even and odd, 160-161 

graphs of, 169-189 

inverse, 255-265, 283-284 

periodic properties of, 161-162 

properties of, 159-162 

of quadrantal angles, 148-149 

of real numbers, 157-162 

reciprocal, 138 

reference angles and, 153 

signs of, 149-150 

of special angles, 136-138 

translations of, 192-196 
Trigonometric identities 

cofunctions, 227-228 

double-angle, 236-238 

fundamental, 163-165, 217 

half-angle, 240-242 

with inverse functions, 259, 262-263 

odd-even, 160, 217 

power-reducing, 239 

product-to-sum, 246-247 

Pythagorean, 163, 217, 218-219 

ratio, 163, 217 

reciprocal, 163, 217 

reduction formulas, 232 

sum of sines and cosines, 249-251 

sum or difference of two angles, 226-227, 

229-231 
sum-to-product, 247-249 
verification of, 217-222 


Unit circle, 155-157, 159-160 
Unit fraction, 122 
Unit vectors, 315-318 


Variable 
dependent, 32 
independent, 32 

Vectors, 312-324 
addition of, 313, 315, 316 
additive inverse of, 315 
angle between, 322 
applications of, 318-320, 323-324 
components of, 314, 315, 317-318, 319 
definition of, 313 
direction angle of, 315, 317 


dot product of, 320-324 

equivalent, 313 

magnitude of, 313, 315, 321 
orthogonal, 323 

parallel, 323 

scalar multiplication of, 313, 315, 316 
scalar projection of, 322-323 
subtraction of, 313 

unit vectors, 315-318 

zero vector, 315 


Velocity 


average, 71-72 
as vector, 313, 318 
See also Speed 


Vertex 


of angle, 118 

of ellipse, 375, 376, 377, 379 
of hyperbola, 391, 394 

of parabola, 363, 364, 367, 369 


Vertical asymptote, 38-39 

Vertical component, 317-318 

Vertical compressing and stretching, 61 
Vertical lines, 413 

Vertical line test, 39-40 

Vertical translations, 58-59, 60 
Vibratory motion, 204—207 


Wankel, Felix, 447, 448 
Wessel, Caspar, 342 
Whispering galleries, 383-384 
Work, force and, 323-324 
World Wide Web, 1 
Wrapping function, 155-157 


x-axis, 15 


reflection across, 60 
symmetry with respect to, 54-55 


x-coordinate, 15 
x-intercepts, 22-24 
xy-plane, 15, 16 


y-axis, 15 


reflection across, 60 
symmetry with respect to, 54-55, 57 


y-coordinate, 15 
y-intercept, 22-23 


Zeller’s Congruence, 53 
Zero of a polynomial, 8 
Zero product principle, 6 
Zero vector, 315 


Index of Applications 


e Agriculture 


Area of a pasture, 310 

Crop yield, 51 

Dimensions of a fenced region, 13 
Dimensions of a garden, 13 


e Archeology 


Age of a bone, 516 

Age of the Rhind Papyrus, 516 
Height of the Cheops pyramid, 144 
Pterosaur wingspan data, 103 


e Architecture and Art 


Colosseum in Rome, 389 

Eiffel Tower, 502 

Eiffel Tower replica, 145 
Golden Gate Bridge cables, 113 
London bridge clearance, 388 
Observation angle, 282 
Petronas Towers, 145 

Saint Louis Gateway Arch, 466 
Washington Monument, 145 


e Astronomy and Space Science 


Altitude of the sun, 281 

Apparent magnitude of stars, 477 

Cepheid variable stars, 179 

Diameter of the sun, 131 

Dimensions of telescopes, 372 

Distance from Earth to Jupiter, 144 

Focus of a radio telescope, 372 

Focus of an optical telescope, 372 

Height of the Eiffel Tower, 143 

Height of the space shuttle, 141, 299 

Kepler’s Laws, 389 

Moons of Saturn, 283 

Neptune, 389 

Orbits of planets/comets, 144, 382, 
383, 387, 388, 396, 397 

Path of a satellite, 167 

Percent of the moon illuminated, 275, 
280 

Period-luminosity relationship, 179 

Radius of Earth, 132 

Recession velocities, 107 

Rotation time of the space shuttle, 
133 

Satellite coverage, 266 

Velocity of the Hubble Space 
Telescope, 132 


e Automotive 


Braking distance, 106 
Fuel efficiency, 106 
Headlight design, 373 
Movement of a bus, 282 
Speed of a car, 131 


¢ Biology and Life Sciences 


Animal populations, 464, 503, 513, 517, 
518, 520, 528, 533, 541, 543 

Bacteria, 104, 516 

Bertalanffy’s equation, 502 

Biologic diversity, 493 

Drag resistance on a fish, 224 

Flying speeds, 105 

Larvae population, 106 

Logistic growth model, 513, 517 

Mosquito population, 81 

Oxygen consumption of a bird, 107 

Predator-prey interactions, 203 


e Business and Economics 


Cellular telephone subscriptions, 540 
Cost and sales or profit, 49, 52 

Cost of a commercial lot, 310 
Demand for a product, 463 
Depreciation, 518, 540 

Digital camera sales, 541 

Money market rates, 477 

Monthly revenue, 14 

Postage rates, 48, 92 
Retail/wholesale price of a bracelet, 89 
Revenue, 16, 460, 517 

Sales, 27, 92, 200, 463, 517 
Telecommuting, 531 


¢ Chemistry 


Henderson-Hasselbach function, 532 

Hydronium-ion concentration, 489, 
491, 540 

Absorption of oxygen, 532 

PH of a solution, 487, 488, 491, 540 

Viscosity of oil, 535 


¢ Computers and Computer Science 


Animated maps, 491 
Cryptology, 93, 94 
Internet connections, 463 
Moore’s Law, 452 

Public key cryptology, 114 


Speed of a disk, 128 
Time to download a file, 113 


¢ Construction 


Area of a housing tract, 310 

Construction of a box, 45 

Cooling tower design, 401, 402 

Cost of glass for the Luxor Hotel, 307 

Cross-sectional area of a rain gutter, 
281 

Dimensions of trusses, 311 

Inclination angle of a ramp, 326, 330 

Length of a brace, 300 

Length of a guy wire, 51, 300 

Length of a street, 309 

Length of an airport runway, 299 

Fountain design, 371 

Placement of a light, 143 

Semielliptical plywood form, 388 

Vent pipe design, 386 

Whispering gallery, 384, 387 


e Consumer Applications 


Clothing sizes, 92 

Cost of a car rental, 13 

Cost to paint a house, 52 

Cost of parking, 43 

Depreciation of a boat, 49 
Photochromatic eyeglass lenses, 463 
Value of a car over time, 44 

Value of a diamond, 524 

Video rental plans, 13 


e Earth Science 


Amplitude-time distance formula, 487 

Earthquakes, 484, 485, 486, 491, 492, 
540, 542 

Richter scale, 484, 492, 540, 542 

Seismogram, 486, 492, 540 


¢ Ecology and Demographics 


Carbon dioxide levels, 200 
Generation of garbage, 530 
Natural resources, 504 
Oil spill, 72, 520 
Population growth of 
Aurora, Colorado, 516 
Hawaii, 532 
Miami, Florida, 516 
Population of a city, 501, 507, 516, 520, 
540, 542 
World population, 532, 534 


e Entertainment 


Amusement park ride, 131, 209 
Elliptical pool table, 387 

Horse racing, 131 

Linear speed on a carousel, 213 
Millennium Wheel, 158 

Movie ticket prices, 530 
Number of cinema sites, 533 
Photography, 132 


e Finance 


Compensation, 92 

Compound interest, 509, 510, 511, 512, 
516, 517, 540, 542 

Cost of a checking account, 13 

Currency conversion, 133 

Income tax, 48 

Payment plans, 13 

Per capita income, 27 

Retirement planning, 504 


¢ General Interest 


3-D optical illusion, 374 

Average rate of change, 79 

Benford’s Law, 479 

Birthday problem, 92 

Cubic formula, 14 

Dirichlet function, 68 

Exponential reward, 466 

Heron’s formula, 306 

Mandelbrot iteration procedure, 
356 

Median-median line, 108 

Mollweide’s formulas, 311 

Never-negative function, 80 

Nomogram, 492 

Number of digits in b*, 478 

Pay It Forward model, 464 

Zeller’s Congruence, 53 


e Geography 
Latitude, 133 


¢ Geometry 


Epicycloid, 442 

Epitrochoid, 448 

Height of an inscribed cylinder, 50 

Hypocycloid, 442 

Involute of a circle, 442 

Perimeter of a scaled rectangle, 76, 78, 
79 


¢ Medicine, Health, and Nutrition 


Anesthesiology, 477 

Average remaining lifetime, 105 
Blood pressure, 195 

Calories, 106, 116 


Concentration of a medication, 79, 93, 
463, 516, 520 

E. Coli infection, 463 

Lithotripsy, 386 

Mortality rate, 541 

Optimal branching of arteries, 282, 328 

Optometry, 532 

Skin wound, 540 


¢ Meteorology 


Average high temperature in 
Fairbanks, Alaska, 167 

Distance from a hurricane to a city, 298 

Hours of daylight, 201, 281, 290 

Minimum-maximum temperature 
range, 13 

Sunrise /sunset times, 279, 280, 288 

Temperatures, 106, 202 

Tidal cycle for Gray’s Harbor, 208 

Tides, 202 


e Miscellaneous 


Angle between the boundaries of a lot, 

310 
Area of 

a hexagon, 144 

a regular n-gon, 146 

a triangular lot, 310 

a triangle, 306 

an isosceles triangle, 144 
Average walking speed in a city, 474, 

502 
Conversion functions, 79, 92 
Depth of a submarine, 309 
Dimensions of a 

rectangle, 13 

triangular plot of land, 300 
Distance between houses, 301 
Distance to 

a plane, 310 

an aircraft carrier, 299 

a control tower, 191 

a fire, 300 

a hot air ballon, 299 

a radar station, 140 
Distance across a 

lake, 144, 310 

marsh, 143 

ravine, 450 
Height of a 

building, 143, 145, 213, 296 

hill, 300 

kite, 300 

paddle, 201 

tree, 139, 213, 215 

tower, 145 
Motion of a point, 437 
Number of diagonals of a polygon, 14 


Perimeter of a regular n-gon, 146 
Volume of water in a 

box, 49 

cone, 50, 78 

cylindrical tank, 266 
Wingspan of an airplane, 309 


e Music 


Musical scales, 465 

Period of combined musical sound 
tracks, 214 

Sound waves and beats, 202, 254 


e Physics 


Angular rotation and angular speed, 
131 

Atmospheric pressure, 531 

Average velocity, 71 

Brachistochrone problem, 437 

Carbon dating, 508, 509, 540 

Current in a circuit, 518 

Damped harmonic motion, 206, 209, 213 

Decibel level, 491 

Distance an object falls in a given time, 
31, 504, 519 

Distance a ball rolls down a ramp ina 
given time, 79, 107 

Fermat's Principle, 301 

Frequency of a sound wave, 178 

Hanging cable, 504 

Intensity of light/sound, 464 

Mach numbers, 245 

Newton’s Law of Cooling, 518 

Oscilloscope and sound waves, 178 

Pendulum, 31, 534 

Projectiles, 14, 273, 274, 279, 439, 447 

Pulleys, 127, 130, 131 

Radiation, 463 

Radioactive decay, 508, 516, 544 

Rocket launch, 190 

Rotation versus lift distance of a 
winch, 131 

Simple harmonic motion, 205, 206, 
208, 209, 213 

Snell’s Law, 301 

Sonic boom, 401 

Temperature of a fluid, 459, 465, 533 

Time of descent, 113, 143 

Velocity, 504, 515, 519 

Voltage and amperage, 201 

Water waves, 402 

Work, 324, 326, 327, 330, 361 


e Psychology and Learning 


Exposure to a rumor, 518 
Learning theory, 519 
Training /test scores, 503 
Typing speed, 477, 502 


¢ Sports and Recreation 


Baseball bat speed, 104 

Dimensions of a baseball field, 34 

Distance from a golf tee to the pin, 299 

Distance of a drive by a golfer, 299 

Distance to first base, 309 

Exercise heart rate, 502 

Focus of a parabolic microphone, 372 

Launch angle of a basketball, 288 

Navigation of a boat, 505 

Number of professional sports teams 
in a city, 95, 98 

Olympic events, 526, 533 

Parabolic ski design, 373 

Scuba diving and hypothermia, 530, 
531 

Sky diving, 499 

Speed of a boat, 104 

Speed of a dragster, 502 

Towing a boat, 78 

Width of a skateboard jump ramp, 143 

World records, 521, 531, 543 


¢ Technology and Engineering 


Angle between vectors, 322, 361 

Angular speed of a wheel, 214 

Direct-current motors, 105 

Elliptical gears, 388 

Engine design, 310 

Focus of a satellite dish, 369, 372 

Forces in equilibrium, 326 

Hyperbolic gear, 401 

Linear speed of a point on a rotating 
wheel, 214, 450 

Logarithmic decrement of damped 
harmonic motion, 209 

LORAN, 397, 400 

Magnitude of a force, 319, 325, 326 

Reflective property of a hyperbola, 
398 

Reflective property of a parabola, 
369 

Reflective property of an ellipse, 384 

Rotary engine design, 447 

Scotch yoke, 201 


Structural defects, 371 

Tones on a touch-tone phone, 252, 
253 

Uniform motion simulations, 441 


e Travel 


Bearing of a boat, 303 

Distance and bearing from a starting 
point, 310 

Distance between a ship and a 
lighthouse, 45, 297, 300 

Distance between airports, 300, 309 

Distance between ships, 50, 310 

Distance of a great circle route, 331 

Great circle routes, 330 

Ground speed/course of an airplane, 
318, 325, 330, 333, 544 

Heading of a boat, 325, 333 

Initial heading required to fly a great 
circle route, 331 

Lighthouse beacon, 201 

Nautical miles and statute miles, 132 
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Important Formulas 
Hypotenuse c 
Pythagorean Theorem “ae 


C=a +b? 


Leg b 
The distance between P,(x1, y1) and P2(%2, y2) is 
a(R, B) = Ven — 1) + (~~ -— 
The slope m of a line through P,(x1, yi) and P(x, y2) is 
Yo — yi 


Xq — Xy 


m= X1 FX 


Quadratic Formula 
If a ¥ 0, the solutions of ax? + bx + c =Oare 


_ -b+ VP — 4ac 
2a 


x 


Properties of Functions 


A function is a set of ordered pairs in which no two 
ordered pairs that have the same first coordinate have 
different second coordinates. 


If a and b are elements of an interval J that is a subset 
of the domain of a function f, then 


@ f is an increasing function on I if f(a) < f(b) 
whenever a < b. 


@ f is a decreasing function on I if f(a) > f(b) whenever 
a<b. 


@ f is a constant function on I if f(a) = f(b) for alla 
and b. 


A one-to-one function satisfies the additional condition 
that given any y, there is one and only one x that can 
be paired with that given y. 


Graphing Concepts 


Odd Functions 

A function f is an odd function if f(—x) = —f(x) for all 
x in the domain of f. The graph of an odd function is 
symmetric with respect to the origin. 


Even Functions 

A function is an even function if f(—x) = f(x) for all x 
in the domain of f. The graph of an even function is 
symmetric with respect to the y-axis. 


Vertical and Horizontal Translations 

If f is a function and c is a positive constant, then the 

graph of 

© y =f(x) + cis the graph of y = f(x) shifted up 
vertically c units. 

© y =f(x) — cis the graph of y = f(x) shifted down 
vertically c units. 

© y =f(x + c) is the graph of y = f(x) shifted left 
horizontally c units. 

© y =f(x — c) is the graph of y = f(x) shifted right 
horizontally c units. 


Reflections 
If f is a function then the graph of 


© y = —f(x) is the graph of y = f(x) reflected across the 
X-axis. 

© y =f(—x) is the graph of y = f(x) reflected across the 
y-axis. 

Vertical Shrinking and Stretching 

@ Ifc > Oand the graph of y = f(x) contains the point 
(x, y), then the graph of y = c - f(x) contains the 
point (x, cy). 

@ Ifc > 1, the graph of y = c - f(x) is obtained by 
stretching the graph of y = f(x) away from the x-axis 
by a factor of c. 

@ If0 <c <1, the graph of y = c - f(x) is obtained by 
shrinking the graph of y = f(x) toward the x-axis by 
a factor of c. 

Horizontal Shrinking and Stretching 


@ Ifa > 0 and the graph of y = f(x) contains the 
point (x, y), then the graph of y = f(ax) contains the 


1 
int | —x, y }. 
point | x,y 


@ Ifa > 1, the graph of y = f(ax) is a horizontal 
shrinking of the graph of y = f(x). 

@ If0 <a <1, the graph of y = f(ax) is a horizontal 
stretching of the graph of y = f(x). 


Definitions of Trigonometric Functions 


b r 
sin 6 = — csc 6 = — ¥T 
r b 
5 P(a, b) 
cos 9 = — sec 9 = — 
r a P 
bl 
b a a 
tan 9 = — cot 6 = — a x 
a b 


where r = Va? + b? 


Definitions of Circular Functions 


sint = y csc t = — #7 
‘ P(x, y) : 
1 
cost=x sect = — 
x A(1, 0) 
r=1 x 
x 
tant = 4 cot tf = — 
x y 


Formulas for Triangles 


For any triangle ABC, the following formulas can be 
used. 


Law of Sines é 
i. 8 _.¢ 
sinA sinB~ sinC b a 
Law of Cosines 
c? =a’? + b? — 2abcosC - c 


Area of a Triangle 


1 ; a’ sin B sin C 
K= 3 sin C K= ~~ FA 
Heron's Formula 

+b + 
K = Vs(s — a)(s — b)(s — c), where s = a 
Fundamental Identities 
pos ieee 
cos @ sin 0 


sin’? 06+ cos? @=1 1 + tan’? 6 = sec? 0 


1 + cot? 6 = csc’ 0 


Formulas for Negatives 
sin (— 6) = —sin 0 cos (— 4) = cos 0 


tan (— 6) = —tan 6 


Reciprocal Identities 


1 
sec 0 = cot 6 = —— 


csc 9 = 
sin 0 cos 0 tan 0 


Sum of Two Angle Identities 
sin (a + B) = sinacos B + cos asin B 
cos (a + B) = cos acos B — sinasin B 


tan a + tan B 


t + p)= 
a 1 — tan a tan B 


Difference of Two Angle Identities 
sin (a — B) = sinacos B — cos asin B 
cos (a — B) = cosacos B + sina sin B 


tan a — tan B 


t = 
ania =p) 1 + tan a tan B 


Double-Angle Identities 

sin 2a = 2 sin acos a 

cos 2a = cos’ a — sin2a = 1 -2sin’ a 
=2cos?a-1 


2 tan a 
tan 2a = ———.— 
1 — tan’a 


Power-Reducing Identities 


a 1 — cos 2a 

sly a => — — 
2 

5 1+ cos 2a 

cos’ a = ———_ 
2 

ees 1 — cos 2a 

oF 

1+ cos 2a 


Half-Angle Identities 


fe a 1— cosa 
2 ~ 2 

ae 1+ cosa 
2 ~ 2 


_1-cosa 


a sin a 


tan ; 
2 1+ cosa sin a 


Cofunction Formulas 


Sum-to-Product Identities 


: 7 7 : : F _xtry x —Y 

i es = es — + = 
sin (2 ) cos 0 cos (2 ) sin 0 sinx + siny = 2 sin 7 COS 
tan | — — 0) =cot 8 sin x — sin =2iges— sin —* 

2 y 2 a 
Product-to-Sum Identities cos x + cos y = 2 cos : Y cos~ ; Z 
2 sin a cos B = sin(a + B) + sin(a — B) 

ay ee 
2 cos asin B = sin (a + B) — sin(a — B) cos x — cosy = —2 sin aS 
2 cos acos B = cos(a@ + B) + cos (a — B) 
2 sin a sin B = cos (a — B) — cos (a + B) 
Sine function Cosine function Tangent function 
yh yh 
f(x) =sin x f(x) =cos x 


Cosecant function 


I A I 
ce \/; 
1 it | 


bs —2n | -n 


(\i| 


f(x) =csex 


Secant function 


vq 


f(x) =sec x 


Cotangent function 


™ 


(\ 


™ 
| 
| 
| 
I 
| 
1 


| 
| 
| 
I 
| 
C f(x) =cot x 
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